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Memoir of the late Benjamin Gompertz, F,R,S,, F,KA.S., 8fc. 
By Marcus N. Adler^ M.A., Fellow of the Institute of 
Actuaries and of the Statistical Society, 

[Head before the Institute, IStli December, 1865.] 

JN the demise of Benjamin Gompertz the scientific world has 
recently had to deplore the loss of a man, to whose labours the 
student of both pure and applied mathematics, but especially the 
actuary, is deeply indebted. The death of this distinguished 
savant, who may be considered as having been, in his later years, 
a connecting link between the past and present generation, should 
not be passed over in silence. It is a duty we owe as much to the 
man as to society, to trace, whilst his memory is still fresh, the 
chief events of his life, and to notice his principal contributions to 
science. 

Benjamin Gompertz, a member of the Jewish community, was 
descended from a family which long held a distinguished position 
in Holland. His grandfather on the mother^s side, Benjamin 
Cohen by name, was on intimate terms with William, Prince of 
Orange; and it is related that during a revolution in the middle 
of the last century the Dutch Stadtholder found a ready asylum 
at the magnificent mansion his friend had erected near a place 
called Amersfort. Cohen zealously patronized the arts and 
sciences, and was himself a mathematician of some pretension. 
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2 Memoir of the late Benjamin Gompertz, [April 

A carious translation of Euclid into Hebrew, and a little treatise 
on dialling and gnomonic projection, which were composed for 
Cohen^s use, may even now be seen in some of our libraries. 

The father of Benjamin Gompertz was a successful diamond 
merchant, a pursuit in which the Dutch chiefly seem to excel. 
Even at the present day the art of diamond cutting in Europe 
seems to be confined to Holland ; and a visit to any of the factories 
there may convince the reader that the management of such an 
establishment requires abilities of no mean order. 

The brothers of Mr. Benjamin Gompertz had little taste for a 
commercial life, but shared his predilection for literary pursuits. 
Bamet, the eldest, was an eminent amateur musician. 

His brother Isaac wrote poems, which at the time were much 
admired.* 

Another brother, Ephraim, who is still living, is an original 
mathematician. It is only to be regretted that so few of his inves- 
tigations have been published.f Three able pamphlets written by 
him many years ago, on the gold question, are deserving of atten- 
tion even at the present day, when we find that such discordant 
opinions are held on the subject by our leading thinkers.J 

Lewis, the youngest brother, was the founder of the Animals^ 
Friend Society, and entertained some strange ideas on the relation 
of the brute creation to man. He published several works, || in 
which he endeavoured to prove that it was not only unlawful to 
kill an animal, but to turn it to any use that was not directly bene- 
ficial to the animal itself. Accordingly he did not object to drink 
milk, or to wear cloth, because milking the cow, when not robbing 
the calf thereby, or shearing the sheep, was for the good of those 
animals ; but to eat meat or to drive in a coach was contrary to 
his doctrine. He always maintained, and this long before railways 
or steam ploughs were introduced, that machinery might be made 
perfectly subservient to our wants. He certainly lived to see the 
verification of a portion of his theory. We are assured that in his 
will he left handsome annuities for the maintenance of some of his 
pet animals. It may be added, that he was of a very inventive turn 
of mind, and the author of several contributions to mechanical science. 

* Vide the first number of The Liberal^ edited by Leigh Hunt. Among the chief 
poems of Isaac Gompertz may be specified *" The Modern Antique,'' " Time, or Light 
and Shade," " Devon," &c. 

t Vide T. Baker's FormvlcB^ Rides, and Examples, Weale, 1862. 

X Theoretical Discourse ofi the Naiure and Property of Money, Richardson, 1820. 
An Essay on Currency; 1829. An Attempt at an Analysis of the Currency and the 
Met its of the Bank of England ; 1 830. 

II Moral Inquiries on the Siluation of Man and Brutes. London, 1824. Also 
Fragment in defence of animals. 
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Benjamin Gompertz was born on the 6th of March, 1779, at 
Bury Street, in the city of London. He did not enjoy the benefit 
of a collegiate education, and on the whole he may be considered 
as self-t«ught. 

So great was his thirst for knowledge when a mere boy, that 
frequently, when his parents had removed all candles to prevent 
him from injuring his health by studying too late at night, he 
stole out into the garden, and pursued his investigations by moon- 
light. He was wonderfully familiar with the writings of the 
English and French mathematicians of the last century; but 
Newton, Maclaurin, and Emerson, were his favourite authors. 
The admiration he entertained for Newton was so great, that he 
clung to his Fluxional language and notation long after these had 
been abandoned by other English writers. . It may be interesting 
to know the grounds upon which he based his great preference for 
the fluxional to what he calls '^ the furtive'^ notation used on the 
continent, and now much used in England.* 

'' I call the differential notation furtive, on I think a moral ground, 
and also on the ground of its introducing an interr option and an inconve- 
nience in practice. The moral ground is, that it appears to give Leibnitz 
a greater claim to originality, to the prejudice of Newton, than I think he 
is justly entitled to. And the other ground is, it steals from the alphabet a 
letter — and one which it is most convenient to retain, in order to keep up 
the regular order of notation — to use it for a purpose of different intent to 
that for which it was originally used, and may introduce confusion. And 
with respect to the superior advantage of the fiaxional calculus over the 
differential calculus, I observe that if x and y be rectangular co-ordinates 
of a curve in a plane, and z the length of the corve from a given point in 
it to the point of which x and y are co-ordinates, the fluxional calculas 

gives 2=t/i^-f-.v^ which is strictly true, and may be proved to be so 
without the introducti on of infin itely small quantities : but the differential 

calculus gives cfe='^^^-f ^^, true only on consideration of infinitely 
small quantities; and even with that consideration it cannot be proved 

luminously to be true, because '^53^-ffl^*'^ only expresses the length of 
the chord of an infinitely small arc, and not of the arc itself, as they have 

no part common with each other, but at the points of intersection 

And shoilar observations may be made with respect to the luminous 
character of the fluxional analysis when compared with the differential 
analysis, in the application of it to physical subjects. Thus iff be a force 
acting on a body, h the velocity which is generated by its momentaiy 
impulse — ^that is to say, its single impulse, by which is meant the finite 

space the body would describe in consequence of it in the finite time /, but 
not the variable portions of space it would describe if that force were con- 
sidered to be an infinitely small action, as it were continually active daring 

* PkSosophical Transactions, Part I., 1862, p. 513. 
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infinitely small portions of time; the fluxional calculus gives y?==«, and is 

coiTCctly true, however large v and t are. But~ the differential analysis 
gives /.dt^=dvy which is correct only if dt and dv are infinitely small, and 
is then only to be considered so in virtue of the hypothesis that infinitely 
small quantities of the second and higher degree may be omitted." 

We are not about to enter into that long-vexed dispute as to 
the relative claims of Newton and Leibnitz. Posterity has now 
decided that Leibnitz was an independent discoverer and the first 
promulgator of the calculus ;* and the general adoption of his mode 
of analysis^ as well as of his notation, shows that it has not been 
found so inconvenient in practice. On the other hand, we venture 
to think that the doctrine of fluxions has the advantage of per- 
spicuity of reasoning and clearness of illustration. Indeed it is a 
matter of surprise that whereas Newton^s method was the only one 
acknowleged in England during the last century, its use should 
since then have been discarded up to within the last few years. 
A change seems to be now creeping in, so far at least as the New- 
tonian mode of reasoning is concerned ; and we are inclined to 
think that Mr. Gompertz, by his steadfast advocacy of the claims 
of our illustrious Newton, deserves some of the credit for the 
reaction which has set in. In the paper from which we have 
already quoted Mr. Gompertz explains his own peculiar notation of 
partial fluxions or diflerentials ; he also exhibits a mode of indi- 
cating the common or Napierian logarithms or anti-logarithms by 
a new foot-index of crosier shape.f Again, his embodiment of 
zeros will be found quite a boon in calculations where large num- 
bers or very small fractions occur. Where but a few significant 
figures are of importance, he puts these down followed or pre- 
ceded by the actual number of cyphers placed in a ring. Thus, 
898000000 or -00000000763 he denotes by 898(6) and 0763 
respectively. All these matters are worthy of attention, and it is 
but to be regretted that they are explained in a magazine that is 
not easy of access to the student of elementary subjects. 

Mr. Gompertz whilst still a youth, in fact as early as the year 
1 798, took a prominent part among the mathematicians who pro- 
posed and answered the ingenious questions contained in the 
Gentleman^s Mathematical Companion. Scientific men of high 
repute, such as Ivory, Nicholson, Griffith Davies, &c., contributed 
to this publication. The reader will at once be impressed with 

* Vide article " Commercium Epistolicam,^ in the Penny Cydopcedia, 
f He uses q for the common logarithm, q for the Napierian logarithm of a number; 
o . ^ 

also q for the «mnmon antii-logarithm, and q for the Napierian anti-logarithm. 
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the great analytical powers possessed by Mr. Gompertz from the 
fact that^ from the years 1812 to 1822 (when his want of leisure 
prevented him from continuing his contributions), he gained, 
without a single exception, the annual prize for the best solutions 
of the prize questions. 

We will here only advert to a problem solved by Mr. Grompertz, 
in the Companion for the year 1822, to show how practically useful 
some of those inquiries were. 

The solidities of maay solids can be found, provided the dimensions of 
the middle section of each particular solid is given. If A and B are the 
areas of the ends of the solid, the area of a section parallel to and equi- 
distant from the ends, and L the length or distance between the ends, 

the soUdity S=^{A+B+4C} x L. 

The solidities of the wedge, the prismoid, the pyramids, and their frnstnms, 
also of the whole or a segment or any portion of the whole contained be- 
tween two parallel planes perpendicular to the axis of a sphere, ellipsoid, 
paraboloid, and of a hyperboloid, may be fonnd by this general formula. 

Mr. Gompertz was intended by his father to follow a purely 
mercantile profession. In compliance with this intention he made 
his start in life as a member of the Stock Exchange, and continued 
as such almost to the time that he undertook the management of 
an Insurance Office. 

In the year 1810 he married Miss Abigail Montefiore, the 
sister of the well-known philanthropist Sir Moses Montefiore, 
Bart. Their union was blessed with one son, who died young ; 
and two daughters, both married, who survive him. 

A commercial life was not to the taste of Mr. Gompertz, and 
he was glad to retire when he could from the noise of 'Change 
Alley to the calmness and quiet of his study, or to the instructive 
discussions at the different learned Societies of which he was a 
member. In this respect he much resen^bled a man for whom he 
entertained the warmest friendship, and who also made his start in 
life as a member of the Stock Exchange — the late Francis Baily, 
Among other distinguished men with whom Mr. Gt)mpertz was 
on terms of intimacy we may mention the late erudite Mark 
Noble, Sir John F. W. Herschel, Sir Jas. South, Mr. Babbage, &c. 

The first learned Society that Mr. Gompertz joined was the 
Mathematical, whose members met at Crispin Street, Spitalfields. 
The object of this Society, founded so far back as 1717, was to 
introduce to the middle classes studies which till then had been 
confined to the libraries of the learned or the investigation of the 
opulent. Their valuable library and rich collection of instruments 
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offered great facilities to the student^ and a constant interchange 
of ideas was fostered by frequent discussions and occasional lectures. 
The originality displayed by Mr. Gompertz, and his thorough 
acquaintance with all branches of pure and applied mathematics^ 
soon gave him a prominent place among the members ; and his 
urbanity secured for him their good will, so that eventually he 
became the President of the Society. Subsequently, when the 
number of members had dwindled down from 81 to the square 
root of that number, it amalgamated with the Astronomical 
Society. 

Mr. Gompertz communicated his first original paper of import- 
ance to the Royal Society, in 1806, through the then Astronomer 
Royal, Rev. Dr. Maskelyne. It treated on the application of the 
method of differences to a species of series whose sums were 
obtained, by the help of impossible quantities, by Mr. Landen in 
his Memoirs. The method given is simple, somewhat akin to that 
taught by Euler in his Institutiones Calculi Integralis. The 
Scholium is perhaps the most interesting part of the paper, and 
discusses those particular cases which cannot be summed by the 
ordinary processes pointed out by Landen or by the author himself. 

The next important subject that engaged Mr. Gompertz^s 
attention was an investigation into the theory of imaginary quan- 
tities. He was anxious to communicate his results to the Royal 
Society, who seemed unwilling to give insertion to them in their 
TVansactions. One day, meeting Dr. WoUaston, who was Secretary 
to the Royal Society at that time, Mr. Gompertz asked him the 
reason of their refusal. " The fact is/' replied WoUaston, " your 
papers are too profound for us, no one would be able to compre- 
hend them." Such opinions were flattering in one respect, though 
rather disheartening in another. 

Mr. Gompertz, was, however, not deterred, and eventually 
published, at his own expense, a series of original tracts on 
mathematical subjects. Next to the papers on his law of mor- 
tality, he considered these his most successful essays. 

The first of these, treating on imaginary quantities, dedicated 
to his distinguished pupil Miss Lousada, was published in the 
year 1817. This branch of mathematics has made wonderful 
strides within the last thirty years ; still it may be interesting to 
know how the matter was viewed at the time we are speaking of. 
In the introduction Mr. Gompertz says : — 

** Immediately after the invention of methods for the discovery of the 
roots of an equation above the first degree, algebraic expressions must have 
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occnrred, which seemed to require the extraction of the square root of a 
negatiye quantity, the impracticability of which could not have failed to 
throw much embarrassment in the way of the early promoters of algebraic 
knowledge. Ages of study on this subject have pointed out beauties where 
deformity seemed only to reign, and the reiterated attempts of analysts to 
unriddle the secrets of science have been rewarded by the discovery that 
those very expressions termed impossible or imaginary quantities, which, 
were sterile in appearance, were the most powerful instruments we could 
possess. Still the method of their operation is far from being universally 
known, and the truths of their results are b^ no means generally acknow- 
ledged to be legitimately obtained, and would by many be wholly rejected 
in the absence of other demonstrations.'' 

After pointing out what he conceived to be the original steps 
which led to the introduction of imaginary quantities in algebra, 
and showing what an assumed law of continuity ought to lead 
to in the operation, he advances the following fundamental 
'' position": — 

'' That wherever the operation by imaginary expressions can be used, 
the propriety may be explained from the capability of one arbitrary quantity 
or more being introduced into the expressions, which are imaginary pre- 
viously to the said arbitrary quantity or quantities being introduced, so as 
to render them real without altering the truth they are meant to express; 
and that, in consequence, the operation will proceed on real quantity ; the 
introduced arbitrary quantity or quantities necessary to render the first 
steps of the reasoning arguments on real quantity, vanishing at the con- 
clusion; whence it will follow that the non-introduction of such can produce 
nothing wrong." 

Thus, in operating with V^ — 1, we are to operate as we would 
with 1//t> — 1, and afterwards expunge p ; or, in short, suppose p 
to be there without inserting it. Mr. Gompertz calls expressions 
containing arbitrary quantities, such as those above referred to, 
porismatic expressions, and devotes a voluminous Tract, published 
in the year 1850, to a most lucid discussion of different porisms. 
He applies his analysis to a solution of a number of geometrical 
problems, more especially to a class of questions connected with 
foct, or, as he terms them, local porisms. Reverting to the subject 
of imaginary quantities, Mr. Gompertz successfully applied his 
method to the solution and interpretation of numerous questions 
in which the square root of a negative quantity plays an important 
part, such as the irreducible case of cubic equations, the exponen- 
tial forms of the trigonometrical functions, the solution of linear 
differential equations, &c. 

In the second Tract, published soon after the first, and dedi- 
cated to his brother Ephraim, he gives a geometrical interpretation 
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to imaginary quantities^ by having recourse to what he styles 
" functional projection." We regret we cannot give here a suflS- 
ciently elementary description of the method. It is highly inge- 
nious^ though it must be admitted it is not so simple as the 
geometrical interpretation generally adopted at ^resent^ for a full 
account of which the reader is referred to Professor De Morgan's 
Double Algebra, and sundry papers in the Cambridge Philosophical 
Transactions. However, td convince the reader of the effectiveness 
of Mr. Gompertz^s method, we would call attention to the prize 
question proposed by him in the Gentleman*s Mathematical Com- 
panion for 1820 : — " The sides of a pentagon are respectively as 
1, 2, 3, 4, 5, and the three angles subtending the largest side are 
equal, what are those angles ?" This will be found no easy 
problem, but by the principles of functional projection the question 
is solved without difficulty. The angles are found to be 114° 58' 
nearly. 

That all these labours were duly estimated by the scientific 
world is shown from the fact that on the 29th January, 1819, 
Mr. Gompertz was elected a Fellow of the Royal Society. He 
continued a prominent member of that illustrious body for above 
46 years. Although it is rather anticipating matters, we may 
here state that he was elected a member of the Council on the 
30th November, 1832, and served the Royal Society in that 
capacity for several years. 

In the year 1820 falls the foundation of the Astronomical 
Society, which, notwithstanding the opposition it at first met with 
at the hands of the President of the Royal Society (who was appre- 
hensive lest his own Institution might thereby suffer), soon took 
a most prominent position among the leading Societies of the 
kingdom. Mr. Gompertz may be considered one of its founders, 
or at all events its warm supporter from the day of its foundation. 
He was elected on the Council on the 9th of February, 1821, and 
he continued a committee-man for nearly 10 years. Many of 
the most valuable contributions to the Society were committed 
to his care, and not a few of those so entrusted to him he made 
more complete by supplying them with explanatory notes.* 

His first contribution of importance which was placed before 
the Astronomical Society, was " On the Theory of astronomical 
instruments." He presents us therein with a method by which 

* See Littrow's paper '* On the correction of the transit instrument": Astronomical 
Transactions, vol. i., p. 275. Also Kreil's paper ** On the use of the equatorial,'' vol. iv., 
p. 501. 
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due allowances and corrections can be made^ with great accuracy^ 
for certain defects in the instrument. 

Thus^ if with the intention of forming and fixing a transit 
instrument, we form an instrument of which the axis of motion is 
not scrupulously fixed perpendicularly to the meridian, nor even 
parallel to the horizon, nor the line of coUimation of the telescope 
scrupulously perpendicular to the axis of motion, nor the altitude 
limb perpendicular to the axis of motion^ the value of the portions 
of the altitude limb may be obtained by what he styles " inverse 
construction,'^ and the theory of the instrument laid down such, 
that, with certain provisos, the instrument with all its defects may 
answer the purpose both of a well-constructed transit instrument 
and of a mural quadrant. A theoretical method for the accurate 
adjustment of Hadley's sextant and kindred instruments forms the 
substance of two papers and of a supplement which was read the 
12th December, 1823. 

Investigations on the aberration of light seem to have next 
invited the attention of Mr. Gompertz. A passage which occurs 
in a paper on this subject, read the 14th June, 1822^ gives such a 
vivid expression of the enthusiasm with which he followed scientific 
inquiries, that we cannot forbear from quoting it: — "In the 
acquirement of the sciences there is, besides the pleasure arising 
from the acquirement of knowledge of practical utihty, a peculiar 
charm bestowed by the reasoning faculty in a well-directed pursuit 
of facts; and though the results shown by the arguments are 
frequently considered the only objects of value by the unlearned, 
the man of absolutely scientific ardour will often, whilst he is 
enraptured with the argument, have not the least interest for the 
object for which his argument was instituted.'^ In the course of 
the essay, several of the problems on aberration which are treated 
of in Biotas Astronomy are arrived at by the author in a less sym- 
bolical manner, and are made to apply not only to the solar system 
but also to the fixed stars. 

In another paper, read before the Astronomical Society in 1824, 
he explained a new instrument, appropriately called, by Mr. Francis 
Baily, the differential sextant, for accurately measuring the angular 
distances of any two celestial phenomena caused by such varying 
circumstances as produce but small alterations, such as refraction, 
parallax^ or aberration. 

Another paper, published in the Transactions of the Astrono- 
mical Society, is one on the convertible pendulum, for the discovery 
of which the world is so much indebted to Captain Kater. The 
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property of the pendulam^ that if the centre of oscillation relative 
to any proposed centre of suspension be made the centre of sus- 
pension^ the proposed centre of suspension will become the centre 
of oscillation^ can only be received as true if the axes of motion or 
knife edges are in the two cases parallel to each other; if the 
supports of the axis of vibration be not horizontal^ the length of 
the pendulum performing the vibration in a given time will be 
shorter than if the pendulum vibrates (in the same time) on a 
horizontal support in the proportion of the cosine of inclination to 
the horizon to the radius. Mr. Gompertz enters more particularly 
into the solution of this problem. 

One of the most practically important objects to which Mr. 
Oompertz's attention was drawn about this time^ was the reduction 
of apparent to mean places of the fixed stars. To quote the words 
of Sir J. F. W. Herschel, in his excellent memoir of the late 
Francis Baily^* ^^ It seems almost astonishing that these computa- 
tions^ which lie at the root of all astronomy^ and without which no 
result can be arrived at^ and no practical observer can advance a 
single step^ should have remained up to so late a period as the 
twentieth year of the nineteenth century in the loose, irregular, 
and troublesome state which was actually the case ; and that not 
from their theory being ill understood, but from their practice not 
having been systematized. Each of the uranographical corrections 
had to be separately computed by its own peculiar tables, and with 
coefficients on whose magnitude no two astronomers agreed. The 
latter evil, indeed, might be tolerated at a time when the tenth of a 
second of space was not considered of so much consequence as at pre- 
sent; but the calculations were formidable and onerous in the extreme 
to private astronomers, whatever they might be rendered in public, 
establishments by habit and the use of auxiliary tables. So far as 
the fundamental stars were concerned, the subject had for some time 
attracted attention, and had begun to receive its proper remedy by 
the publication, by Professor Schumacher, in Denmark, of their 
apparent places for every tenth day ; and by the laudable exertions 
of Sir James South, in our own country, who for some years 
prepared and circulated similar tables for every day. But sidereal 
astronomy for stars, beyond the bounds of the favoured list, might 
be almost said to have been interdicted to the private astronomer, 
owing to the excessive irksomeness of the calculations.^' 

Messrs. Baily and Gompertz perceiving this want, proceeded to 
supply it. The subject was investigated generally, and a method 

* Vide Monthly Notices of the Royal Astronomical Society for November 8, 1844. 
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devised for arranging the terms of the corrections for aberration 
and solar and lunar precession. Some of the tables had already 
been computed^ when they heard of BesseFs labours in the same 
field. Finding that that astronomer had proceeded upon a similar 
principle^ but that besides the other corrections he had taken in 
that of refraction^ proper motion^ &c.^ Messrs. Baily and Gompertz 
willingly gave way. Certainly nothing more perfect than the 
Fundamenta Astronomue, by Bessel^ could have been desired. 
However^ Baily and Gompertz^s work was of some use. The 
complete Catalogue of Stars of the Boyal Astronomical Society 
may be looked upon as one of the united labours of these men. 

Although the last published paper by Mr. Gompertz on astro- 
nomy dates so far back as the year 1829, he continued to turn his 
attention to this branch of science from time to time. 

During the last years of his life he was engaged in investigations 
on meteors^ shooting stars, comets, &c., but he had to lay them 
aside to enable him to complete a paper for the Royal Society on 
life contingencies. 

We must now advert to the labours undertaken by the subject 
of our Memoir in the field of life assurance. 

On the 29th June, 1820, he presented to the Royal Society his 
sketch of an analysis and notation applicable to the estimation of 
the value of life contingencies. In the introduction he forcibly 
dwelt upon the desirability that Assurance Companies should pro- 
mulgate the information and experience they individually acquired, 
with a view to be guided by more truthfal tables than were at that 
time acted upon. He expressed the hope, that actuaries of dif- 
ferent Societies would, by their mathematical skill, collect for the 
common good of aU, from multiplied resources, that which they 
could not obtain from a less general observation. 

All this will, no doubt, be considered very trite at the present 
day; but we must recollect that the science of life insurance was at 
that time in its infancy, and that it required continual urging, 
before the Government could be induced to ascertain the mortality 
of its annuitants, and the authorities of the Equitable Society that 
of their assured. 

As regards the latter establishment, it may be said, that Mr. 
Gompertz was the first to make known, with any degree of accuracy, 
the mortality that prevailed amongst its members. Mr. Morgan, 
in the sixth edition of Dr. Price's work on reversionary payments, 
compares the mortality experienced at the different decennia of life 
in the Equitable Society with that deduced from the Northampton 
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tables. By the help of a lemma^* and the application of his law 
of mortality^ to which we shall refer further on, Mr. Gompertz 
constructed a complete table of mortality^ starting from age 10, 
which tallies very closely with that deduced by Mr. Griffith Davies. 
Now, although the observations of both these gentlemen on this 
head were made public about the same time, viz., the year 1825 ; 
yet, on reference to Mr. Gompei'tz's original manuscripts, it will 
be seen, that he framed the table in its more important particulars 
prior to October, 1820. 

In Ti*act I. Mr. Gompertz establishes a system of notation which 
is as ingenious as it is exhaustive, though it must be admitted, that 
it lacks that compendious character which would have recom- 
mended it for more general adoption. 

By means of his methods of summation he determines more 
accurately than by the common modes of approximation the value 
of incomes dependent upon a number of joint lives. He then 
applies the method of fluxions to obtain the probabilities of sur- 
vivorships of two or more lives, assuming the functions of life to 
be of the same continuous character. He investigates a problem 
to determine what would be the law of mortality between two 
lives A and B, so that, should it be known that they are both 
extinct, there would be an equal chance which of them died first, 
and it was found that such relation could only exist when the 
decrements for each life proceed in geometrical progression. 
The fluxional calculus is then applied to a number of complicated 
contingencies and survivorships, involving two, three, and more 
lives, which had been previously investigated by Mr. William 
Morganf and Mr. Baily.j: A schoUum is added, in which the 
valuation of annuities payable more than once a year, and of assur- 
ances payable at certain fixed periods after death, are dealt with. 
This important paper has hardly met with the amount of attention 
it so fully deserves. The fact can, however, easily be explained, 
if we but bear in mind that the Philosophical Transactions are not 
accessible to everyone, and that the notation, as well as the mode 
of reasoning, are of a somewhat abstruse character. 

A sequel to this paper, contained in a letter to Mr. Francis 
Baily, and read before the Royal Society on the 16th June, 1825, 
was destined to play a more important paii;. It treats on the 
nature of a function expressive of the law of human mortality, and 

* Vide PhilosophiecU Tranaeu^ons for 1825, p. 526. 

t PhilosojMxd Transactions^ 1788, 1789, 1791, 1794, and 1799. 

i The Doetrime of 1^ Annuiiies and Assurances, chap. viii. 
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on a new mode of determining the value of life contingencies. 
Mr. Gompertz having remarked that for certain intervals the law 
of mortality approaches nearly to a geometrical progression^ con- 
siders the propriety of looking upon it as involving the actual law 
of nature. He establishes the law a priori, by supposing a per- 
son's resistance to death to decrease as his years increase^ in such a 
manner that at the end of equally infinitely small intervals of time^ 
he loses equally infinitely small proportions of his remaining power 
to oppose destruction. He further supposes that, among any given 
number of persons of equal vital powers, the probability of death 
is the same, but that it is inversely proportional to the vitality. 
It is to be regretted that in the analytical investigation which is 
given errors have crept into the text. As Mr. Gompertz was not 
able to carry out his intention of publishing a list of errata of 
these Tracts, notwithstanding the hope he held out in his letter 
published in the Assurance Magazine (vol. ix., p. 296), an exact 
transcript of the demonstration contained in Mr. Gompertz's own 
copy is herewith given, with a view to enable those that possess 
the work to correct the errors contained in the proof of the funda- 
mental proposition. 

** If L, be the nnmber of living at the age ar, we shall have 
oLg X g'x for the fluxion of the number of death =; — (L,)*; 

•^ ^' 

/7/T* T 

i — -r=hyp. log of -J, d being a constant: therefore put a-f-com. 

log. of - 

log. of - X square of hyp. log. of 10=c, c^=com. Jog of -^ ; .*. putting 
q ci 

This law^ which it will be seen is based upon a physiological 
principle of high probability, leads to conclusions which agree very 
satisfactorily with observed facts. To use the words of Professor 
De Morgan,* "Had the law been propounded in the days of Newton, 
vitality would have been made a thing of, like attraction.^' 

In recent times, the formula has been extensively used for pur- 
poses of interpolation and adjustment of tables of mortality ;t but 

* The AtliencBuniy July 22, 18(55. 

i* Tables of Mortality derived from the Experience of the Amicable Society, by Thomas 
Ghilloway. Life C<mtingen(y Tables, by £. J. Farren. Rates (f Premium for Assurances 
of Military Officers in Bengal, by Charles Jellicoe; Assurance Mag., vol i., p. 166. 
Mortality prevailing in JEagle Insurance Company, by Charles Jellicoe; Ass, Mag,, toL iv., 
p. 1 99. Mortality prevailing in Royal Insurance dmpany, by Percy M. Dore. 
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nothing will more clearly exhibit its superiority to other laws, that 
have been presented by different authors, than actually placing 
these before the reader for comparison. 

Passing over D^Alembert's, D. Bernoulli's, and Duvillard's 
analytical investigations, which had for their chief object the deter- 
mination of the mortality produced by the small-pox, we have the 
following formulae; w being the age> and y the corresponding 
number of the living. 

I. De Moivre's* : — 

y=86— a;. 

II. Lambert'sf: — 

III. Thomas Young'sJ : — 



y=368 + 10a:-ll{156 + 20a?-a?2}^-f 



2-85-t-2-05a;2 + 2( — 



X >« 



\40 

100/ 



IV. Babbage'sll :— 

y=6199-8-9-29y-l-5767^^^^\ 

V. Littrow*8§: — 
y=598-1673-8-4175a;+-2309a?2--0052a;8+ . . . . 

VI. Moser^slf: — 

1 © 17 25 33 

y=l— aa?* + 5a; — cx^ — c&f' -^ex^ \ 



•7125 '1570 

in the case of Brune's Life Tables, a=*2, b=z ■,^. -, c= ^^^ , &c. 

VII. Gompertz's original formula : — 

VIII. Makeham's** modification thereof : — 

m 

* Afmuiiies on Lives^ by Abraham De Moivre. London, 1727. 
f Gaeta and Fontana : DoUrina degli azzardi. Milano, 1776. 
t Fkilosopkical transactions, 1826, Part III. 

11 See Note by Mr. Peter Gray: Assurance Magagms, vol. vi., p. 185. 
§ Professor Littrow: Ueber Lthensverskhsrungen und andere Versorgungsantialten, 
Vienna, 1832; p. 52. 

^ Dr. Ludwig Moser : Die Gesetze der LAensdauer, Berlin, 1839; p. 315. 
** Assurance Magazinef vol viiL, p. 301; and vol. xii., p. 315. 
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It would carry the reader too far if much commentary were 
added to these formulae. They not only compare unfavourably 
with Grompertz^s law, on account of being purely empirical, but 
also on account of their being (with the exception of De Moivre's 
law) of so unwieldy a character as to be altogether unfit for 
practical use. Besides, these laws will only bear comparison 
with individual tables of mortality.* 

Mr. Gompertz, in his contribution to the Royal Society's Trans- 
actions of 1825, examines the coincidence of his law with several 
tables of the best authority, such as Deparcieu's, the Northampton, 
Carlisle, and Swedish tables, obtaining in each case the necessary 
constants, by what he terms his " Vital Rule of Three.'' 

In the second chapter, Mr. Gompertz points out how annuities 
on several lives may be computed by the use of the tables called by 
him "accommodated ratios," wherein he assumes the number of 
persons living at equal intervals of successive ages to be in simple 
geometrical progression, the periods being taken suflSciently short 
to permit this assumption to be a near approximation to truth. 

This important paper did certainly not meet at first with the 
attention it so fully merits. To Professor De Morgan no little 
credit is due, not only for popularizing the subject, but for finding 
out some interesting properties of the law.f 

Messrs. Woolhouse's, Sprague's, and Makeham's labours should 
also here be mentioned with much praise. But to Mr. Gompertz 
himself we are indebted for the greatest improvements in and ex- 
tension of his law. He was, however, not enabled to resume the 
investigation of this subject till about the year 1860. During this 
long interval of 35 years he was so much engaged in the manage- 
ment of life assurance concerns that he found little leisure for 
private study. 

When the Guardian Assurance OflSce was established, Mr. 
Gompertz applied for the situation, but Mr. Griffith Davies was 
the successful candidate. So far was Mr. Gompertz from feeling 
piqued towards his competitor, who had been in his way on several 
previous occasions, that he was all the more obliging. Eventually 

* Mr. T. R. Edmonds, in the PMosophical Magazine for January, 1866, professes to 
give a new expression for the law of human mortality, derived from analogy with the 
law of density of saturated steam. The question of the accuracy or novelty of this law 
does not concern us. We regret, however, that when speaking of his old formula, he 
omits making any mention of, much less doing justice to the subject of our Memoir. It 
is a noteworthy circumstance, that Mr. Edmonds, in the course of the paper, no longer 
insists upon the fact that life is made up of three periods — infancy, florescence, and senes- 
cence ; but contends for two periods of life only — childhood and manhood. 

t Vide Penny Q/clopadia, art. "Mortality"; Philosophical Magazine, Nov., 1839; 
Assurance Magazine, vol. viii, p. 181. 
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he introduced him at the Royal Society^ and soon after carried his 
election as a Fellow. 

In the year 1823, when he suffered under the severe visitation 
of the death of his only son — a boy, then, nine years of age — his 
friends felt that he could only gain relief of mind by altogether 
devoting himself to a profession which seemed to be most congenial 
to his feelings. Chiefly through the endeavours of his friends, 
Sir Moses Montefiore, Messrs. N. M. Rothschild, and Samuel 
Gurney, he was appointed actuary to the Alliance British and 
Foreign Assurance Company, which was founded at that time. 

Having had only one month allowed him to prepare all the 
rates and regulations of the Company, he without hesitation 
adopted the Carlisle table of mortality, which he found satisfac- 
torily to agree with the Equitable Experience. The Office under 
his guidance made most satisfactory progress. One measure the 
directors of his Company were anxious to promote at the time — 
viz., to compete with Government as to the grant of annuities. 
This he opposed strenuously. The terms on which the Govern- 
ment were granting these annuities were based on the Northampton 
tables, which, though safe enough for assurances, could not but 
entail ruinous consequences with regard to annuities. Eventually 
he even convinced the able Government Actuary, Mr. John Fin- 
laison, of the heavy loss that was caused by using these tables ; and 
in the year 1829 those rates were superseded by the higher ones, 
based on the mortality experienced by Government Annuitants. 

Mr. Gompertz's views on this subject are stated very clearly 
before a Parliamentary Committee that sat in the year 1827.* 

In a sketch of Mr. Gompertz's life in the Athenaum of the 
22nd July last, reference is made to another actuary of eminence, 
the late William Frend, of the Rock Office, who, though on 
friendly terms with Mr. Gompertz, was his opponent in more than 
one respect. In matters of life assurance the one may be considered 
the champion of the Carlisle, the other, in conjunction with Mr. 
Morgan, of the Northampton table of mortality. Mr. Gompertz 
was as staunch a Newtonian as Mr. Frend was an anti-Newtonian. 
Both may be called the last of their class. Again, with regard 
to imaginary quantities, we have seen Mr. Gompertz^s labours in 
that field. Mr. Frend also directed his attention to that subject^ 
but with a view to the rejection of imaginary as well as of negative 
quantities.t 

* Vide Minutes of Evidence before the Select Parliamentary Committee on the laws 
respecting Friendly Societies, 1827. 

f Principlet ^JF" Algebra. London, 1796. 
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The ability with which Mr. Gompertz conducted Office valua- 
tions^ as well as other actuarial calculations^ may be seen from the 
fact that, at the public sales of reversions, &c., his opinion ruled, 
more or less, the market. The mode in which he treated questions, 
for the sale of life annuities and contingent reversionary property is 
interesting, but a description thereof would carry us too far. 

As may be supposed, he was frequently referred to by Friendly 
Societies and kindred institutions for advice. For the Army 
Medical Board, by which he was consulted, he made elaborate com- 
putations, and revised the rates they charged in connexion with the 
Fund for Widows and Orphans. 

We must also mention the prominent part he took in promoting 
the publication of the Experience Table of the 17 Assurance Com- 
panies, which appeared in the year 1843. 

The transfers of life interests and reversions were becoming so 
frequent that he advised the establishment of a Company, whose 
exclusive business it should be to deal in such property. Accord- 
ingly, the National Reversionary Investment Company was founded, 
and he continued its actuary from its establishment to the time 
that ill health mad^ it necessary for him to retire. In the year 
1847 he also reliHRi|uished the actuaryship to the '^Alliance.'' 

He continued, however, sedulously to attend the meetings of 
the different learned Societies to which he belonged, and otherwise 
to promote their interest. Amongst these Societies we have to 
mention the Institute of Actuaries, of which he was an honorary 
member ; the Statistical Society, in the establishment of which he 
took part ; the Royal Literary Fund, of which he was steward on 
several occasions; the Society for the Diffusion of Useful Knowledge, 
on the Committee of which he served from the year 1828; the 
new London Mathematical Society, for which he was actually pre- 
paring a paper when attacked by his last illness. 

During the ten years that immediately followed his retirement 
from active duties, we do not hear so much of his original investi- 
gations and labours ; in fact he suffered so much from ill health, 
that his chief occupation consisted in diverting himself with 
mechanical contrivances, in which even as a boy he had delighted. 

At length his complaint, the gout, became so serious, that he 
was quite unable to move from his room ; and during the last six 
years of his life he did not so much as leave his bed-room floor. 
He bore this confinement with wonderful patience ; and the more 
his bodily strength failed, the greater became the activity of his 
mind. 

VOL. XIIT. c 
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In the year 1860 he presented to the International Statistical 
Congress which met at London^ a paper on one uniform law of 
mortality from birth to extreme old age ; and the ideas contained 
therein were further elaborated in the first supplement to his 
papers of 1820 and 1825^ that were presented to the Boyal 
Society. 

Besides many other valuable investigations^ he gives a more 
complete formula for the law of mortality, involving several terms, 
which may be reduced to the form we are already acquainted with, 
viz., y^d^^ and yet express the mortality from the commence- 
ment of life to extreme old age, H d ff q, instead of being constant, 
are supposed to vary slowly. 

Oompertz's improved law is presented under the following two 
forms — 

y=coiistant. A B* "^C D ", where P,=0a>'^ **"""; 



where from birth to extreme old age all the quantities but x and y 

are constant. 

ke* commences its significance at birth, and is particularly 
11 

interesting, because in the Carlisle table it shows a surprising 
agreement with the stated mortality of children from birth till the 
age of 1 year. 

kt^ commences significance at birth, but gradually sinks; and 
at age 20 and after sinks into entire insignificance. 

C/3* and X'"*(e*Ago»^-"^) are of significance from birth to 
extreme old age. 

juv' is insignificant till x equals about 80, and then slowly 
increases during the remainder of life. 

These constants are obtained by a peculiar process of dif- 
ferencing, an extension of the so-called *' vital rule of three.'' 

Now some people think Oompertz's law untenable, because the 
mortality of man, or at all events of certain classes, does not 
increase by a steady progression, but exhibits certain climacteric 
departures at certain periods of life. That such is the case cannot 
be doubted. Similar climacteric departures are exhibited even at 
infancy* The mortality at birth is much greater than that at 
a few years later, which again increases before the period of 
puberty. 

Now, we have just seen how Gompertz's extended law applies 
to those cases, and the author ventures to assert, that by applying 
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Gompertz's peculiar process of differencing at certain stages of life^ 
the law will be found to adapt itself to the exceptional mortality at 
those ages. 

In the Supplement under consideration methods are also 
pointed out by which the most intricate questions of life con- 
tingencies^ involving any number of lives, may be solved without 
difficulty. 

An instructive consideration of questions of special risk, and 
what he terms '^ special influenced contingencies/^ which have an 
important bearing upon survivorships, is also given. In conclu- 
sion, he shows how his theoretical law of mortality not only applies 
to infancy, but holds also for sickness. He finds that the values 
obtained from his '* vital rule of three^' compare most satisfactorily 
with the tables deduced by Messrs. Ansell and Neison from the 
experience of Friendly Societies. 

A second supplement, placed before the Royal Society the 12th 
May, 1864, contains some valuable suggestions on the Commu- 
tation Tables of Barrett ; and professes to give a method by which 
the' existing competition amongst Assurance Companies, which the 
author considers injurious to their interests, may be checked. 

Though his mind had not been affected, his bodily state of 
health began at last so to give way, that he could not complete 
this last paper to his satisfaction. In April this year he had a 
stroke of paralysis, and then indeed his days were numbered. He 
lingered on till the 14th July, when a calm death released him 
from further sufferings. He was buried a few days afterwards, 
with every mark of respect, in the Jewish burial ground near 
Victoria Park. 

To do full justice to Mr. Gompertz^s character is no easy task. 
We have adverted to one or two incidents in his life, wherein he 
showed true nobleness of disposition and kindness of heart. But 
these qualities were not the results of the occasional promptings 
of his feelings, they characterized all his actions. 

It is not too much to say, that he was never known to decline 
giving his assistance in the cause of charity, and this aid he offered 
to an extent which far exceeded his means. But true charity is not 
limited to the giving of mere alms, it consists chiefly in aiding by the 
powers of the intellect. We accordingly find him a prominent mem- 
ber of some of the leading Jewish charities. He also worked out a 
plan, which has eventually been acted upon, by which the dispensation 
of charity is placed in the hands of a Board of Guardians, whose 
duty it is to investigate the claims and keep a register of all appli- 



20 On the Limitatlun of Risks, [April 

cants for relief^ to assist them in distress^ and to procure them 
employment. 

What a kind husband^ what a loving father, Mr. Gompertz 
was, only the immediate members of his family know : those to 
whom he extended his friendship were at a loss which more to 
admire, his social qualities or mental attainments. 

May science ever find votaries as worthy and ardent as the late 
Benjamin Gompertz ! 



On the Limitation of Risks; being an Essay towards the Deter- 
mination of the Maximum Amx)unt of Risk to be retained by 
a Life Insurance Company on a Single Contingency, By 
Thomas Bond Speague, M.A., Vice-President of the Institute 
of Actuaries, 

[Read before the Institute, 29th January, 1866.] 

IT is my object in the present paper to discuss the principles 
which should guide the actuary in fixing the maximum amount of 
risk to be retained by a Life Insurance Company upon a single 
contingency. 

Those principles are by no means limited to life insurance, but 
extend with suitable modifications to other kinds of insurance, as 
fire, marine, hailstorm, health, and accidental death insurance. 
They are also applicable to the risks of mercantile transactions, 
and .in particular to the risks incurred by a bank in discounting 
its customers' bills. There can be little doubt that some recent 
failures of banks have been caused principally by the neglect 
of these principles; in other words, the manager has failed to 
put a proper limit on the risks undertaken, t. e,, has trusted 
individuals to an imprudent extent, and the loss of heavy 
sums consequent on their failure has proved disastrous to the 
bank. 

The risks attending life insurance however differ in several 
important respects from the other classes of risks above men- 
tioned. In particular, there cannot be a " partial loss," as there 
may be in those other businesses. An ordinary life policy differs 
also from other kinds of insurance in the following respects — that 
the contract entered into by the Office issuing the policy, does not 
run out in a fixed time, and cannot be terminated at the option of 
the Office at stated periods like a fire insurance contract. Again, 
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the risk increases yearly during the continuance of the policy ; and 
lastly^ it is certain that in every case a claim will sooner or later 
arise. For these reasons it will be convenient to limit our attention 
on this occasion to the risks of life insurance only. 

As a first step in the discussion, let us seek an answer to the 
inquiry : — '^ Why is it necessary for a Life Office to put any limit at 
all upon the risks it undertakes ? Why should not an Office^ for 
example, issue a policy for £100,000, and run the risk for the 
whole amount ? " At first sight it may seem sufficient to answer, 
that no Office should run the risk of being called on to pay a sum 
which it would be impossible or inconvenient for it to provide. 
But very little consideration is required to show that this is not 
a satisfactory or a complete reply. For every Insurance Company 
does, and must, from the nature of its business, run the risk of 
being called on to pay sums which it would be impossible for it to 
realize. If all the policies issued by any Company, or even a large 
proportion of them, were to become claims simultaneously, the 
Company would assuredly be ruined. But this chance of ruinous 
loss is one which the Company may properly incur. To take an 
example, it cannot be denied that a Company with a paid-up 
capital of i620,000 would be quite justified in becoming liable for 
£100,000 under 100 policies of £1,000 each, or under 1,000 
policies of £100 each; but it would not be justified in becoming 
liable for the same sum under 10 policies of £10,000 each, and 
certainly not under 2 policies of £50,000, or a single one of 
£100,000. 

What is it, then, that constitutes the difference between these 
various cases? We will suppose for the present that all the 
insurances are for a single year only. Then the most obvious 
difference is that the more numerous the insurances are which 
constitute the total risk, £100,000, the less is the chance of the 
Company being called on to pay the whole. If the rate of mor- 
tality be taken at 1 per cent, per annum,* or the chance of dying 

* The mortality being such that out of 1 ,000 persons alive at the beginning of a 
year 10 die during the year, it appears correct to say, either that the "annual mortality 
u one per cent.,"^ or that " the rate of mortality is one per cent, per annum,*^ or that 
** the annual rate of mortality is *01.** In the latter forms of expression, the phrase 
''rate of mortality** is used in a sense strictly analogous to the common one ''rate of 
interest.** Thus we say that " the rate of interest is five per cent, per annum,** if £1,000 
has by the operation of interest become £1,050 at the end of a year. 

It must be borne in mind by the student, in reading the Reports of the Registrar- 
General and similar works, that the term ^ rate of mortality** is used by Dr. Farr — 
most injudiciously and improperly in my opinion — to denote a different quantity : — that, 
namely, which has been called by Mr. Gompertz the " intensity of mortality,** and by 
Mr. Woolhouse (very happily) the " force of mortality.'* It is not easy to give in 
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in a year =*01, then the probability of the Company being called 
on to pay £100^000 under a single policy for that amount* is 
'01. If there are 10 policies of £10^000 each, on different lives, 
the probability of their all falling in will be 'OV^; and if there 
are 100 policies of £1,000 each, the probability of the OflSce 
being called on for the whole £100,000 is -01*^, which is an 
excessively small quantity with 199 ciphers following the decimal 
point. 

This, however, is a very incomplete comparison ; and we shall 
get a better idea of the difference between the various cases, if we 
calculate in each the chance that the loss will be not less than a 
given amount — say £10,000. Thus, when there are 10 policies 
of £10,000 each, the chance that there will be no claim is '99^®, 
which is equal to '90438 ; and therefore the probability of at least 
one loss occurring is '09562, which is the probability that the 
Office will be called on to pay £10,000, or more. 

Next, when there are 100 policies of £1,000 each, denoting 
by P<p the probability that x claims will arise, we have 

popular language a strict definition of the *' force of mortality;" but it is approximately 
equal to the ratio which the number dying in a year bears to the number living in the 
middle of the year. 

To enable the reader to understand the distinction more readily, I quote the remarks 
of Dr. Farr, given in the Blue Book, on the Sanitary State of the Army in India 
(p. 37) : — ** In the reports upon the Indian Fund, the probability of dying is incorrectly 
called the rate of mortality^ so as to mislead the unwary reader. Thus, if on an average 
out of 100 men living at the beginning of a year there are 10 deaths in the year following, 

the probability of dying is expressed by the fraction r^ , which is incorrectly called in 

the reports 'the rate of mortality*; but the rate of mortality is Qe*fo' the numbers 

living at the end of the year are 90, and the years of life are 90 + 10 half years, which it 
may be assumed are lived by the 10 who died in the course of the year.*' This appears 
to. me much as if we should say, '^If £100 has by the operation of interest become 

£105 at the end of a year, the rate of interest is not j^ , but tt^ht*^ In my opinion 

Dr. Farr is wrong, and the authors he criticizes are right, in the meaning they attach to 
the phrase, *• rate of mortality." 

I have not been able to ascertain that any writer, with the exception of Mr. Edmonds, 
agrees with Dt, Farr in his views on this point; and I conclude that the attempt to 
attach a new meaning to the familiar phrase, ^ rate of mortality,** is an innovation much 
to be deplored, and in every way to be discountenanced. By this and similar innova- 
tions — as his definition of an '^Annuity,** and his alteration of the **N Column** — 
Dr. Farr has greatly diminished the usefulness of his writings. 

If L» denote the number living at any age x, integral or fractional, then the annual 

" rate of mortality*' at that age x will be -~ — ^ ; and the " force of mortality" at the 

* Liz 

same age, 7-* -3-^. If the mortality follow Gompertz*s law so that L«=<2af*, then the 
lix da 

annual rate of mortality at the age x will be found to be I -^(f-D?*; and the force of 

mortality, Xof^eg, log* 7.9*. 
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Po*= -3660323 


P5 = 


•0028978 


Pi = -3697296 


Pe = 


-0004634 


Pa = -1848648 


P7 = 


•0000628 


Ps = -0609992 


Ps = 


-0000074 


P4 = -0149417 


P9 = 


•0000007 



The sum of these probabilities being -9999997 

Here we see that the chance that there will be no claim is 
rather more than one in three ; the chance of a single claim arising 
is also rather more than one in three ; and the chance of more 
than one claim arising is less than one in three. We see also that 
the probability of the losses amounting to i610,000 or more, is 
about -OOOOOOS. 

This example shows us how rapidly the probability of a 
dangerous loss diminishes when the number of risks is increased. 
On the other hand, it must be noticed that the probability that no 
loss will arise, diminishes rapidly as the number of risks increases. 
In the case of a single policy, the chance of there being no loss 
is '99. When there are ten policies, the probability that there 
will be no claim is •99>® or •90438. When there are 100 and 1,000 
policies, the same probabilities are -3660323 and •000043171 
respectively. 

Thus then we see that, as the number of policies is increased — 
the sum assured remaining the same — ^the probability of a large 
loss occurring is diminished, and also the probability of a very 
small loss occurring. The effect of increasing the number of 

* These values have been calcolated as follows :-^FQ^'99^^f and is easily found by 
logarithms. Then 

= Po+-01Po+-0001Po+4c. 

I 
1 X ii Z i 

100x99x98 ^.9997x.01»- ?? x i-P. 
^^" 1x2x3 ^ ^^ ^ "^ - 3 ^ 99 *^' 



1 99-1 
= = X 



'^p«=iO-^)^' 



3 99 
= ^{1 --01- -0001 -Ac }?! 



a 



97 1 
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policies^ is to diminish the probability of a large departure from 
the average in either direction; and the larger the number of lives 
under observation, the less is the chance of an accidental fluctuation 
in the number of deaths. 

It is not my intention on the present occasion to pursue our 
subject further in this direction, and to seek by the aid of the 
higher mathematics, a measure of the rate at which the probability 
of a fluctuation decreases when the number of cases is increased, 
as is done by De Morgan in his treatises on the Theory of Proba- 
bilities, I have to confess, indeed, that I do not consider the 
results of those investigations of much practical importance in 
their application to the theory of life contingencies. In fact, we 
must always be careful in reasoning on that subject that we do 
not apply our mathematical conclusions too unreservedly ; we must 
always bear carefully in mind the suppositions and limitations under 
which they have been obtained. For example, if we trace from 
year to year the number of deaths in the population at large, we 
shall often find greater fluctuations than the theory of probabilities 
would lead us to expect — ^the fact being that our fundamental 
supposition of the probability of death being the same in different 
years at the same age, is rendered untrue by the occurrence of 
unhealthy years, or years of scarcity and distress. And as the 
number of persons under observation in a Life Insurance Company 
increases and becomes very large, we may expect that while acci- 
dental fluctuations arising from the paucity of members will become 
of less consequence ; on the other hand, fluctuations may be anti- 
cipated from the same causes as produce them in the number of 
deaths among the population at large. 

The practical conclusion at which I have arrived then is that in 
all Insurance Companies, whether small or large, fluctuations in 
the mortality must be expected ; and a proper provision should be 
made for them in the premiums charged. 

We have seen that the effect of increasing the number of 
policies, the total sum assured remaining the same, is to lessen the 
probability of a very large loss or of a very small loss occurring ; 
and we shall find that the ^^expectation of loss" remains un- 
changed, being in all the cases we have considered above, equal to 
the premium for the risk, £1,000. It will be worth while to 
elucidate this point further. 

1. When there is a single policy for £100,000 the Office can 
only lose the whole or nothing. The chance of losing the whole is 
•01 ; and the expectation of loss = 01 x £100,000 = £1,000. 
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2. When there are 10 policies for dClO^OOO each^ the Office may 
lose either 

£100,000, £90,000, £80,000, .... £10,000, or nothing; 

and the probabilities of these several losses are — 

•Olio, 10 X -019 X -99, 45 X -018 X -992, .... -9910. 

being the terms of the expansion of ('01 +*99)*^ 

3. When there are 100 policies of £1^000 each^ the Office may 
lose either 

£100,000, £99,000, £98,000, .... £2,000, £1,000, or nothing; 

and the probabihties of these several losses are the terms of the 
expansion of (•0H--99)i«>. 

We have now to prove that in these latter cases, as also when 
there are 1,000 policies of £100 each, the expectation of loss is 
still £1,000. In order to do this, let us suppose that a sum S is 
assured under any number n of policies ; and that the chance of 
any one becoming a claim is x, then the possible losses are — 

S, • S, — - • S . . . . — > "~ > ; 

n n n n 

and the probabilities of these several losses are 



X*JU 

The total expectation of loss is therefore 

Sxa^+ Sxna?"-»(l-fl?)+ Sx \ o ^ ^'\l-^y 

Q 

+ +-.na<l— a:)"-» 

n ^ 

+ +(i-a?r-i} 

Thus we see that the total expectation of loss is independent of n, 
the number of policies ; and in the case we have been considering, 
where 8 = 100,000 and ar= -01, the expectation of loss is £1,000, 
whatever the number of policies. 

Before proceeding further we pause to point out that this 
" expectation of loss '' is a diflFerent thing from the " most probable 
loss.^' In fact, in many cases it is impossible for the Office to lose 
the exact amount of the '^ expectation of loss." To take an 
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example^ if £100^000 is insured under 625 policies of £160 each^ 

it is not possible for the Office to lose exactly iSl^OOO. In order 

to find the amount of the most probable loss^ we will resume our 

former supposition of a sum s, insured under n policies of equal 

rS 
amounts^ then the probability of a loss of — occurring is 



n.n— l.n— 2 . . . r+1 ,,^ ., 

== A^-a:) 

1.2 .. . n — r 

r+1 
and the probability of a loss of S is 



,«•— r 



w.n— l.n— 2 .... rH-2 , _, 

1.2 ... . n-r— 1 ^ 

and the latter probability is greater or less than the former 

according as • :; >< li 

r+1 1 — X 

according as (n—r)x >< (r+ 1)(1 —a?), 

according as nx — rx >< r+1— ra?— x, 

according as nx-\-x-^l >< r, 

according as. r <> «a?+4? — 1. 

n-'-r 



Now, as r increases from to n, the fraction 



r+1 1— ar' 



nx nx 

decreases from •= to ; and if = >1, then the fraction will 

1 — X 1 — x 

be first >1 and afterwards <1. Hence, as r increases, if r >1, 

l—x ' 

the probability of r claims arising will first increase and then 

diminish, and will be greatest when r is the integer next greater 

than (n+1) x—\ ; or is the integral part of (n+1) x. If («+l) x 

happen to be an integer, then we conclude that (n+l)a?— 1 and 

{n+1) X claims are equally probable, and more probable than any 

other number of claims. 

Returning now to the supposition of 625 policies for £160 

each, we have a?=625, x=*01, or (n+1) ar= 6*26, so that the 

most probable number of claims is 6, giving a loss of £960. 

Here, as was to be expected, the '^most* probable loss'^ does not 

differ much from the " expectation of loss,'^ which we have already 

seen to be £1,000. In this instance ^ = 625 x -prjz = -^rpr- 

l—x '99 99 

and is therefore greater than unity. 
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As an illastration of this case where (n-j-l) ^ is an integer^ 
let us take n+l=z700, or n=699, so that we have 699 policies 
of iS143*0616 each. Then, since (»+l)a?=7, we learn from what 
precedes that 6 and 7 claims are equally probable, and more 
probable than any other number. In those cases, the losses would 
be £858-37 and £1,001-43 respectively. 

We conclude also, comparing the results of the two last para- 
graphs, that if the number of policies is between 625 and 699, 
then the most probable number of claims is 6 ; and it is easy to 
see that 6 is the most probable number of claims if the number of 
the policies be anything from 600 to 698 inclusive. 

Again, when there are 1,000 policies of £100 each, we have 
(n+1) a: =10-01, or the most probable number of claims is 10, and 
the most probable loss £1,000, the same as the expectation of loss. 

In general, the expectation of loss is So? or no: x — , and the most 

probable loss is | the integral part of (n+1) x\ x — . If, then, 

njT is an integer, it is of necessity the integral part of (n-(-l)a?; 
and the expectation of loss is equal to the most probable loss. 

It will be noticed that the " expectation of loss " is analagous 
to the " expectation of life at a given age," called by some writers 
the ^'mean duration of life.^' The ^^most probable loss,^^ is 
analagous to the " most probable duration of life ^' — that term of 
years which is more likely than any other to be the duration of life. 
This is not the same as the term of years (called by French writers 
" la vie probable ") which it is as likely as not that a given person 
will survive. (See Gray's Tables and Formula, §§ 162, 163, where 
the difference between these various quantities is very clearly ex- 
plained.) To take an example : By the Carlisle Table a person of 
the age 30, has an " expectation of life'' equal to 34*34 years. But 
since, according to the Carlisle Table, more persons over the age of 
4 die at the age of 74 than at any other age, the ^^ most probable 
duration of life " is 44*5 years. Again ; since of the persons 
living at the age 30, one half attain the age of 66 but not 67, it 
follows that the time which a person 30 years of age has an even 
chance of surviving, is a little over 36 years. , We have not con- 
sidered in what precedes the quantity which is analogous to this 
one ; it is " the loss which it is an even chance that the claims of 
the year will not fall short of 

We return now to the question, " Why is an Office with a 
capital of £20,000, justified in becoming liable for £100,000 
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under 100 policies of £1,000 each, bat not under 10 policies of 
£10,000 each V The preceding investigations enable us to say that 
the chance of the Office sustaining a dangerous or ruinous loss, is 
very much less in the former case than in the latter ; and is, in 
fact, so small in the former case, that it may be disregarded. 

Can we then conclude generally that a Company is justified in 
running the risk of having to pay a very large sum on the hap- 
pening of any extremely improbable contingency 7 For example, 
would a Company be justified in granting a policy for £100,000 
to be payable only in case a young man, now 20 years of age, 
should die on his 90th birthday, or in case all of 20 specified 
persons should die within a year in a specified order? .... (A). 

It will no doubt be answered by some persons that a Company 
would not be justified in undertaking insurances of the nature of 
those mentioned in the last paragraph, because such insurances, if 
ever made, would be rare, and could never be sufficiently numerous 
to enable the Company to obtain an average result from them. 
To this argument I cannot myself allow any weight. I can find 
no sufficient reason for thinking that it is necessary for an In- 
surance Company to have a sufficient number of each class of risks, 
to form a separate average. On this point I entirely agree with 
the remarks of the late Dr. Young, given in the Assurance 
Magazine, vol. vi., p. 289. '* There is a common prejudice that it 
is disadvantageous for an Office to take a single risk of any 
particular description ; and it is sometimes said that if the adven- 
ture should happen to be unsuccessful, there would be no possible 
compensation from others of the same kind. There is however 
just the same chance that it would be compensated by others of a 
different kind.'' 

I do not propose to discuss this point at the present time, 
but will content myself with an illustration. In the course of 
conversation with a merchant, I learned that he did not insure his 
house or furniture against fire ; and on my inquiring the reason, 
he said, ^' If my house were burnt I might lose £1,500 or £2,000 ; 
but I run as great or . greater risks in the ordinary course of my 
business. I may any day lose £2,000 by the failure of a single 
customer ; and if I run that risk, I may fairly run the risk of loss by 
fire too.'' Subsequent consideration of this argument has led me 
to question its soundness, on the ground of the insufficiency of the 
consideration for the risk. While admitting that risks of wholly 
difierent kinds may fairly be set ofi* the one against the other, I 
would yet ask, " Is it worth while for a merchant to run the risk 
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of losing, say £2,000, by fire, his consideration for the risk being 
the premium of insurance which he saves?" The amount he saved 
by running his own risk may be 45. 6d. or 6*. per £100 per 
annum ; but the consideration for the risk of a loss in the ordinary 
course of trade must have been far larger than this. The ordinary 
profits of trade cannot, I should suppose, be taken at less than 
10 per cent, per annum — subject to deduction for bad debts. I 
have no means of estimating the probability of bad debts arising, 
but should suppose it cannot ordinarily exceed 2 or 3 per cent, per 
annum. Here then there would be a profit of 8 or 7 per cent, per 
annum, which may be considered as the consideration for incurring 
the risk of a bad debt ; and by the side of this, the consideration of 
J per cent, for running the risk of loss by fire, seems quite con- 
temptible. On this ground, then, but not on account of the 
diverse characters of the risks, I conclude that it is not worth 
while for a merchant to be his own insurer against fire. 

The conclusion I arrive at, then, on this point, is that risks of 
various kinds may be fairly classed together, when the amounts of 
the several risks are approximately equal, and also the several 
chances of loss. But when there is a great disparity in the 
chances of loss and in the premiums paid, then the risks cannot 
properly be classed together. For this reason, therefore, an Insur- 
ance Company cannot properly class together with life insurance 
risks those of fire insurance or accidental death — the premium for 
the first scarcely ever being less than £1 per cent, per annum ; and 
in the second, commonly Is. 6d. per cent, per annum ; while in the 
last, a common premium is 3^. per £1,000 or '00125 per cent. 
If then a Company transacted business of these three kinds, there 
should be enough risks of each class to form a separate average. 

But on the other hand there seems to be no sufficient reason 
for the directors of a Life Office to decline to grant an insurance 
on the life of a negro, mulatto, or native Indian, on the ground 
that it is improbable there will be many such insurances efiected. 

We are now in a position to see that the question (A) must be 
answered by a reference to the consideration received for the risk. 

In the case of £100,000 insured on the lives of 100 persons, if 
the premium for the risk is 1 per cent., or £1,000 in all, the premiums 
received will not generally be less than £1,250. But the net 
premium for an insurance of £100,000 on either of the very 
improbable contingencies mentioned in (A), would be an exces- 
sively small quantity ; and the whole profit on the transaction so 
small, as to render it quite undesirable to entertain such a proposal 
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and incur so large a risk. If, however, circumstances permitted 
of the same profit — say £250 — being made on the single 
£100,000 policy as on the 100 other policies, it might become a 
question whether it would not' be worth while for the Company 
to undertake the risk. 

We may perhaps state more broadly the principle here sug- 
gested, and say that when the profit on a transaction is unusually 
large, an OflSce may with propriety take the risk of a larger 
amount than in ordinary cases. Thus the premiums received 
upon " issue insurances " yield a far larger margin of profit than 
the premiums in ordinary life insurances ; and a Company might 
perhaps, on that ground, properly take a larger risk in those cases 
than it does in life insurances. 

As a rule, then, we may say that (1.) an Office will not run the 
risk of £100,000 on a single life, because the probability of loss 
is too great to be prudently incurred. 

(2.) That there is no objection to the Office becoming liable for 
£100,000 upon 100 or 1,000 different lives, because the proba- 
bility of a dangerous loss occurring is small, and the profit on the 
transaction is adequate to the risk. 

(3.) That the Office would decline to grant a policy for 
£100,000 on an extremely improbable contingency, although the 
chance of loss is very small, because the profit on the transaction 
must generally be too small to be worthy of regard. 

The previous principles enable us to answer a question which 
arises sometimes when a Company issues its policy for a large 
amount, but retains only a portion of the risk, reinsuring the 
remainder. In this case, can the Office prudently issue its 
acceptance for the whole amount before it has arranged to be 
relieved of the excess of risk ? We must say, certainly not ! For 
the consideration the Company receives for running the whole risk 
for a time, is so small as to be unworthy of regard. 

Having now satisfactorily ascertained the reasons for which it is 
necessary to place a limit on the amount of the risks undertaken 
by an Office, we proceed to consider how the particular limit 
suitable for any Office is to be ascertained. 

For this purpose we will suppose that a policy of the maximum 
amount has become a claim, and will consider out of what fund 
the claim is to be paid. For the present, we will, as before, suppose 
all the policies to be effected for a single year, in which case the 
claims of any year are to be paid out of the premiums received in 
the year. Let us suppose also that the rate of mortality is one per 
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cent, per annum^ and examine how matters would stand if the busi- 
ness of the Office consisted of a few large policies — say of j6 10,000 
each, and a large number of policies of £100 each. Then, if the 
premiums are loaded 25 per cent., the premium on each £10,000 
policy will be £125; and on each £100 policy, £1-25; and if a 
policy for £10,000 becomes a claim, it will require the premiums 
of 80 such policies to satisfy the claim. If there are not so 
many £10,000 policies in force, the deficiency will have to be 
made good out of the pi*emiums on the £100 policies; for ex- 
ample, if there are only 40 policies of £10,000, the premiums on 
these amount to £5,000, and it will require the premiums on 4,000 
of the £100 policies to make up the other £5,000. But the pre- 
miums on the £100 policies are required to provide for the claims 
among those policies, and cannot therefore (except as regards the 
margin thereof) be considered available for payment of the 
£10,000 policy. 

We thus arrive at the principle that the policies of maximum : 
amount in an Office must be looked upon as forming a class by ; 
themselves ; so that the claims arising among those policies are to | 
be paid out of the premiums received upon them. It follows at 
once that the position of an Office cannot be considered satisfactory j 
unless the policies of maximum amount are at least so numerous ! 
that the premiums received on them in the course of a year suffice 
to pay a claim, if one should arise; and the average premium 
being about 3 per cent., the very least number of maximum poli- 
cies which an Office must have before its position can be declared 
satisfactory is 33. And unless the number of such policies is 
much greater than this, the Office will be liable to inconvenient 
fluctuation in the amounts of its annual claims. Supposing, first, 
that all the policies are efiected for a single year only ; then, if no 
claim occurs in the year, the whole of the premiums on the 33 
policies will be profit ; while if there should be a claim, it would 
absorb all the premiums, and there would be no profit on the 
year's transactions. This inconvenient fluctuation in the amount 
of the profits is to a very great extent remedied when a valuation 
for the distribution of profits is made only once in several years ; 
for then it may be anticipated that the losses of one year will be 
compensated by the profits of others. Thus, if there are 33 poli- 
cies of maximum amount under observation for three years before 
a valuation is made, this is, to a certain extent, the same as if 
there were 99 such policies under observation for a single year. 
On the whole, we may say that when an Office makes a valuation 
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and distribution of profits only once in three^ five^ or seven years ; 
or when it makes an annual valuation^ but distributes not the profit 
of the past year, but an amount obtained from the average of 
several years ; then it may be considered as practically secure from 
inconvenient losses or fluctuation of profits^ if it has about 33 
policies of maximum amount in force. 

But no Company can hope, when it adopts a particular maxi- 
mum, to obtain at once so many policies of maximum amount. 
What, then^ is the smallest number with which it should start ? 
It is well known that the mortality among recently selected lives is 
very light, and that it is five or six years before the effect of selec- 
tion wears off; we may then perhaps allow an Office that period 
for obtaining the above mentioned number (33) of maximum risks. 
Thus we finally conclude that an Office ought yearly to obtain 
at least six or seven policies of maximum amount ; and if the Office 
does not obtain that number, it must be inferred that its maximum 
has been fixed too high and should be lowered. 

When the business of an Office is very extensive, the previous 
conclusions will require to be modified. Resuming the supposition 
of a mortality of 1 per cent., and supposing that the premium on 
a £100 policy is 1*25, we may say in general terms that the i£I is 
required to pay the claims, and the *25 is available for expenses 
and contingencies ; or we may consider that, after payment of ex- 
penses, the balance of the loading ('25) is available for payment of 
the £10,000 claims. If, then, the business is so extensive that the 
margins of the premiums, after payment of expenses, are equal to 
say three or four times the maximum amount of risk, we see that 
a claim of maximum amount might be paid out of the margins 
of the premiums on the smaller policies, without any greater 
inconvenience than a temporary diminution of the profits of the 
Office; and we thus arrive at the conclusion, that when the 
business of an Office is so extensive that the annual anticipated 
profit, will pay without inconvenience a maximum claim, then it is 
not essential that the maximum policies should be numerous. A 
Company of venj large business might even prudently issue a 
single policy much larger than any other of its existing policies. 

We have supposed above that all the policies were effected 
for a single year ; but our conclusions are equally applicable to the 
ordinary insurances of a Life Office, if we substitute for the annual 
margins of the premiums, the annual anticipated profit, which may 
be stated in a general way to consist of the margins of the 
premiums, and of the excess of the interest realized over the rate of 
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interest — 8, 8^, or 4 per cent. — assumed in the calculations of the 
Office. But it must be borne in mind that if, in making a distri- 
bution of profits^ the margin of the premiums has to any extent 
been encroached upon^ it is to that extent non-existent. 

The conclusion at which we have arrived above, viz., that the 
largest policies in an Office are generally to be considered as a class 
by themselves — so to speak, self-supporting — appears to sum up 
all that can be said on our present subject. Notwithstanding its 
importance, it is often overlooked by actuaries. Thus we some- 
times hear the remark made, that '^ the claims of the year have 
fallen on large amounts.'^ In this form of expression it is implied 
that a certain number of claims, large or small, was to be expected 
in the year; and that large claims have occurred where small ones 
were to have been expected; but there is clearly no reason for 
Supposing that, because the claims among the small policies have 
been less numerous than might have been expected, therefore the 
claiuis among the large policies should be more numerous than the 
expectation. There is, in truth, no possible relation between the 
number of claims in the two classes of policies — large and small ; 
and under the circumstances supposed, it would be more correct to 
say simply, that an unexpected number of deaths has occurred 
among the large policies. 

So, again, I have heard it suggested that an Office might fix 
its maximum risk at such an amount, that if aU the anticipated 
claims of the year were of the maximum amount, the total claims 
would just absorb a yearns income. But this rule implies, that 
the more numerous the small policies are in an Office, the greater 
is the risk of each of the large policies becoming a claim, which is 
manifestly absurd. We conclude, on the contrary, that the amount 
of the maximum risk is to be fixed independently of the income or 
assets of the Office, by reference to the number of policies of maxi- 
mum amount which it is probable will be effected — subject to the 
modification stated previously, when the income of the Office is 
very large. 

I have spoken hitherto of the division of insurances simply into 
large and small ; but, in practice, there will always be insurances 
of intermediate amount, more or less numerous ; and in applying 
our rule, it will not be necessary to confiine our attention to the 
insurances of the precise maximum amount, but we may fairly class 
with them such as do not much fsU short of that amount. Thus, 
if the premiums are loaded 25 per cent., so that the Office premium 
for £4iflOO is equal to the net premium for £5,000, we may fairly 
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group together all the insurances for i64,000, £5,000, and inter- 
mediate amounts; and so with the insurances from £8,000 to 
£10,000; so that if the maximum of an Office is £5,000, the 
position of the Office will be considered satisfactory, if the number 
of insurances ranging from £4,000 to £5,000 is sufficient to give 
an average. 

With regard to the particular limit to be fixed by an Office to 
its risks, it may be suggested that if the Office wishes to keep 
more than £5,000 it is scarcely worth while to stop short of 
£10,000, as the insurances of intermediate amounts are not very 
numerous. There is much weight in this remark, when it is the 
practice of the Office to retain the whole of the risk under all the 
policies it grants; but the practice of " reassurance,^' by which 
Offices interchange risks the one with the other, enables an Office 
to fix on any particular limit that may for the time being seem 
advisable. In the early years of an Office, it will seldom be 
advisable to fix a higher limit than £2,000 or £3,000 ; and as the 
number of large cases increases, the limit can be increased by steps 
of £1,000 to £5,000, £6,000 . . . £10,000, and even further, 
if justified by circumstances. The Office, while retaining only 
£2,000 at its own risk, may legitimately issue its policy for £5,000, 
and " reinsure '* the balance, £3,000, with other Offices, which 
may be expected to make it a return. In this way, while the large 
risks of the Office are few, its position is greatly improved, since 
the probability of the occurrence of an inconvenient loss is greatly 
diminished. 

As far as I can learn, no Insurance Company at the present 
time retains more than £15,000 at risk upon a single life ; and I 
am only aware of one Office which retains so large an amount. 
But, if the arguments given above are valid, there would seem to be 
no objection to an Office keeping £20,000, £25,000, or £30,000 
on one life, provided it can get a sufficient number of similar insur- 
ances, i.e,, not less than at least six or seven each year. 

I now pass on to the consideration of various questions more or 
less comjected with our general subject. 

I have first to remark, that when a policy is effected for the 
whole term of life, the policy usually has a '^yalue/' which increases 
from year to year; and when we examine the effect this fact pro- 
duces on the financial course of an Office, we see that in the first 
year of an insurance any claim arising must be paid out of the 
premiums received in the year ; but in every subsequent year there 
is a reserve appertaining to each policy^ which is available towards 
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payment of the claim when it arises. We may say, then, that 
when a claim arises in a year subsequent to the first, a part of the 
sum assured — equal to the value of the policy — is paid out of the 
accumulated funds ; and the balance only is paid out of the income 
— ^premiums and interest. The loss of the OflSce is confined to the 
latter amount; the payment as regards the value of the policy 
being more in the nature of the repayment of a loan. Thus, then, 
the risk of the OflSce decreases year by year, being only equal to the 
excess of the sum assured over the value of the policy. It follows 
that when a life has been for some time insured for the maximum 
amount in an OflBce, a further insurance may be accepted for a 
sum equal to the value of the existing policy, without increasing 
the risk of the OflSce beyond the usual maximum. 

In illustration of this principle, let us suppose that an OflSce 
whose usual maximum is £5,000, has, through an oversight, been 
for some years exposed to a risk of double that amount on a par- 
ticular life. Thus, a policy for i65,000 may have been granted on 
the life of James DuflT, M.P., and another policy for d65,000 may 
subsequently be granted on the life of the Earl of Fife ; and several 
years may elapse before it is observed that these are diflFerent 
names of the same person. When at last the discovery is made, 
what sum should be reinsured in order to reduce the risk of the 
OflSce to its usual maximum ? If Yj and Y2 are the values of the 
two policies, we see, by applying the principles laid down above, 
that the actual risk of the OflSce is £10,000— V1—V2; so that 
the sum to be reinsured will be £5,000— Vi—V2. 

Next, what is the risk of an OflSce under a reversionary annuity ; 
as, for example, when an annuity of £1,000 is assured to be paid 
to X for life after the death of y ? Here, if y die during the first 
year, the OflSce becomes liable for an annuity of value 1,000 x a^ ; 
and this therefore must be considered as the amount of the risk in 
the first year. The amount of the risk in the second year is 
similarly 1,000 x «x+u which is less than the risk in the first ; and 
the risk becomes less each year that the policy is in force. If 
such a policy is eflfected by means of a uniform annual premium, 
it will be found that the policy has no value, or a negative one, at 
the end of any number of years from the date of the assurance. 

It may be suggested that in this case the usual maximum may 
be properly exceeded, because the OflSce has not, in the event of a 
claim, to pay a large sum down, but only to make the various 
payments of the annuity as they fall due. But this reasoning 
appears to me inadmissible; for we must consider what is the 
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amount of the loss which would have to be provided for in a 
valuation ; and the amount of the sum payable at the time of the 
claim is a matter of very secondary importance. I therefore con* 
elude that any Office would act unwisely if it retained a larger risk 
under a reversionary annuity than it would do under an ordinary 
policy. 

These examples may suffice to show that the risk of an Office^ 
or the amount which it is liable to lose in the event of death, is 
often a very different thing from the payment it will be called 
upon to make. But this distinction is often lost sight of. Thus, 
it is the practice of some Offices to retain a larger sum at risk 
under a policy that is effected without profits, than is retained 
under a participating policy; on the ground that the bonuses 
may considerably increase the sum payable at the time when the 
claim arises. But if, as before, we consider the " risk'^ of the 
Office, which is only the excess of the sum assured and the bonus 
over the value of the same, we see that in practice it can seldom 
happen, however large the bonus may be, that the risk of the 
Office shall exceed the original sum assured; and we therefore 
conclude that there is no sufficient reason for retaining a less sum 
at risk on a bonus policy than on a non-participating policy. 

From the same considerations it follows that when an insurance 
is effected on the last of two or three lives, the Office may properly 
retain at its own risk a larger amount than it would retain on a 
single life. At first sight we might suppose that a double sum 
assured could properly be retained on the last of two lives. '^For,^' it 
may be said, '^ in the case of an insurance for double the usual maxi- 
mum on the last of two lives, the risk is divided between the two, 
and the risk on either life is only equal to that usually under- 
taken by the Office. Thus, when one of the lives dies, although 
no cash payment has to be made by the Office, yet a loss has 
occurred, which has to be provided for in a valuation ; and when 
the second life dies, although a double sum becomes payable, 
yet one half has been already provided for; and the loss, pro- 
perly so called, consequent on the death, is no larger than in the 
case of an insurance of the maximum amount on a single life.'' 
But when we examine more closely, we shall find that this reasoning 
is only correct on the supposition that the premium for an insur- 
ance on the last of two lives is one half that for an insurance on 
one of the lives. For, in general, the risk is not equally divided 
between the two lives; but when one of the lives dies, the 
consequent loss is less than half the sum assured. For example. 



1866.] On the Limitation qf Risks. 87 

suppose that an insurance for £lOfiOO is granted on the last 
survivor of two lives, each 40 years of age, at a premium of £2 
per £100 — the premium for an insurance on a single life of 40 
being £3 per £100 ; then, if one of the lives dies in the first year 
of the insurance, what is the consequent loss sustained by the 
Office? The annual premium, £200, would insure a sum of 
£6,666. 13«. 4!d. on the remaining life ; but the sum now payable 
on the dropping of that life is £10,000, so that we may say that 
£6,666. ISs. 4tf. is provided for by the premium receivable, but 
the remaining £3,333. 6^. 8^. is unprovided for; and is, in fact, 
the loss which has occurred in consequence of the failure of the 
first life. In this case, then, the Office would lose £3,333. 6s. Sd. 
by the death of the first life, instead of £5,000 as assumed in the 
foregoing reasoning; and would then have £6,666. ISs, 4£?. at risk 
on the. second life, its usual maximum being £5,000. We shall 
determine the amount which may be properly insured on the last of 
the two lives as follows : — ^The annual premium on an insurance of 
£5,000 on one of the lives is £150, which will insure £7,500 on 
the last of the two lives ; and that therefore is the sum which can 
be insured on the last of two lives of the age of 40, without exposing 
the Office to a larger risk than £5,000 on a single life. 

Next, suppose that there are two lives of 25 and 50 ; that the 
premiums at those ages are £2 per £100, and £4 per £100; and 
that the premium for an insurance on the last of 25 and 50 is 
£l. 16s. per £100. As before, suppose that £10,000 is insured 
on the last of 25 and 50, at an annual premium of £175. This 
premium will insure £8,750 on a life of 25, and £4,375 on a life 
of 60. Hence we see that if 50 dies in the first year of the 
insurance, the risk left depending on 25 is £8,750, and the loss is 
only £1,250 ; while if 25 die, the sum depending on 50 is £4,375, 
and the loss is £5,625. To get the sum that may be insured pro- 
perly on the last of 25 and 50, we take the premium for £5,000 
on a life of 25 {i.e., £100), and since this will insure £5,714 
on the last survivor of 25 and 50, that is the largest sum that 
ought to be insured on the last of the two lives. If x and y are 
the two lives, of which x is the younger, it, the annual premium 
for an insurance of £1 on x, w^ the premium for the same insur- 
ance on the last of x and y ; then the amount which may be insured 

on the last of the two lives is — ^ x S, where S is the maximum sum 

insured on a single life. 

If, however, the lives are closely related, the risks cannot be 
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considered as wholly independent; and it wooldrscarcely be prudent 
to incur the risk of the larger sum on the last survivor of two 
closely related persons. 

So again, we see that an Office might grant an '^ endowment^' 
to be payable only in case a nominated person attain an assigned 
age, of a much larger amount than any insurance it would under- 
take ; for the possible loss, in consequence of the life attaining the 
assigned age, will be only a fraction of the sum assured. 

Another practical question arising in the course of hfe insurance 
business is this — Shall an Office take the same amount of risk in 
an old life as it takes in a young one? This question is to be 
answered in conformity with the principles we have laid down, by 
reference to the comparative number of policies on the lives of old 
and young persons. But it must be borne in mind, that we need not 
restrict the comparison to the insurances effected on young and old 
lives ; for we may group together all the policies existing on old 
lives, whatever their duration. If, then, we should find that the 
insurances on the lives of old persons are not sufficiently numerous 
to form an average among themselves, it may, perhaps, be prudent 
to insure a smaller sum on the life of an old person than on a 
young one. It must be considered, on the other hand, that the 
test of medical examination is much more efficacious at the older 
ages than at the younger. It must also be remembered that since 
the premium on an old life is higher than on a young one, the 
number of old lives sufficient to give an average is less than the 
number of young lives required for the same purpose. In actual 
practice, we may probably say that there is no sufficient reason for 
insuring a less sum on the life of an old man than on the life of a 
young man. 

This question has been considered by Mr. Scratch! ey, who has 
given a different answer to it. He says, in his Treatise on Life 
Assurance Societies (p. 36, App.) — " If £3,000 be the amount of 
policy granted on a life aged 30, not more than £1,677 should be 
granted on a life aged 60, otherwise the Society would experience 
moral disadvantage ; for it is obvious that although firom the pre- 
miums being larger on policies in advanced ages, the value of the 
mathematical expectation of the ultimate payments received by a 
Company from an assurance on an old life may be equal to that 
from a corresponding assurance on a younger and consequently 
longer enduring life, yet the moral expectations of the immediate 
risks for any current period can only be rendered equal to each 
other, or nearly so, by a large average of about the same age, or 
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by some system of graduation of the amount assured, so as to tally 
with the increase of immediate risk attending the fact of the ages 
being older." Accordingly, he gives a table of the amounts to be 
insured at various ages. The above reasoning, however, appears 
to be erroneous, inasmuch as it is independent of the relative 
numbers insured at the various ages. If ths number of persons 
insuring at the age of 60 were equal to those insuring at 30, 1 have 
no hesitation in saying, that the 0£Sce might safely retain a larger 
sum at risk on the old lives than on the young. 

With regard to the so-called "moral" expectation, mentioned 
by Mr. Scratchley above, I have to confess that I am unable to 
see that the theories on this subject are of the least practical 
utility. I have preferred, throughout this paper, to treat the 
various questions considered independently of those theories ; and 
I trus^that my conclusions will be found none the less satisfactory 
on this account. 

I have now only to remark, in conclusion, that I am well aware 
that my subject is far from exhausted by the preceding remarks, 
and that much remains to be done to complete the mathematical 
part of the inquiry. I trusty however, that this attempt to elucidate 
some questions hitherto very little discussed, will be found of some 
practical utility to those engaged in the management of Life Insur- 
ance Societies. 



General Average. By Richard Morrison. 

(Continued from page 361, vol. xii.) 

In considering the various expenses, or, as some writers term 
them, expenditures, that are the results of a general average act, 
the same test must be applied as in the case of sacrifices. Were 
they had recourse to as being, in the exercise of sound judgment 
and prudence, indispensably necessary for procuring the safety of 
all concerned in the adventure ? Might the act from which they 
proceeded be the means of arresting any course of events which, 
if allowed to take their full scope, would terminate in the destruc- 
tion of the vessel and the consequent loss of the freight and cargo ? 
It is true human judgment is likely to err under these, as in other 
circumstances of like nature, and expenses may be incurred need- 
lessly, for the ultimate consequences of an act cannot be always 
perceived; but if the end proposed will admit of no other course 
by which the vessel and the property in her may be preserved at 
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the time^ and if the measares resorted to are such as wonid not be 
employed in the ordinary prosecution of the voyage, there is reason 
for acbnitting such as a lawful subject of contribution. When 
common sense is exercised, and the circumstances are regarded 
comprehensively and clearly, the results are generally found to 
justify the means adopted in cases of danger needmg prompt 
action. 

Although in most works on average much attention has been 
devoted to the subject of jettison, and sacrifices generally, as being 
the most ancient sources of contribution, undoubtedly the more 
important act is comprehended in the term expenses. It is by far 
the most common, considering the many general average acts 
which take place. Many distinctions might be drawn betweien the 
two. Generally the jettison of a comparatively small portion of 
the cargo suffices to relieve the vessel ; or a sacrifice of part x>f the 
ship's furniture can be sometimes replaced at once, as vessels are 
usually supplied with two or three sets of sails and extra spars, to 
be substituted for those which may be lost or cut away. In such 
a case the act is attended by the actual loss of the property sacri- 
ficed ; it could be replaced at the market value when the vessel 
arrives at her destination, so that under ordinary circumstances no 
great pecuniary loss interferes immediately with the prosecution of 
the voyage. But with expenses the case may be very different ^ 
for if a< ship, by being disabled by a tempest, or through springing 
a leak, is compelled to put into an intermediate port for repairs, 
mucli money may be expended, and great difficulty experienced in 
raising funds to defray the charges incurred. Under such circum- 
stances the actual pecuniai*y loss may be considerably augmented by 
the high rate of interest for the advance of money, by commissions, 
or by the loss by sale of part of the cargo to pay the expenses ; 
all of which are chargeable pro raid to the interests benefited 
thereby. And when high percentages are thus charged, or the 
cargo sold does not realize even its prime cost, owing to the inter- 
mediate port not. offering the advantage of a market for the mer* 
chandize disposed of, it will be evident that although both sacrifices 
and expenditures for the common benefit are rightly denominated 
subjects of general average, the positive loss in many instances 
admits of some distinction. With loss by sacrifice the act and its 
consequences can be estimated with tolerable accuracy when the 
interests become dissociated; whilst with expenditures, if we 
regard contingencies, it cannot be foreseen, when a ship enters a 
port, what charges may have to be incurred before she again pro- 
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oeeds on her voyage, nor what difficulty may be experienced in 
raising money to meet the disbursements, by which additional loss 
may be incurred by all parties concerned. It is quite true the act 
of jettison or sacrifice might happen before the ship is compelled 
to bear up to repair damage — ^the one might necessitate the other 
— in which case equal loss would be entailed upon all parties ; but 
the two not being necessarily associated, and being most frequently 
distinct from each other, these remarks apply to them as specified. 
It is true also that the act of jettison is sometimes attended by 
another loss, and that the sacrifice of spars. Sec., may occasion 
other damage ; but as a difference of opinion exists as to the pro- 
priety of allowing these as general average, we have here considered 
the act according to the present ^' practice of Lloyd's/'^ 

There is likewise a most important difference between the two 
great futures of general average. When an expense is not allowed 
as a subject for contribution, it can be recovered from either the 
owner of the cargo or the freight, or it falls upon the shipowner 
as such ; but a loss or sacrifice^ whether pertaining to ship, freight, 
or cai^o, if it be not recoverable as general average, falls on the 
interest to which it applies, or its representatives as insurers, exclu- 
sively. This gives rise to many disputes and complications, for 
opinions frequently differ, as to the propriety of charging the sums 
which are disbursed, professedly for the general benefit, but which, 
upon close examination, are found to apply specifically to one or 
the other of the interests conjoined. 

At the beginning of the present century it was held by the 
common law, as far as such cases came under its consideration, 
that all the charges incurred by a vessel which put into a port in 

* In support of the above a case is sabjoined as an illustration: — A Spanish ship 
from Manilla to Liverpool put into St. Helena, being in a leaky condition, and for repairs 
generally. No previous general average act had taJcen place. The cargo was, by order 
of surveyors, gradually discharged; and when they had ascertained the full extent of the 
damage, she was condemned as unseaworthy and sold. The agents required large sums 
of money from time to time, to meet the expenses of ship . and cargo. Their claim for 
advances exceeded £7,800; and the master, after vainly endeavouring to raise money by 
hypothecation of the cargo to be shipped to its destination in another vessel, sold part of 
it at auction for £6,500. The enormous sum advanced was partly made up of £1,800 
for warehouse rent of the cargo; £450 was charged as commission for trouble and taking 
care of the cargo, £1,000 for landing, add £1,000 for reshipping it. The total amount 
of the agents* charge at St Helena (including the above), apart from the other expenses 
for which they advanced money, was £4,800! When the statement was adjusted in 
England, about £2,200 was apportioned as general average, so that a large proportion of 
the charges fell on the carvo and freight And as the contributary values were as 
follows— ship £895 (what she sold for), freight £2,473, and cargo £21,027— it will be 
seen how little the ship (the condition of which caused the act entailing the expenses) 
had to pay, in comparison with the other interests. This is an extreme case, but it 
illustrates the principle stated, and is but one out of a great number that occur in the 
course of the year. 
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distresB^ Bhoulc^ be made good by a general contribution ; and the 
foreign laws were to the same effect. Gradually^ however, the 
questions which arose concerning these expenses were more fully 
considered, and opinions were expressed that some of them were 
not matters of general average, as they were not incurred expressly 
for the common benefit. It was said that if the cargo was specially 
benefited or preserved by them> such expenses should fall upon the 
owners of it ; and those disbursements which were made in order 
that the vessel might continue her voyage (such as outward 
charges from a port of refuge), should be chargeable to the owners 
of the freight, as they were held to be for its special advantage. 
It has been likewise held, that when a vessel puts into a port merely 
in consequence of contrary winds, the expenses incurred at that 
time are to fall exclusively upon the shipowner. 

The chief expense of a general average act necessitating recom- 
pense, and to which, it has been said, all such acts are in prmciple 
analogous, is salvage. It must be remembered that when this 
term is used with reference to nautical affairs, it signifies the act of 
saving rather than the property saved : an allowance or compen- 
sation for exertions made to save the ship from danger, arising 
from the sea, fire, or pirates. It is seldom that it is employed in 
the other sense. Where the word " services" is afiixed, the dis- 
tinction is at once indicated. 

The most frequent case of salvage arises from a vessel becoming 
disabled through the violence of the winds and sea, and requiring 
to put into a port of refuge to repair or refit. Where it is prac- 
ticable, the aid of a steamer is obtained to tow her ; and where that 
is not at hand, fishing boats are employed if met with. Sometimes 
men from the shore are taken on board to pump if the vessel be 
leaky, or to assist in working the ship if the crew have become 
exhausted. As a necessary consequence of bearing up for a port^ 
pilotage in, and port and harbour dues, have to be paid. They are 
charged as general average. 

It sometimes occurs that the master is disinclined to adopt 
measures so necessary for the preservation of the interests endan- 
gered, as the salvors are apt to magnify the danger of the coast^ 
that they may demand of him large sums for their services; 
requiring him, perhaps, to sign an agreement before they board 
the vesseL A prudent man in such a case stipulates that the 
claim shall be referred to proper adjudicators, and both parties 
bind themselves to adhere to theijr arbitration. Disputes fre- 
quently arise which arbitrators cannot settle, but which are ulti- 
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mately decided by the courts of law appointed for such purposes ; 
whilst the number of the cases under consideration afford ample 
proof of salvage services being fruitful causes of general average 
contribution. Assistance is generaUy needed where vessels acci- 
dentally get aground ; which may arise either from ignorance of 
the coast on the part of the master^ or from the prevalence of 
thick foggy weather^ such as is so often experienced in the Baltic 
trade^ even during the summer months. 

It has been previously stated that under certain circumstances 
vessels may be compelled to slip from their anchors^ which act 
entails a loss to be made good in general average. It frequently 
gives rise to another proceeding — one which is a common source of 
claim for salvage services. If the anchor and cable be sacrificed 
to avoid being driven on shore or to avoid a collision^ and the 
vessel should run for the nearest port^ the services of fishing boats 
or other craft are sometimes accepted in order to recover them. 
Although such efforts may not be attended with success^ the ser- 
vices so rendered are allowed ; as are the expenses of carrying off 
anchors and cables to supply the place of those sacrificed under 
similar circumstances^ where the vessel cannot enter the harbour^ 
from being either too deeply laden or from the violence of the 
wind and sea. If they should be picked up after others have been 
purchased and carried on boards they are usually sold by the agent 
of the vessel at that port^ for the benefit of those concerned ; and 
when the salvage expenses are paid^ the net proceeds are deducted 
from the cost of the new ones.* 

There is one expense for salvage services which possessed much 
interest to the last generation^ but which has seldom been made of 
late years in connection with British shipping — ^viz.^ money paid to 
men-of-war or privateers for recapture from an enemy. In the 
time of (jeorge III. the salvage fixed by law was one-eighth of the 
value of the property to the king^s ships and one-sixth to priva- 
teers. The rule in France at that time was to give a third of the 
value of the property saved to the recaptors. As in the event of 
war such services might again form subjects of contribution^ the 
facts are mentioned incidentally. 

* During the winter months the fishermen of the eastern and wrathem coasts of 
England obtain their chief maintenance from these services. It is of the highest import- 
ance that a ship should never be without a good anchor, often almost literally ^ the 
aailor^s last hope'*; and these men knowing its value, sometimes demand large sums 
(especially if the danger of boarding the ship be great), which in the end are settled only 
by arbitration or legal decision. From a report of the Lloyd's special agent at Deal, it 
appears that nine cases were referred to him after the gales of the 7th to 12th January 
of the present year. One was a claim for £250 for taking off an anchor and chain at 
midnight It was subsequently reduced to £150. 
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The expenses which fall specifically on the cargo are warehouse 
rent^ and all charges incurred either for its preservation or restora- 
tion. As the general average act does not cease till the cargo is 
in a place of safety, all the expenses of landing it^ and carriage to 
that place, are general average. 

To the freight are charged the expenses connected with the 
reshipment, such as labour, reloading and restowing the cargo, and 
all outward dues on the ship ; also steamer where engaged to tow 
the vessel out to sea. 

Notarial expenses are general, as are commissions for trouble 
and attendance while the ship is under average. All others are 
apportioned pro raid. Surveys are charged either to the ship or 
cargo, according to that on which it was held. The first survey, if 
it be for the purpose of ordering the discharge of the ship, to 
ascertain the extent of the damage or the necessity of repairs, is 
placed to the general column, as it pertains to the collective 
interests. 

Mention was made at the commencement of this article, of the 
proceedings of the International General Average Congress, and of 
the rules framed, which were embodied in the " Draft of a Bill** 
as a basis for legislation. Although legislators and mercantile 
men generally will fully endorse the opinion expi-essed by one of 
the Presidents, " that it is most desirable, if practicable, that one 
uniform rule should prevail among maritime communities in a 
matter in which seafaring men are continually brought into col- 
lision with foreign laws,'* it is scarcely to be expected that the 
matter will be actively promoted. Those who are most interested 
in it, and who therefore ought to be looked to in the first instance 
in obtaining the desired end, are for the most part indifferent. 
Many of them protect themselves against the consequences of 
foreign usages which admit many charges as general average which 
we discard, by the insertion of clauses in the policies they take out, 
by which they obtain an indemnity for any charges for which they 
become liable by those usages. Most policies contain the following 
or similar written clauses : — " General average recoverable accord- 
ing to foreign statement if so paid by the assured.** But it would 
be most desirable and equitable that insurers should not be the 
sufferers from anomalous practices, the burden of which, if felt 
solely by assured, might induce the latter to use every exertion to 
obtain an adjustment whereby many existing inconveniences might 
be obviated. The House of Commons generally includes a number 
of intelligent and active members of the wealthy class of merchants 
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and shipowners, who, doubtless, by their public and private influ- 
ence, might obtain the support of those in ofBce; for the only 
successful plan would be to make it a Government measure^ 
according to the suggestion o£Eered at the Congress in 1864. 

In the year 1747 an attempt was made to procure an Act of 
Parliament for the benefit of the shipping interests. Leave was 
given to bring in the Bill, and a committee was appointed to pre- 
pare it ; but the matter ended with that proceeding, for it never 
became law. The Act proposed differs materially from that of 
1747. It refers entirely to the subject of general average; the 
other related almost exclusively to '^ the better regulating of assur- 
ances on ships, and on goods laden thereon /' and resembled, in 
some respects, the codes established in foreign countries. 

Should the attempt be again made to legislate upon a question, 
which has, nevertheless, some affinity to it — both having the inte- 
rests of the maritime communities as the object in view — it would 
be -a matter of regret if, after the lapse of nearly 120 years, no 
better results were attained ; particularly as the prejudice which 
existed in the one case does not apply to the other. When we 
consider how little was known respecting insurance and average at 
that time, that there were but two or three small works on marine 
law in use in England, and that since that period there have been 
most able digests and treatises written in comparatively large 
numbers ; and when we consider the immense growth of com- 
merce (especially of Great Britain and America), which has neces- 
sarily given rise to numerous cases which have been decided by 
uxage or law — decisions which have gradually formed principles^ 
not perhaps applicable to every case that may arise, but which 
suffice to influence most essentially the conduct of business ; when 
we consider also that legislation, in the main, is the outgrowth and 
evidence of the enlightenment and prosperity of a nation; and 
further, that many nations have united to obtain a successful result; 
it may be thought that the time has come when endeavours should 
be made to procure uniformity of practice with regard to general 
average acts, and that the labours of those who have laid the 
foundation of the work should not become absolutely nugatory. 

One of the disputed questions to which attention was directed, 
respects the damage done to the cargo by opening the ship's hatches 
to effect a jettison. A similar occurrence is the placing of part of 
the cargo on deck, which may be washed overboard or damaged^ 
daring the jettison of merchandize which it might be desirable to 
cast overboard in preference to that so placed, on account of its 
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weighty or from some other cause rendering its removal necessary. 
Now, it would seem that it could scarcely be questioned whether 
it ought to be allowed, or not. It would appear to be a part of 
the act of jettison in both instances, '' as the accessory follows its 
principaF^ (Arnould). When a heavy sea is washing over the 
decks, it stands to reason that the hatches could not be opened to 
perform an act to benefit all concerned, without the water getting 
into the hold, and consequent damage occurring. It is necessary 
in the finest weather to have them caulked, and made water-tight 
by tarpaulins. The same reasoning applies to the case of goods 
placed on deck to get at others below : when the ship is rolling and 
lurching about, under some circumstances it would be almost im- 
possible to prevent them from falling overboard, much less to keep 
them from getting damaged. All writers agree that such damage 
ought to be allowed as a claim for contribution ; yet, in practice, 
it is not admitted. The reason of this will be more concisely and 
clearly given in the words of the Report to the Liverpool Chamber 
of Commerce, October, 1864 : — " It is not held to be inadmissible 
in principle .... but a nearer approximation to practical justice 
is attained by excluding it than by admitting it, seeing the tempta- * 
tions which it offers in many cases to fraud, and the ground that 
it furnishes in all to disputes.'^ It then states that the exclusion 
'Moes not often run counter to actual equity*'; for, generally, 
but little damage is sustained in that way; that if much water 
were likely to get down the hold, it would neutralize the object 
proposed by the jettison, and the hatches would not then be opened, 
but goods taken through the cabins and bulkheads; and that where 
the ship has been labouring much, it is hardly possible to dis- 
tinguish between the damage caused by the water in the vessel and 
that which would wash into it. This is the substance of the argu- 
ment, including one other reason, perhaps the most cogent of all ; 
the importance of which is still more enhanced when we consider 
the knowledge of such facts, possessed by the gentleman who makes 
it.* " In practice, claims of this nature are made generally when 
goods are insured ' free of particular average,' and not when they 
are insured against all risks — a fact which by itself raises a pre- 
sumption against the correctness or expediency of admitting suck 
damage.'^' 

These observations do not quite agree with the preceding 
remarks ; but the writer conceives that the two last-mentioned con- 
siderations explain the discrepancy, namely — the impossibility, 

* Mr. Rd. LowndeB, of LirerpooL 
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in many instances^ of distinguishing between the two causes of 
damage ; and the fact that claims are sometimes made for damage 
under the circumstances in question^ which would not be the case 
without some evidence being submitted in proof, and that not 
^nerely inferential or supposititious. The reason suggested, that 
not much damage results, may arise from the frequency of the 
claim being made as particular average — ^which requires little other 
evidence than that it exists, as the insurer pays for the sea damage; 
and the argument that goods might be taken from the cabins 
would scarcely be admitted by nautical men, for the merchandize 
placed in that part of the ship (to get at which would be extremely 
difficult in almost every instance) would not be, in most cases, 
such as would be likely to relieve her, the dead weight being placed 
as much as possible below the water-line and in the centre of the 
vessel. Again, though it might not be possible during a jettison 
to prevent the water rushing into the hold, it would hardly rush 
down in such volumes as to neutralize the act; and even supposing 
it did so, it would have only a temporary effect; for the ship 
would be lightened as the water could be pumped out, and the 
• desired object attained, which object was the speedy relief of the 
vessel. 

Although it was finally decided to allow it as general average 
when the jettison was so allowed, we know of cases where adjust- 
ments so made were restated. 

This case has been cited, from many which might be adduced, 
chiefly to show the discrepancy which exists — and which it is so 
difficult to remove — between principle and practice, as pertaining to 
general average losses. 

The hatches may be opened for another purpose, namely, to 
extinguish a fire that has broken out amongst the cargo ; which 
act might result in damage to other portions of the cargo not 
endangering the safety of the vessel. Or, damage may be done to 
both ship and cargo, when under such circumstances the decks are 
'' scuttled ^^ — i.e., when holes are cut in them to let down water 
into the hold with the same object. Abroad this is allowed as a aub-^ 
ject of general contribution, but in England it has been hitherto 
excluded, although the propriety of the rule has been frequently 
questioned. The same objections to its exclusion are thought not 
to exist, as in the previous case ; and in effect, should it be allowed 
as general average in accordance with the rules adopted, the damage 
resulting from such an act would be more equitably adjusted than 
according to the existing practice. 
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But the subject on which the greatest difference of opinion has 
ever existed^ has reference to the allowance of the wages and pro- 
visions of the crew of a vessel which has been compelled to put 
into an intermediate port for repairs, or from any other cause 
necessitating the entering a port of distress.* 

The expense of repairing the vessel under such circumstances 
is by many countries allowed as general average. Without 
dwelling on the point, it may be stated that in England such 
repairs are always disallowed. 

The wages and provisions are not treated as general average in 
this country. The reason assigned for their exclusion is, that the 
shipowner is bound by the terms of his contract with the proprie- 
tors of the cargo to keep his vessel well manned and provisioned 
till the voyage is completed and the contract at an end. From the 
very nature of the relation in which he stands to those parties, he 
must expect that such contingencies may arise, and that the crew 
will have to be maintained through all the circumstances of the 
voyage, of which the repairs at a port of refuge form a part. It is 
by no means such an uncommon event that a shipowner could 
expect to be entirely exempt firom it ; and the possibility of such 
delays protracting the voyage ought to be considered when he 
fixed the rate of freight to be charged. 

In the United States the wages and provisions are invariably 
charged as general average, and on the continent they are usually 
admitted as such. But it is not merely whilst the vessel is in the 
port of refuge that the advocates for this rule seek its universal 
admission. They urge that it should obtain from the time when- 
the ship, being in distress, alters her course to seek a port of 
safety, and until she has refitted and continues her voyage. This 
is the general practice adopted abroad. Formerly they attempted 
to include also unjust detention and embargo under the same rule^ 
but these have never been allowed either in England or America. 

The International Congress resolved to conform to foreign 
usage, and to allow these expenses as general average. It was 
represented, that *^ when a general average arises the shipowner is 
the only person who incurs pecuniary expenses and does not recover 
them ; that this is a great grievance and a strong temptation to 
evade the practice of this country, which rejects those expenses.'' 
This, we beUeve, is accomplished, either by having the statement 

* Concernmff these. Sir Joeeph Arnould observes — ^^ There is hardly any point, 
even in the perjuexed doctrine of general average, in which there is inch a great diveraity 
in the potitiTe laws of mercantile states** (vol ii., p. 911). 
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made in some American port^ should the ship be bound to one^ or 
by insisting on the insertion of the " foreign clause/' It has been 
Baid that the outward trade of this country is not less than half of the 
whole trade ; consequently^ that it is not unreasonable to hold that 
'half the trade is^ as regards general average^ governed by foreign 
statements ; for most merchants^ as has been previously mentioned, 
insist upon their goods being insured with that clause, so that they 
may recover from their underwriters the full amount for which 
they become liable by the statement being adjusted at a foreign 
port. In consequence of this, insurers, by taking the risk, admit 
the crew's wages and provisions, not merely for the time during 
which the vessel is in the port of refuge (which is all they propose 
to allow), but from the time the ship bears up for that port, which 
in many cases is a material point. The words of the section are — 
• » • '^ from the time of entering such port until the ship shall have 
been made ready to proceed upon her voyage.'' 

Although no doubt this is the correct view to take of the matter, 
if we regard the anomalies connected with it; it is, nevertheless, 
one which, according to some, admits of some show of reason on 
the other side. It is said by those who object to the allowance of 
these expenses, that the proprietors of perishable cargoes suffer by 
the delay, and that if the shipowner receives compensation for the 
crew's detention, they ought to claim for the deterioration. But 
then, if the ship were not repaired, on this reasoning the goods 
would, if perishable, soon become absolutely valueless ; so that by 
the proceeding which enables her to continue the voyage they are 
directly benefited. This will appear evident in the case of a cargo 
of fruit, or grain which had become heated. And even in these 
extreme cases, if the condition of the cargo should be such, that 
any delay in the voyage would tend to its deterioration to any 
great extent, it would be sold at the port where the repairs were 
effected ; and although a loss might, and most probably would, be 
the result, yet the act of reparation would be as much for the 
benefit of the cargo as for the ship ; perhaps more so, for if she 
kept the sea and strove to reach her destination in her disabled 
condition, when she arrived there the cargo might no longer exist 
in specie. Besides, as the shipowner would not get the repairs 
allowed as general average, and as workmen's labour is charged at 
$0 much per day in many cases, the master would have every motive 
for using all reasonable dispatch in getting his vessel ready for 
sea. As also the owners would have to pay their proportion of the 
wages and maintenance of the crew, by which the profits of a par- 

VOL. XIII. E 
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tially unsuccessful voyage would be still further lessened^ it seems 
only just that the burden should be more equitably distributed 
than according to the practice hitherto adopted. This view of the 
matter will apply likewise to another objection — ^viz.^ that the 
allowance of these expenses would encourage long detention at 
ports of refuge. 

A case of much importance is that of voluntary stranding^ or 
the running a vessel on shore to escape a greater peril. Ought 
the repair of the damage to the ship that may be the result of such 
an act^ or the damage done to the cargo^ to be allowed as general 
average? Several countries of Europe and the United States 
admit it. The rule in England is not to allow it. Mr. Baily 
considers that the rule is good in the generality of cases^ because 
the extent of the damage done by that act cannot be ascertained, 
and other damage must have existed previous to it, or it would 
not take place. But '^ where the facts are not disputed, it is 
inequitable, and might be overthrown by a legal decision.'^ He 
quotes a remark of Chief Baron Pollock, '' Do not exclude the 
truth where accessible, because you cannot always obtain it.'^ 
Mr. Baily, whose work carries weight, both on account of his mode 
of treating the subject and the practical knowledge he possesses, is 
clearly against any alteration on the point; although he asserts 
that the defence of the rule '* rests more on policy and expediency 
than on equity.^' He admits that cases might arise where the 
voluntary stranding might not be attended by loss or damage to 
the cargo, but necessarily to the ship ; and supports this view by 
the case of a vessel run ashore to avoid capture, when the rule 
would be manifestly unjust ; but considering the rareness of such 
occurrences where only the cargo is uninjured, it is expedient to 
adhere to the present practice. 

Where the motive for running a ship on shore is to prevent 
her from foundering, it is not likely that the cargo will have 
escaped contact with water ; for the presence of water in the hold is 
the cause of the act taking place. In such a case it would be prac- 
tically impossible to distinguish between the two causes of damage. 

Such is the gist of his reasoning ; from which it appears that 
in principle it ought to be admitted, but from the complicated 
circumstances connected with the act, it ought to be excluded; 
and on account of the " endless disputes and practical injustice'^ 
which would result from any alteration.* 

It appears to have been the opinion of the most eminent prac- 

See BailT, pp. 42, 75, 82. 
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titioDers of the bar, about the beginning of the present century, 
that cases of voluntary stranding should be considered as subjects 
of general average contribution, where the ship was got off in a 
condition to prosecute her voyage; under which circumstances, 
" the damage sustained, and the expenses incurred, would be a partial 
loss of the nature of a general average/^ The question has, how- 
ever, never been brought into our courts of law ; and, indeed, it is 
seldom that such an occurrence takes place \ for, as a high autho- 
rity has said, unless there is some hope of the ship being saved, it 
is merely sauve qui peut. 

{To be continued,) 



A Budget of Paradoxes, By Professor De Morgan. 

(Continued from p. 301, vol. xii.) 

No. XV. 1836—1839. 

Referring to the hoax about Mr. Goulbum in No. XIV., 
Messrs. C. H. and Thompson Cooper have corrected an error, by 
stating that the election which gave rise to the hoax was that in 
which Messrs. Goulbum and Yates Feel defeated Lord Falmerston 
and Mr. Cavendish. They add that Mr. Gunning, the well-known 
Esquire Bedell of the University, attributed the hoax to the late 
Rev. R. Sheepshanks, to whom, they state, are also attributed 
certain clever fictitious biographies-— of public men, as I under- 
stand it — which were palmed upon the editor of the Cambridge 
Chronicle^ who never suspected their genuineness to the day of his 
death. Being in most confidential intercourse with Mr. Sheep- 
shanks, both at the time and all the rest of his life (twenty-five 
years), and never having heard him allude to any such things — 
which were not in his line, though he had satirical power of quite 
another kind — I feel satisfied he had nothing to do with them. 
I may add that others, his nearest friends, and also members of 
his family, never heard him allude to these hoaxes as their author, 
and disbelieve his authorship as much as I do myself. I say this 
not as imputing any blame to the true author, such hoaxes being 
fair election jokes in all time, but merely to put the saddle off the 
wrong horse, and to give one more instance of the insecurity of 
imputed authorship. Had Mr. Sheepshanks ever told me that he 
had perpetrated the hoax, 1 should have had no hesitation in giving 
it to him. I consider all clever election squibs, free from bitter- 
ness and personal imputation, as giving the multitude good chan- 

E 2 
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nels for the vent of feelings which but for them would certainly 
find bad ones. 

Recneii de ma vie, mes ouyragcs et mes pens^cs. Par Thomas Ignace 
Marie Forster. Bmssels, 1836, 12mo. 

Mr. Forster, an Englishman settled at Bruges, was an observer 
in many subjects, but especially in meteorology. He communi- 
cated to the Astronomical Society, in 1848, the information that, 
in the registers kept by his grandfather, his father, and himself, 
beginning in 1767, new moon on Saturday was followed, nineteen 
times out of twenty, by twenty days of rain and wind. This state- 
ment being published in the Athenaumy a cluster of correspondents 
averred that the belief is common among seamen, in all parts of 
the world, and among landsmen too. Some one quoted a distich — 

^ Saturday's moon and Sunday's fuU 
Never were fine and never voulV* 

Mr. Forster did not say he was aware of the proverbial character of 
the phenomenon. He was a very eccentric man. He treated his 
dogs as friends, and buried them with ceremony. He quarrelled 
with the cur4 of his parish, who remarked that he could not take 
his dogs to heaven with him. I will go nowhere, said he, where I 
cannot take my dog. He was a sincere Catholic : but there is a 
point beyond which even churches have no influence. 

Some account of the great astronomical discoveries lately made by Sir 
John Herschel at the Cape of Good Hope. Second edition. London, 
12mo., 1836. 

This is a curious hoax, evidently written by a person versed in 
astronomy and clever at introducing probable circumstances and 
undesigned coincidences. It first appeared in a newspaper. It 
makes Sir J. Herschel discover men, animals, &c., in the moon, of 
which much detail is given. There seems to have been a French 
edition, the original, and English editions in America, whence the 
work came into Britain : but whether the French was published in 
America or at Paris I do not know. There is no doubt that it was 
produced in the United States, by M. Nicollet, an astronomer, 
once of Paris, and a fugitive of some kind. About him I have 
heard two stories. First, that he fled to America with funds not 
his own, and that this book was a mere device to raise the wind. 
Secondly, that he was a prot(ge of Laplace, and of the Polignac 
party, and also an outspoken man. That after the revolution he 
was so obnoxious to the republican party that he judged it prudent 
to quit France ; which he did in debt, leaving money for his credi- 
tors, but not enough, with M. Bouvard. In America he connected 
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himself with an Assurance OflSce. The moon-story was written, 
and sent to France, chiefly with the intention of entrapping 
M. Arago, NicoUet^s especial foe, into the belief of it. And those 
who narrate this version of the story wind up by saying that 
M. Arago was entrapped, and circulated the wonders through 
Paris, until a letter from Nicollet to M. Bouvard explained the 
hoax. I have no personal knowledge of either story : but as the 
poor man had to endure the first, it is but right that the second 
should be told with it. 

The Weather Almanac for the Year 1838. By P. Murphy, Esq., 

M.KS. 

By M.N.S. is meant Member of no Society* This almanac 
bears on the title-page two recommendations. The Morning Post 
calls it one of the most important-if-true publications of our gene- 
ration. The Times says — "If the basis of his theory prove sound, 
and its principles be sanctioned by a more extended experience, it 
is not too much to say that the importance of the discovery is equal 
to that of the longitude/^ Cautious journalist ! Three times that 
of the longitude would have been too little to say. That the lands- 
man might predict the weather of all the year, at its beginning, 
Jack would cheerfully give up astronomical longitude — the problem 
— ^altogether, and fall back on chronometers with the older Ls, 
lead^ latitude, and look-out, applied to dead-reckoning. Mr. 
Murphy attempted to give the weather day by day : thus the first 
seven days of March bore Changeable; Bain; Bain; Bain-t£;2W; 
Changeable ; Fair ; Changeable. To aim at such precision as to 
put a fair day between two changeable ones by weather theory was 
going very near the wind and weather too. Murphy opened the 
year with cold and frost; and the weather did the same. But 
Murphy, opposite to Saturday, January 20, put down '* Fair, Pro- 
bable lowest degree of winter temperature.'' When this Saturday 
came, it was not merely the probably coldest of 1838, but certainly 
the coldest of many consecutive years. Without knowing anything 
of Murphy, I felt it prudent to cover my nose with my glove as I 
walked the street at eight in the morning. The fortune of the 
Almanac was made. Nobody waited to see whether the future 
would dement the prophecy : the shop was beset in a manner 
which brought the police to keep order; and it was said that the 
Almanac for 1838 was a gain of £5,000 to the owners. It very 
soon appeared that this was only a lucky hit : the weather-prophet 
had a modified reputation for a few years ; and is now no more 
heard of. A work of his will presently appear in the list. 
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Letter from Alexandria on the evidence of the practical application of 
the qaadratnre of the circle in the great pyramids of Gizeh. By 
H. C. Agnew, Esq. London, 1838, 4to. 

Mr. Agnew detects proportions which he thinks were suggested 
by those of the circumference and diameter of a circle. 

The creed of St. Athanasius proved by a mathematical parallel. Before 
you censare, condemn, or approve; read, examine, and nnderstand. 
E. B. Revilo. London, 1839, 8vo. 

This author really believed himself, and was in earnest. He is 
not the only person who has written nonsense by confounding the 
mathematical infinite (of quantity) with what speculators now more 
correctly express by the unlimited, the unconditioned, or the abso- 
lute. This tract is worth preserving, as the extreme case of a 
particular kind. The following is a specimen. Infinity being 
represented by oo , as usual, and /, s, g being finite integers, the 
three Persons are denoted by oo-^, (woo)', x^, the finite fraction 
m representing human nature, as opposed to oo . The clauses of 
the Creed are then given with their mathematical parallels. I 
extract a couple : — 

But the Godhead of the Father, It has been shown that oo-^, oo', 
of the Son, and of the Holy Ghost, and (moo)', together, are but oo, 
is all one: the glory equal, the Ma- and that each is co , and any magni- 
jesty co-eternal. tude in existence represented by cx) 

always was and always will be: for 

it cannot be made, or destroyed, and 

yet exists. 

Equal to the Father, as touching (m oo )' is equal to oo-^ as touch- 

his Godhead: and inferior to the ing oo, but interior to oo-^ as touching 

Father, as touching his Manhood. mi because m is not infinite. 

I might have passed this over^ as beneath even my present 
subject, but for the way in which I became acquainted with it. A 
bookseller, not the publisher , handed it to me over his counter : one 
who had published mathematical works. He said^ with an air of 
important communication^ " Have you seen this, Sir V^ In reply, 

I recommended him to show it to my friend Mr. y for whom 

he had published mathematics. Educated men, used to books, 
and to the converse of learned men, look with mysterious wonder 
on such productions as this: for which reason I have made a 
quotation which many will judge had better have been omitted. 
But it would have been an imposition on the public if I were, 
omitting this and some other uses of the Bible and Common 
Prayer, to pretend that I had given a true picture of my school. 

( To he continued^) 
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CORRESPONDENCE. 



ON THE VALUE OF OPTIONS IN CERTAIN CONTRACTS. 

To the Editor, 

Sir, — I propose, in the present letter, to give the mathematical solution 
of the question which Mr. Stephenson enunciated in the April Number of 
the Magazine (p. 178)> namely, to find the single premium P^ which a 
person aged x should pay to secure a deferred annuity of £1 to be entered 
upon at the age x-^-n and to be continued for the remainder of life, on the 
understanding that P, is to be returned at death, if that should happen 
during the n years, and that the individual is to have the option during the 
same period of withdrawing the sum P« at any moment, and so putting an 
end to the contract. 

Before giving the method of determining P^, it may be as well to point 
out the reason why the formula which Mr. Stephenson has obtained is not 
the answer to the question proposed. I found it difficult, at first, to under- 
stand how that gentleman could have been led to believe that he ?iad solved 
the question, seeing that throughout his solution the contingency of with- 
drawal is nowhere taken into consideration — but his mistake clearly lies in 
his imagining that because the interest only of P, is used during the n years, 
therefore P^ is not sunk during that period, and consequently that it must 
be free to be withdrawn at any moment during the n years, or to be 
returned at death if that should hap^^en in the same interval. An exami- 
nation of his solution, however, will easily show that such an idea, as far as 

withdrawal is concerned, is quite erroneous. He says, if/?,-, be the annual 

"I 
premium payable at the end of the year for assuring to or a deferred annuity 

of £1 after n years, then P, • - will be the amount of the deferred annuity 



which can be assured by the conversion of the annual interest into an 

annual premium; but when he afterwards writes for p y the 

«.-«,-,, -I 

assumption is involved that nothing but death will cause the payment of 
p,^— to cease, and consequently P, • — can only represent the amount of 

the deferred annuity upon that supposition. This proves most conclusively 
that the contingency of withdrawal is not included in his solution. The 
reason why his formula gives a somewhat larger value for P, than the ordi- 
nary expression, which provides merely for a return of the premium at the 
end of the year of death, is quite obvious, for his method of solution sup- 
poses the interest of P, to be invested only at the end of each year, and 
therefore it leaves unappropriated the fractional part of the year's interest to 
the day of death, if death should happen at any time between the beginning 
and the end of one of the n years. His formula, therefore, is sufficient to 
provide for a return of P, at death -f- the fractional part of the cuiTcnt 
year's interest to the day of death, and therefore if these sums were left 
with the Office till the end of the year of death the amount returnable 
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would be P, (1 + 0) ^ ^^- Makeham has shown by a different mode of 
reasoning. 

The mathematical solution of the question, which I will now give, is not 
without interest, and I will take the problem precisely as it is proposed, the 
premium being returnable at the moment of death, or withdrawable at anj 
time in the n years, on demand. 

Suppose it has been found from actual experience that in a large number, 
/?, of such policies, the withdrawals in the first, second, third, &c., years 
have been to\ w'\ w"\ &c., respectively, then, for any other number, ^„ of 

cases, the withdrawals would be ^ w , -^ u)\ &c., which we will denote by 

M^, tTa, &c., and for the moment suppose £1 to be the single premium. 
Imagine l, policies to be effected on the same day by persons aged x. Let 
^19 ^2> ^31 <^*9 ^ ^^ tabular number of deaths in the first, second, <&c., 
years of the existence of the policies, or the number of deaths that would 
liappen if there were no withdrawals, and let \,.i denote the number of 
policies in existence at the end of n — 1 years, that is, after deaths and 
withdrawals have taken place. Suppose u?., the withdrawals in the nth 
year, to be distributed equally over the year, and the deaths ^„ to be so 
likewise; then, if / be any portion of the nth year, reckoned from its com- 
mencement, the deaths at the instant between t and ^+c?i^ would, if there 

were no withdrawals, be = — ^ \^iMy and the deaths^at the same moment 

among the wj persons who have withdrawn since the begmning of the year 

would be - * wj.dt; hence, subtracting the latter from the former, and 

integrating, we get 

.— (k.i rdt-w^ridt) = .-^ (x,_.-i«',) 

for the number of deaths during the nth year, in respect of each of which 
the Office would have to return the premium. 
We thus get 



and by making n successively equal to 1, 2, S, &c., the values of Xi > Xa, X^, 
&c., may be easily calculated. 

Let tj as before, denote any portion of the nth year, and v' the present 
value of £1, due at the end of the time t; then, at the commencement of the 
nth year the value of the risk of death or withdrawal taking place at the 
instant between t and t+di will be 

(K-^i-wjy.dt+ -^ v\di. 



X«^1.4hH»-l X,»-i 

If we integrate for the whole year, and multiply the result by --^^t?"~*, 

we shall have for the value, at the time of the issue of the policy, of the 
risk of an individual death or withdrawal during the nth year, the ex- 
pression 
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Tl OVi/ v'M^w^l tv'.dt)^-^^l v\dt 

Hence, summing with respect to n (from 1 to n) we get the whole value of 
the risk of death or withdrawal during the n years, 

^ S^^i-i +2tr,t;"-i + — V 2-7-=-— . .(2). 



/^.logrV /^,.i " ; /..logt\logi; I /,+^.i 

From (I) w^e readily find that 

hence (2) becomes, by substitution and reduction, 

1 (^_J(„+l)ls^' + ;:=±(sx._.,-._i2X.O. .(4). 

4.l0g»ll0gV *^ ^) /,+„_! ^ /^logt?^ ^ ' t; " ^ ^ ^' 

a formula which involves only two different summations. 

This, multiplied by P,, gives a complete and perfectly general value of 
the risk of death and withdrawal. 

If we suppose the probability of withdrawal in any year to be always 

the same at the commencement of the year and =^, then — ^ =/;, or 
tr^=itX„_,; and substituting in (3), we get 

(l-iA)S%:l^-=(l-A)SX,_,t;-i-i2X,i>- . . . (5); 
also the quantity 2 -y-^^ , in (4), becomes ^2 " "' ; which, 



by (5), is 






and this substituted in (4), gives, if we put /3 for — ( j 2("+ > 

for the value of the risk of death or withdrawal on the particular supposition 
named. Here, only the one summation, 2X«t;", is required to be made. 
When this formula is used, the values of X^, Xq, X3, &c., ai*e computed 
from tl^e simple relation 

X„=X„_i{(l— J-^)/?,+.„i(ij— 1^}. 

If we find Q to be the arithmetical value of either (4) or (6), then we 
must have 

Q.P.+ %-±= ==P.. or F.= ^-j^_ .... (7). 

* The general integrala are fv*M— , , and fiv^dt — . — -. — fv*dt 

logr] logrj 
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By way of illustration, let 50 be the age at entry, and 60 the age at 
which the annnity (£1) is to be entered npon, and suppose it has been found 
that the premiums on one- twentieth of the policies in force at the beginning 
of any year are withdrawn during that year; then, using the Carlisle table 
of mortality, and 4 per cent, interest, we shall find the value of the expression 
(6) to be •42556=Q; hence, from (7) we get P.=9-4157. 

In the same case, if the premium were simply returnable at the end of 
the year of death, and no option of withdrawal were allowed, the single 
premium, by the ordinary formula, would be 

P,= -; — ^t2«_ =:6-2631. 

These numerical results show that a very moderate supposition as to the 
probability of withdrawal increases the premium more than 50 per cent. 

It will be observed, in all that precedes, that log v denotes the hyper- 
bolic logarithm of t\ 

I am. Sir, 

Your obedient servant, 

316, Regent Street, London, SAMUEL YOUNGER. 

20th November, 1866. 



THE LATE MR, FINLAISON'S TABLES. 

To the Editor, 

Sir, — Reference having been made at the last meeting of the Institute 
to the discrepancy existing between the probabilities of living as computed 
by the late Mr. Finlaison, and those that would result from the methods of 
graduation he professes to adopt, I trouble you with a few details of these 
differences, with a view of promoting some inquiry into a matter which, 
having regard to the importance of the tables, and as bearing upon the 
points recently under discussion, may prove of interest to members. 

The well-known tables of Mr. Finlaison are embodied in his Report, 
printed by order of the House of Commons, 31st March, 1829; and are 
founded on twenty-one "Observations" exhibiting the rate of mortality 
experienced under the Government schemes of tontines and other annuities, 
with an annuity table at 4 per cent, deduced from each. The logarithms 
of the probability of living one year at each age are tabulated, first as 
deduced from the data, and secondly as adjusted by Mr. Finlaison. 

His formulaa for adjustment, written in Milne's notation, are embodied 
in the Report, and are as follows: — 



I-s/jflfs X 1^2 X i«i X !« X la} X 
n/i«3 X i^i X !« X {a X fa} X 
t^i^iXia x}ax ?ax?«} 

_. = . (5iO-f-4ifli + 4}a-|-3iOi + 3frt + 2iflr3 + 2?o + ia4+}a) 
11. ,«= ^_- . 

Mr. Finlaison informs us that nineteen of the observations were ** all 
and each" of them adjusted by the first method above; and that two 
observations only, the earliest for each sex, which were completed in 
January, 1823, were adjusted by the second method, which he designates 
as "perhaps quite as good, but more laborious'* than the first; and that bv 
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these last mentioned ^^ the whole of the life annuities for the service of 
Government have been calcnlated.*' The two observations specified appear, 
by the repetition of the above notice in their titles, to be the Idth and 20th, 
being on female and male lives respectively. I shall take mj examples 
from the latter, as in addition to its other uses it is that by which the suc- 
cession duties are levied under Act 16th and 17th Vict., cap 51. 

The logarithms of the unadjusted probabilities, as given by Mr. Fin- 
laison, require correction. In two instances they can only result by the 
alteration of a figure in the number living ; in these cases I have retained 
the logarithm given, assuming that the number entering on age 12 should be 
4,904, and that at age 73 should be 1,323. At age 16, however, the 
alteration of one figure is demanded in the logarithm, which I have there- 
fore read -9977864, instead of -9976864. 

With these explanations, I now annex the probability of living one 
year at the ages indicated — as deduced from the exact mortality, as cor- 
rected by Mr. Finlaison, and as resulting from both his methods of adjust- 
ment above quoted; together with the probability that would be shown by 
treating the logarithms as numbers in the second formula, the altera ative 
having suggested itself of that being the cause of the discrepancy. 

The difference of each from Mr. Finlaison's is sufficiently great to 
require explanation. 



Aga 


ProbabUity, 

from Data, 

that Life 

snrviTe one 

Tear. 


Probability 
as adjusted by 
Mr. Finlaison. 


ProbablUty 
resalting from 
Mr. Finlai8on*8 
second Method 
of A(]|ja8tment 


ProbabUlty 
resalting from 
first Method, 


ProbabUlty • 
resalting from 

treating the 

Log&by 

second Method. 


Age. 


15 
25 
35 
45 
55 
65 


•9951015 
•9865307 
•9895447 
•9876687 
•9768117 
•963-2754 


•9940560 
•9860189 
•9875697 
•9863270 
•9749987 
•9592738 


•9942626 
•9862160 
•9878904 
•9868670 
•9760568 
•9607349 


•9945517 
•9859922 
•9880562 
•9869892 
•9760392 
•9616342 


•9942615 
•9862152 
•9878895 
•986R667 
•9760505 
•9607157 


15 
25 
35 
45 
55 
65 



You will not fail to notice that, with one trifling exception, the results 
correctly deduced by Mr. Finlaison's formnlse exhibit a greater probability 
of living than those given by himself; and it is a subject for legitimate 
speculation whether some unexplained reason, not appearing in his Eeports, 
may not account for the great difference between his annuity values of the 
two sexes. 

I may add that I have proved the correct application of the first method 
to the results as detailed in the 8th observation. 

A few more discrepancies in the (20th) table under consideration are 
worthy of notice. The fraction measuring the piobability of death is, in 
several cases, inconsistent with the number resulting from the published 
logarithm of the con*ected probability of living. Thus, at age 15, for 
•0059440, read 0059493; at age 41, for -0134731, read 0133368; 
at age 71, for -0656881, read -0656860. 

I am, Sir, 

Your most obedient servant, 

7, Torringion Square, W.G., H. AMBROSE SMITH. 

^%nd'Deremhery 1865. 
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THE COMPARATIVE MERITS OF THE OLD AND NEW METHODS 

OF SOLUTION. 

To the Editor, 

Sir, — I select the enclosed from some old papers on which I have jast 
put mj hands. It was not prepared with anj view to pablication, and I 
send it 70a without the change of a word. 

It appears to me deserving of notice from its bearing on the question of 
the comparative merits of the old and the new methods of solution — Barrett's 
and Milne's. The facility with which the result is obtained, and the apti-- 
tude (so to speak) with which the various elements combine to form an 
expression that so plainly tells its own tale, are very striking and instructive. 

I am, Sir, 

Yours obediently, 
London^ 11th November, 1865. . p. GRAY. 

Problem. 

A man, (a?), and his wife (y), wish to provide an annuity of £<?, to be 
enjoyed by (y) after the death of (a?), if within n years; but to be entered 
upon in n years if both or either be then alive, and to continue till -both 
lives are extinct. Required the annual premium, tr, payable till the annuity 
is entered upon. 

The annuity consists of two distinct portions, the first during, and the 

second after, n years. The first is a temporary reversionary annuity on (y) 

/N I N I \ 
after (x); and its present value, therefore, is ^(■r^ — -r?^)* The 

second is a joiut life and survivor annuity deferred n years, the present 

/N N N \ 

value of which is a( -~^ -f -^ ^t2£t!? J. The present value of the 

» \ I^# I^y I^«.f / 

benefit therefore is 

I' Nyi, ^ N,.y!n N^ Ny+^ ^ N,+,.y+, \ _ (^ N^ _ N^y\ 
\ D, D,., •^" D, "^ D, D.., ) VD, ^ D. D,., " 

And since the premium will cease on the occurrence of either of the two 
events, the death of x or the lapse of n years, whichever should happen 

first, its present value will be — f' . 

Equating this with the foregoing expression, we find 



Scholium, — From an inspection of the expression for the present valae 
of the benefit, it appears that, agreeably to the method called by Professor 
De Morgan '* The balance of annuities," the conditions of the benefit will 
be fulfilled by granting an annuity to both {y) and {x) ; that of the former 
to commence now, and that of the latter in n years; and to withdraw one 
of them so long as both (y) and {x) survive. And a little consideration 
shows that this is just. p ^ 

London^ 2\8t September ^ 1844. 
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On the Construction of Tables by the Method of Differences. By 
Peter Gray, P.R,A.S., Honorary Member of the Institute of 
Actuaries. 

[Read before the Institute, 26th March, 1866.] 

Introduction. 

JiiyERY mathematical table consists of a series of values of a 
function corresponding to successive values of the variable, which 
last series of values forms the argument of the table. Any such 
table may be constructed therefore, when the function to be 
tabulated — which may be called the characteristic function — is 
known, by the evaluation of that function in terms of the succes- 
sive values of the argument. It is only, however, when the table 
to be constructed is of limited extent that this method of formation 
would be employed. If the table be extensive, ani especially if 
the characteristic function be complex, this, which may be called 
the direct method, would become too laborious, each value when 
formed in this way also requiring separate verification. In these 
circumstances the Method of Differences becomes available for the 
end in view. This method dispenses with all reference to the 
characteristic function beyond what is necessary for the formation 
of a few values (which I call fundamental or primitive values), at 
stated intervals; and in applying it, each value being dependent 
on the preceding, verification is obtained by the periodical coinci- 

VOL. XIII. p 
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dence with those fandamental values of the corresponding terms 
in the series in course of being formed. 

It is this method which I propose, in the following pages, to 
investigate and exemplify. It is an elementary application of the 
Calculus of Finite DiflFerences, in the systematic treatises on which 
Calculus, however, it receives almost no attention. Mr. Woolhouse 
has contributed to the pages of this Journal^ a series of papers 
on '' Interpolation, Summation, and the Adjustment of Numerical 
Tables,^^ which are characterized by that gentleman's usual elegance 
and ability ; but I think it will be found that his object in the 
papers referred to and that which I have here in view in no respect 
interfere with each other. 

For the sake of perspicuity the matter of the following essay 
will be divided into four sections. In the first I shall explain and 
exemplify Horner's process for the transformation of functions. 
This process, which is one of great utility, is not nearly so well 
known as it deserves to be ; and I hope the space devoted to its 
elucidation will not be considered wasted. In the second section 
the theorems of the Calculus of Finite Diflferences for which we have 
occasion will be briefly established. The third section will be 
devoted to the construction of tables in which the characteristic 
function is rational and integral. And the fourth section, to which 
the third will be only introductory, will be occupied with the con- 
struction of tables in which the characteristic function is irrational 
or transcendental. The two sections last named, especially the 
fourth, will comprise copious examples of the application of the 
principles established in the previous sections to the actual con- 
struction of tables. 

Section I, — On Horner^ s Method of Transformation. 

Problem L 

(1.) To divide, synthetically, 0(ar), a given rational and integer 
polynomial of n dimensions in x, by the binomial x—a, where a is 
any number, positive or negative. 

If the polynomial to be divided be 

Aa:"-fBa;^-iH- . . . -f La?2+Ma;+N, 
we shall have for quotient, 

a polynomial of n— 1 dimensions, and in which the coefficients are 
as yet undetermined j and for remainder, Ri. Hence — 

* Vol. xi., pp. 61, 301; and vol xii., p. 136. 



1866.] by the Method of Differences. 68 

Performing the multiplication here indicated, the second member 
of this equation becomes 

A,af'+(Bi-.AiO>c"-» + (C,— Bia)a;«-2-f . . . +(Li-Kia)a;2^ 

(Ml — liia)x + Ri — Mio. 
Hence, equating coefficients, the two members being identical, »■• 

Ai=A 
Bi — A,a=B /. Bi=Aia + B 

Ci— Bia=:C Ci=Bi«+C 

D,— Cia=D D,=:CiO + D 

Lj — K^a^L Li =Kia+L 

Ml— Lia=M Mi=Lia-f-M 

Ri -Mia=N Ri =Mia+N 

(2.) It thus appears that the first coefficient of the quotient is 
equal to the first of the dividend ; and that the others, including 
the remainder, are derived, each from that which precedes it, by a 
simple and uniform operation. This operation consists in multi- 
plying each coefficient as it arises by a, and adding the product to 
the next coefficient of the dividend. 

(3.) The process may be typified as follows : — 

A +B +C +L +M H-N(a 

+ Aa +Bia -fKia+Li« -fMiO 

A +Bi +Ci...H-Li +Mi +Ri 

where the coefficients A, Bi, Ci, &c., are respectively the sums of 
the quantities standing over them. 

(4.) The following is a numerical example : — 

Divide 2a:»-25a?2~4a?-}-50 by ^-10. 

2 —25 -4 +50(10=0 
20 -50 -.540 



2 -5 —54 -490 

The quotient is 2a:^— 5a7— 54, and the remainder is —490. 
(5.) If a be essentially negative, by using —a as the multiplier 
we obtain the quotient arising from division by ar + a. Thus : — 

2 -25 -4 +50(-10 
—20 +450 -4460 

2 —45 +446 —4410 

F 2 
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The quotient here is 2x'»45ar+446, and the remainder is 
-4410. 

(6.) When the coefficients are not large nambers, and especially 
when the multiplier does not exceed 10, the foregoing operation 
may be very conveniently conducted without setting down the 
addends. It is recommended to practise this method, in accord- 
ance with which the example of (4) will assume the following 

^rm: — 

2 -25 -4 +50(10 
«5 —54 -490 

(7.) In applying the foregoing process, in which the coefficients 
are detached from their arguments, to an incomplete polynomial — 
that is, a polynomial in which some of the powers of x are wanting 
— it is obvious that, to avoid error, it must be rendered complete, 
by indicating the places of the missing powers. This is done by 
inserting those powers, with zero coefficients. Thus, for the pre- 
sent purpose, 3ar*— 2a?*+6x would require to be written 3a?* -fO** — 
2a:^ + 6d?+0; and to divide this polynomial by ar— 4, we should 
proceed as follows : — 

8 0-2 6 0(4 
12 46 190 760 

The result is, quotient 8^ + 12^+46;r+ 190, and remainder 760. 
(8.) Denoting the polynomial to be divided by 0(d?), the quo- 
tient by Q, and the remainder by R, we obviously have 

0(j?)=Q(a?— a)+R 

And if we write here a for x, we get 

^(a)=R. 

That is, the remainder arising from the division of <p{x) bj x-^a, 
is what 0(x) becomes by the substitution in it of a for x, Thus^ 
in the examples of (4) and (5), —490 and —4410 are what the 
polynomial operated upon becomes when 10 and —10 are respec- 
tively substituted in it for x. 

(9.) From the foregoing it appears, that besides an easy 
method of performing division by or— a, we have here also a com- 
pact and commodious process for substituting in any polynomial 
a specific value for the variable. 

(10.) The theorem just proved is one of some interest and 
importance, and we shall have to refer to it hereafter. I therefore 
give another demonstration of it. Let the polynomial be 
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Then, operating upon it as directed, the coefficients of the quotient 

will be — 

the first, A ; 
second, • Aa+B; 
third, (Aa4-B)a+C=Aa»+Ba+C; 

and the remainder will be 

(Aa« + Ba + C)a 4- D= Aa» + Ba> 4- Ca + D, 

which is the given polynomial, with a substituted in it for or.* 

Problem IL 
(11.) To transform ^{x), a rational and integer function of or, 
of n dimensions, into ^(a?+a); in other words, having given 
^(a?)=A:r*+Bj:*"* + Car***+.. . + Ma:+N, to expand ^(ar+fl) in 
powers of x. 

Divide ^{x) by x— a, and let the quotient and the remainder 
be Qi and Ri, respectively; divide Qj by a?— a, and let the quo- 
tient and the remainder of this division be Qa and B^ respectively. 
Proceed in this way, dividing each quotient as it arises by a?— -a, 
till 0,1 and B^ shall have been formed. The required expansion 
will then be 

0(a?+a)=A^+R«a;*"*H-Ri,-ia!^"H 4-Ra«+Bi« 

The rule may be exemplified thus : — 

a?— o)^«) 

x^a) Qa R, 



Qn K 

(12.) From the foregoing operation we have 

^(ar)=Qi(a?— a)+Ri; 
Q,=:Q2(a?-a)+R3; 

« 

Hence, by successive substitution, 

^(ar)=Qi(a?-a)Ri=Q2(ar-a)» + ^X'-^a) + Rj 

=Q3(a?-a)' + R3(^-a)^+Ra(^-o)+Ri 

* The procets of this prohlem receives the name of Synthetic Division; and it is easily 
extended to the case in which the divisor is a polynomial of the form of* + a«*"~' + ftc""^. . . 
See Hutton's Owrse, by Davies, vol iL, ppw 127 to 130, and 624; also Pemjf Q^eiopMiia, 
Sopplement, article " Power.** 
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Writing now in this equation^ on both sides, x-^-a for x, we 
obtain 

Now, Q„=A. For, owing to the form of the divisor. A, the 
leading coefficient of ^(^), is also the leading coefficient of each of 
the quotients. And Q,, being obviously of no dimensions with 
respect to x, it is a constant, and therefore equal to A. The expan- 
sion consequently is, finally, 

(13.) In applying this theorem to the transformation of funcr 
tions, the divisions will be effected by the method of Problem I., 
in consequence of which the operation assumes a very commodious 
and compact form. The following is a type of it, in which, as 
before, the quantities beneath the lines are respectively the alge- 
braical sums of the two above them. 

Let 0(«) be of the fourth degree, 

*A B C D E (o 
Aa B|a Cja D^a 



A 


Bi 


Ci 


D, 


Ki 




Aa 


620 


€2(1 




A 


B, 
Aa 


Ba« 


R, 




A 


B3 


R3 






Aa 









A R4 

Here Qi=Ai^+Bia;2 + Cia?+D,, 

Q2=Aa;2 + B2a?+C2, 
Q3=A^+B3, 
Q4=A; 

and, the remainders being as indicated, the expansion is 

^(a?+a)=Aa^+R4a^+R3a?2 + R2ir+Ri. 

(14) Comparing this with the expansion of the same function 
by Taylor^s theorem, viz., 

^ ^(.+«)=K«)+M«>+ i^a^+ 1^^+ ^A 

where ^n(^) ^^ the nth differential coefficient of ^{x) when a is put 
in it for ar, we see that 

* The first coefficient remaiiuDg constant throughout the operation, it is unnecessary 
in practice to repeat it on the successive lines. 
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For none of these, however, except the first, shall we have any 
occasion ; and it has been established already (8, 10). 

(15.) For a numerical example, transform ^(x)=2a?'— 25a:^ 
— 4rH-50, into 0(ar+lO). 

2 -25 -4 +50(10 

-5 —54 -490 

16 96 
35 

.-. 0(a?-|-lO)=:2x»+35a;« + 96a?-.49O. 

(16.) Again, transform <^{x) into ^(ar — 10). 

2 -25 -4 +50 (-10 

—45 446 -4410 

-65 1096 
-85 

.-. 0(a;-lO)=2a;«-85a;2 + 1096a;— 4410. 

(17.) Looking to what is accomplished by the operation now 
exemplified, it is clear that we ought to have the same result 
whether we transform with a or with any numbers whose sum 
is fl. For example, to transform <^(x) into 0(aj + 2), 0(a; + 2) into 

^(ic+2 + 3) or 0(aj+5), and 0(aJ+5) into 0(^+6 + 5) or 0(a;+ 10), 
ought to be the same thing as to transform, by a single operation, 
<^{x) into 0(a;+ 10). That this is true the following shows : — 

i^{x) 2 -25 -4 +50 (2 

-21 —46 -42 

-17 -80 
-13 



^(*+5) 



2 


-13 


-80 


-42(3 




-7 


-101 


-345 




-1 


-104 






5 






2 


5 


-104 


-345 (5 




15 


-29 


490 




25 


96 






35 







^(ar+10) 2 35 96 —490, as before (15). 

(18.) It will add to the interest connected with the process now 
elucidated if I diverge for a little from the object more immediately 
in view, to call attention to a very remarkable application of the 
process in question. 
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(19.) It has been already more than onee shown (8^ 10, 14), 
that the last term — ^the absolute term— of 0(a;+a) is ^(a)> the 
result of the substitution of a for a; in ^(x). The same thing 
appears also if we make x in ^{x+a) equal to 0; for we then have 
simply <^{a). From this it follows, that if a be a root* of f^{x), 
the absolute term of ^{x+a) will be equal to nothing. Hence 
also, conversely, if the absolute term of ^(x+a) be nothing, it will 
follow that a, the number, or the sum of the numbers, used in the 
transformation, is a root of <p{x). 

(20.) An instance will illustrate this. Let, as before, 

0(ar)=2««— 25a;«— 4a?+50; 
and transform it into 0(a;+12*5), thus — 

2 —25 -4 50(12-5 
0-4 

25 308-5 
50 



0(x+12-5) 


2 


50 


308-5 




or thus — 












2 


-25 


-4 50 (10 


50=^0) 






-5 


-54 .-490 


-490-0(10) 






15 


96 








35 







0(a:-flO) 2 85 96 —490(2 

39 174 -142 -142=^12) 

43 260 

47 



ip{x+l2) 2 47 260 -142(5 

48 284 0=^12-5) 

49 308-5 
50 



0(ar+12-5) 2 50 308-5 

We thus find <f^{x+12'5)=2a? + 50x^ + S08'6x, in which the 
absolute term is nothing ; and 12-5 is a root of <fi(x), as will be 
found on trial. 

(21.) The transforming number a being necessarily rational, it 
will appear at once that we can fulfil the condition 0(a)=O, or, in 
other words, cause the absolute term of f^{x+a) to vanish, only 
when t^{x) has a rational root. When the root or roots of ip{x) 

* By a root of a polynomial, as 0(«), is meant a number which, substituted in it for x, 
causes it to vanish. It is the same thing, therefore, as a root of the equation 0(«) =0. 
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are irrational, however, these roots can always, as in other such 
cases, b^ represented by rational numbers, which shall fulfil the 
condition ^(a;)=0 as nearly as we please. 

(22.) The result just established may be also deduced in a 
somewhat difierent manner. The substitution of any quantity r 
for X in 0(a;-f-fl) gives the same result as the substitution of r+a 
for X in ^{x): each function then becomes ^(r+a). Hence, if r 
be a root of ^(x+a), r+a will be a root of ^(a?). If now r, still a 
root of 0(a;-f fl), be equal to nothing, 0+a, or a, will be a root of 
i>{x). But nothing cannot be a root of ^(a;+a) unless the abso- 
lute term of this function be equal to nothing, as it is only terms 
having a? as a factor that will vanish fora;=0. We are hence 
conducted to the same conclusion as before, namely, that when 
<f>{x'^a) has nothing for its absolute term, a is a root of (p{x). 

(23.) From what precedes, then, it appears that if we can, by 
a series of transformations upon any given function, ^(cc), succeed 
in producing a transformed function, ^(a;+a), whose absolute 
term is nothing, we shall have determined a root of 0(x) ; that 
is, we shall have obtained a solution of the equation ^(a;)=0, the 
root being a, the number, or the sum of the numbers, used in the 
transformation. And we shall have an additional root of ^(o:) 
for every different value of a, which will enable us to bring ^(a;+a) 
into the required form. 

(24.) We should thus seem to be put in possession of a general 
method for the solution of numerical equations of all orders ; and, 
with a little extraneous aid, such is the case. Before we can apply 
the transforming process with success, we require to know the 
nature and the situation of the roots of the equation to be solved ; 
and this information we procure by the aid of considerations sup- 
plied in the theory of equations. 

(25.) I now give an example of the solution of a cubic 

B.equired the roots of 2a?-^25a?—4x+50; that is, it is 
required to solve the equation. 

Analyzing this equation, we learn, first, that the three roots 
are all real ; secondly, that two of them are positive and one nega- 
tive; and, thirdly, that the positive roots are comprised in the 
intervals [1, 2] and [10, 20] respectively ; and the negative root 
in the interval [—-2, —1]. I shall first develop the positive root 
in the interval [1, 2], 
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0(«+O) 


2 


-25 


-4 


60(1- 


50=^(0) 






-23 


-27 


23 


23=^1) 






-21 


-48 










-19 








^a:+l) 


2 


-19 


-48 


23(-4 








-18-2 


-65-28 


•888 


•888=^(1-4) 






-17-4 


-62-24 










-16-6 









[JUI*T 



*(«+l-4) 2 -16-6 —62-24 '888(-01 

-16-58 —62-4058 -263942 •263942=6(1-41) 

-16-56 -62-5714 
— 16-54 



^(a;+l-41) 2 -1654 -625714 -263942 

(26.) The first three transformations^ conducted in accordance 
with previous examples^ are shown above. The object aimed at is 
to reduce the absolute term^ 50^ as nearly to zero as we can. The 
first transformation^ by 1^ reduces it to 23, =^(1); the second, 
by -4, to -888, =^(1-4); and the third, by -01, to -263942, 
=^(1-41). The first transforming number, 1, is known, being 
the less of the limits comprising the root; the next, *4, is the 
quotient of 23, the last coefficient, by 48, the preceding (antici- 
pating, as well as we can, the effect of the next transformation) ; 
the third, -01 is obtained in the same way, but with greater cer- 
tainty ; and, if we were to discontinue our transformations here, 
the work has now become so convergent that we should obtain the 
next three figures of the root true by the simple division of -2639 . • • 
by 62-57 . . . 

(27.) But it would be tedious to proceed further as above. The 
working can be much abbreviated and simplified by the aid of the 
following proposition in the theory of equations : — 

If the terms of a polynomial (made complete (7), if necessary) 
be multiplied in order by the same number of successive terms of 
the series . . . m"', m""^ mr^, 1, m, m^, m^ . . . , the roots of the 
polynomial so transformed will be respectively those of the original 
polynomial multiplied by m. 

(28.) Thus, the roots of a?— 7aj+6 are 1, 2, and —3. And 
if, writing it aj^+Oa?^— 7aj+6, we multiply the several terms by 
10, 10^, 103, 104^ ^e get 10a?— 7000a: +60000, the roots of which 
will be found to be 10, 20, and -30. 

(29.) It is usual, in employing this transformation, in order 
that the coefficients be not needlessly increased, to commence with 
unity as the first multiplier ; so that the given polynomial would 
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have been with more propriety transformed into a:"— 700a? 4- 6000, 
the roots of which are still, 10, 20, and —80.* 

(30.) I now resume the equation in (25). The following is 
the complete solution, as far as twelve places : — 

2 -25 -4 50(l-414,21,356237 

—23 -^ —27 23000 

-21 -4800..: 888000 

—190...: —5528 : 263942000 

—182 -622400..: I 13391888 

—174 : —624058 : : 850502 

— 1660..: ....—62571400..: : : 223398 

— 1658 : —62637528 : : : 35266 

—1656 .. : ..—6270362^ : : : 3911 

—16540..: : -6270693 - : : 148 

— 16532 : —627102^ : : 23 

—16524 ...: -627104 : 4 

— l/ir5/6...: -62710^ : 

«=1'41421356287 

(31.) The first modification here is, that the formality of 
re-writing the coefficients of the several transformed polynomials is 
dispensed with, so that they no longer range in line with each 
other. I have indicated their connexion, however, by rows of dots. 
But this is not necessary, as will be seen. 

(32.) A second modification is, that, by aid of the theorem in 
(27)^ the roots of each transformed polynomial as it arises are mid- 
tiplied by 10 ; the effect of which is that each root figure is brought 
in succession into the unites place, so far at least as to admit of its 
being employed in the next transformation as if belonging to that 
place. The ciphers annexed to the several coefficients for the pur- 
pose of this modification suffice to point out the completion of each 
transformation. 

(38.) The third modification is but an adaptation of the second 
When the last coefficient has been sufficiently extended to afford as 
many root figures as we want, the orderly multiplication of the 
roots is thenceforward effected by cutting off one figure from the 
first preceding coefficient, two from the second preceding, and so 
on. At the first curtailment, as here, the first coefficient usually 
disappears, and the operation becomes that for the solution of an 
equation of the next lower order — a quadratic. At the second 
the second coefficient here nearly disappears, and the operation 

* The demonstration of the above theorem, which is veiy simple, will be found in 
any treatise on the theory of equations. The most accessible of these is probably 
Professor J. R. Young^s Analym and Solution of Cubic and Biquadratic Equations. This 
work, although strictly elementary, goes really a long way into the subject. 



72 On the Construction of Tables [July 

ultimately merges into contracted division^ which gives the last six 
of the root figures. I have marked by commas in the root the 
points where the operations change. 

(34.) It is apparent now^ in this case at least — and it is also 
true generally^ — ^that it suffices to know the first figure of a root 
to enable us to evolve that root^ figure by figure^ either exactly^ if 
rational^ or, if irrational, to any degree of approximation that may 
be desired. I will illustrate this point. The second figure, 4, is 
suggested by the mental division of 23000 by 4800 ; and 4 succeeds, 
since the absolute term is reduced to 888, two places lower in the 
scale, and does not change sign, while it is easy to see that 5 would 
be too great. The next figure, 1, is suggested, with almost cer- 
tainty, by division of 888 ... by 622 . • . , and it succeeds. In 
fact this division would give the two figures, 1, 4. The next trial 
division, 2639 ... by 625 . • • would give the three figures, 4, 2, 1. 
And thus as we advance the work becomes more and more con- 
vergent till, the first and second columns having disappeared, and 
so lost all power of influencing the third, the number at the bottom 
of this, 627106, being used with that then at the bottom of the last, 
namely, 223398, as divisor and dividend, the quotient is the last 
six figures of the root, namely 356237. 

(35.) It is much less easy to follow a written example in an 
operation of this kind than to work it for oneself. I therefore 
suggest the working of the example to any one who wishes to 
master the process, and who finds difficulty in following the 
description. 

(36.) I have finally here to point out that the absolute term 
has, as the result of the operation, been diminished till it has no 
significant figure in the first nine decimal places. 

(37.) I shall now develop the negative root which we found to 
subsist in the interval [—2, —1], and whose first figure is there- 
fore —1, in the unit's place. 

(38.) It is somewhat inconvenient to use a negative trans- 
forming number, and, therefore, when a negative root is to be 
evolved, it is customary, as a preliminary, to convert it into a posi- 
tive root. This is done by the aid of the following theorem. 

(39.) If the signs of the alternate terms of a polynomial (ren- 
dered complete) be changed, the signs of all the roots of that poly- 
nomial will be changed. 

* It is not tnie vnivertaUy, however. In rare cases two oi more roots may be situated 
BO closely together that a somewhat perplexing preliminary analysis is requisite to effect 
their complete separation. Bat the separation can always be made. 
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(40.) Thus, the roots of ic* — 7a; -f 6 being 1, 2, and — 3, we shall 
have for the polynomial whose roots are —1, —2, and 3, 

either «*— 7a?— 6, 
or — «* + 7«-h6; 

as the change may be made in either the first, third, &c., or the 
second, fourth, &c., terms. 

(41.) So also we change the signs of the roots of the polyno- 
mial 20^— 25a;*— 4aj+50, by writing it 2a;8+25aj2— 4a5— 50; and 
its negative root, now become positive, is developed as follows : — 

2 25 -4 -50(1-414,21,356238 



27 


23 


-27000 


29 


5200 


—1112000 


310 


6472 


-331058000 


318 


777600 


-16808112 


326 


780942 


-1067497 


3340 


78428600 


-280396 


3342 


78562472 


-44265 


3344 


7869637^ 


-4910 


33460 


7870307 


-187 


33468 


787097/ 


-30 


33476 


787101 


-6 


3214H 


78710/r 






(42.) The analogy of this development to that in (30) super- 
sedes the necessity for any general remarks here. The identity, 
except as to sign, of the two roots will, of course, be observed. 
This would hardly arise except in a polynomial specially framed, as 
the one whose roots are being developed has been. It is the pro- 
duct (2a?-25)(ar^-2), or 2(a;-12-5)(a;-V2)(a;+i/2), of which 
the three roots obviously are 

12-5, \/2, and — v'2. 

It is the last two roots, ±V^2, that have been developed in (30) 
and (41). The last figure is truly 7, as in (30). The roots could 
have easily been carried to double the number of decimal places. 

(43.) The rational root, 12*5 was developed in (20). I repeat 
the development here, for the purpose of introducing a modified 
application of the theorem in (27). By multiplying the coefficients 
of a polynomial by successive terms of the series . . . m"*, wi~', 
1, f?}, m* . . • tn direct order, we multiply the roots of the polyno- 
mial by m. But also, if we use the terms of the series in inverse 
order, we divide the roots by m. 

(44.) So, the first figure of the root now to be developed being 
in the tens' place, we commence by dividing the roots by 10, that we 
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may use this first figure in the transformation as if it belonged to 
the unit's place. 

(45.) The coefficients are 

. 2 -25 -4 50; 

and using as multipliers 10^, 10, 1, 10~^, they are changed as 
desired, and the operation is as follows : — 



200 


-250 


-4 


5 (12-5 




-50 


-54 


-490 




150 


96 


142000 


2^;?^ 


359^ 


174 







39 


26000 






43 


28400 






470 







(46.) The first transformation (by 1) here gives 

200 350 96 -49; 

and we now multiply the roots by 10 by using 10'^, 10"^, 1, and 
10, as multipliers, which gives 

2 35 96 -490. 

We then proceed as usual ; and the absolute term disappearing, we 
know that 12-5 is a root (19, 22). 

(47). It deserves to be noticed, that the eflfect of the first trans- 
formation is to increase the absolute term and introduce in it a 
change of sign : from 5 it has become — 49. This is an indication 
that a root has been passed over, situated in the interval [0, 10], 
which is the root developed in (30). 

(48.) Mr. Homer's paper, giving an account of his method of 
solving equations, was published in the Philosophical Transactions 
for 1819.* The attention of mathematicians was first specially 
called to the method by Professor J. R. Young, in his Algebra^ 
pubUshed about 1823. The same gentleman has also, in several sub- 
sequent works — one of which is referred to in the Note appended to 
(29) — ^amply explained and illustrated it. The late Peter Nicholson 
published several tracts on the subject of it, putting forward at the 
same time a mistaken claim to the origination of it ; and it was 
introduced by the late T. S. Davies into the second volume of his 
edition of Hutton's Course A history of the Problem of Evolution 
from Yieta to Horner, which contains many interesting details, 
was contributed by Professor De Morgan to the Companion to the 
Almanac for 1839 ; and the subject is continued and amplified, and 
many illustrations given, in the article ^^ Involution and Evolution,^' 

* It was republished in the Appendix to the ladies* Diary for 1838. It must be 
admitted to be in an unattractive and needlessly transcendental form. 
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in the Penny Cyclopadia and the Supplement to the same work. 
These two have since been combined in the article under the same 
title in the English Cyclopiedia {" Arts and Sciences^'). 

(49). Till very recently^ when, as I am informed, it has been intro- 
duced by Mr. Todhunter in his Theory of Equations, Mr. Horner's 
method has been entirely ignored by all the University writers. 
It is not for me to suggest a reason for this ; but it is certainly, in 
the circumstances, not a little singular to find retained in the text 
books the antiquated and laborious methods of transformation and 
solution, instead of Horner's elegant and efficient processes. 



On the Construction of Tables of Mortality. By W. S. B. Wool- 
house, P.R.A.S., F.S.S., Vice-President of the Institute of 
Actuaries, ^c. 

[Read before the Institute, 30th April, 1866.] 

A TABLE of mortality is designed to represent the number of lives 
which, according to the best deductions from past experience, may 
be expected to survive at the termination of each successive year of 
age, supposing these survivors to be derived exclusively from a 
certain number of persons originally taken either at birth or at a 
given age. As a practical index of the mathematical law of average 
mortality such a table may be taken as a trustworthy guide for the 
future, provided that the number of lives which enter into its 
formation be sufficiently large and the particulars respecting them 
be correctly registered ; and, what is equally important, that the 
observations shall extend over a considerable number of years. 

Whether theoretically or practically considered, a table of mor- 
tality presents, in the most simple, complete and convenient form, 
the elementary data requisite for all computations involving the 
contingencies of life, and it is, therefore, universally adopted as the 
primitive basis upon which the whole superstructure of life assur- 
ance is built. In fact, it is the general permanence in this pro- 
gressive distribution of mortality, between narrow probable limits 
of divergence, that constitutes the main stability and efficiency of 
Life Assurance Institutions. It is consequently needless to insist 
on the importance of accumulating rehable facts as to the statistics 
of human life, whenever that can be done on a large and efficient, 
scale, with the view of obtaining more perfect tables, or of more 
strictly testing the general accuracy of those in ordinary use, upon 
which an enormous amount of monied transactions is necessarily 
made to depend. 
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In the year 1839 1 had occasion^ ofScially^ to go into an investi- 
gation of the mortality in the Indian army. An abstract of this 
investigation was published at the time in the form of a pamphlet. 
As discussions of this kind are, as a matter of course, attended by 
a somewhat tedious amount of numerical operations, I was induced, 
in the first instance, to examine the mathematical relations with the 
object of systematically reducing them to such a form as woidd 
give the utmost brevity and simplicity to the process of calculation, 
and, what is of still greater moment, obviate any possible risk of 
error. The resulting method which I then followed was afterwards 
approved and expressly adopted by the Committee of Actuaries in 
the computation of th^ " Tables exhibiting the Law of Mortality, 
deduced from the Combined Experience of Seventeen Life Assur- 
ance Offices/' and the superintendence of those calculations was 
eventually entrusted to the author, who was a member of that 
committee. In the present paper it is principally intended, amongst 
other matters relating to the same subject, to give a short exposi- 
tion of this particular method, since but a cursory outline of it 
appeared in the pamphlet referred to ; and, with a view to the 
practical utility of this object, it may be premised that the inquiry 
will admit of the most satisfactory and comprehensive application, 
if we suppose the investigation to appertain to the registered ex- 
perience of a Life Office, since in this case the returns may be 
presumed to supply complete information with respect to each 
individual life. 

For an accurate discussion of this kind the essential materials of 
information with respect to each life are — 

1. The Office age on entry, or the date of birth ; 

2. The date of admission ; 

3. The date of exit, if such event has taken place ; 

4. The cause of such exit, whether by discontinuance or by 

death. 

We shall, however, for the occasion of presenting an example 
in numbers, first consider the subject under ordinary conditions, in 
which, for the purpose of facility and simplicity, the particulars are 
not given with the exactitude here prescribed. Afterwards it will 
be easy to show what modification will be needed, if in any investi- 
gation the information were accurately defined and greater precision 
were required in the method of computation. 

In the " Experience of Offices'' only the calendar years, instead 
of the dates of entry and exit, were deemed to be sufficient for the 
purpose, it being considered that large numbers, promiscuously 
spread over any given year, when taken in combination, may on 
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the average, be practically assumed with tolerable correctness as 
uniformly dating from the middle of the year. For a like reason, 
only the current year of age, or the Office age, is required to be 
stated. Thus, by assuming the number of lives that entered in 
each current year of age to be, on the average, admitted also at the 
middle of such year a convenient coincidence will thereby subsist 
between calendar years and years of age ; and the lives, one with 
another, may be considered as completing the Office age at the end 
of the calendar ^ear of entry. The collection of the original data 
was therefore made in the following form : — 



COMTAIMINO THE EZPEBIENCE OF THE OFFICE DP TO THE END OF THE YeAK 18 . 


Fornse 

of 
OfiBce. 


Current 
Age at 
Entiy. 


Tear of 


If by 

Death, 

D. 




Sex, if 

Female, 
F. 


Distinction 
into 

Town, T. 
Country, C. 

Irish, I. 


Cause 

of 
Death. 


Special 
Risks and 
Remarks. 


Entry. 


Exit. 























When the list, according to this form, is made out and com- 
pleted, the column containing the year of exit will at once disclose 
the policies that have ceased to exist through discontintuince or 
death during the period. The number of years they were severally 
in force, or the duration of each of these policies, will be deduced 
by taking the difference between the year of entry and the year of 
exit ; and the current age of exit will be found by adding the years 
of duration to the current age at entry. 

The policies which do not exhibit any year of exit are those 
which remained in force, and the lives of which were in existence at 
the end of the period of observation. In like manner, the years of 
duration of these policies will be found by taking the difference 
between the year of entry and the year to which the investigation 
extends, as stated at the top of the list. Also by adding, as before, the 
duration to the current age at entry we get, in each case, the current 
age to which the life attained and existed at the end of the period. 

So far all the requisite details of the facts are separately known, 
and are ready for the purely mechanical work of classification and 
condensation. The chief objects to be accomplished will be to re- 
solve the whole of the policies into three divisions — viz., 1, policies 
DISCONTINUED without death ; 2, policies existing at the termina- 
tion of the period; and 3, policies cancelled by death; which three 
divisions, we think, it will be found most convenient to give sepa- 
rately ; from these to bring together all policies having the same age 
of entry ; and, finally, to arrange and enumerate them, either with 

VOL. XIII. o 
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respect to the years of duration or according to the ages attained. 
By this means the whole of the facts will become moulded into 
three tables, of which the following will serve as a specimen : — 
Table (A). — Enumeration of DisconUiatances. 
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70 
71 

ftc. 


'5 
2 

1 
5 














■0 










; 1 








i 







Table B.- 




of PoUcieafnally Existing. 


Cnmat 


Current Agn »tt»lii6d TMnlftir 


3 


* 


e 


« 


7 


8 


9 


10 


11 


12 


13 


" 


15 


16 


17 


IS 


19 


20 


»._ I«l 


3 

6 
7 
8 
9 
10 
11 
12 

U 
15 
16 
17 
18 
19 
21) 






"i 


i 


i 

1 


1 
3 

1 


i 
2 

2 
S 


'2 
3 
3 
1 

10 


'2 
2 
2 




i 
1 
1 
3 


'i 
; 


4 
8 


'2 
2 

1 

6 

4 
7 

7 


i 
1 
3 
3 
3 
1 

6 
2 


i 


1 

6 
6 
U 
10 
13 
18 


1 

3 

3 

3 
1 
4 

14 
3 
9 

14 














































































































































































































































































































































<R) 








2 


2 


10 


11 


19 


7 


21 


16 


21 


2a 


33 


38 


" 


It 


54 


i*. 1 20,710 j 
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Table (C). — Enumtratum o/ Deatkt. 



zd 


Tsu oTDantien of FoUr^ 





1 


2 


3 


4 


6 


6 


7 


s 


9 


10 


11 


12 


IS 


U 


16 


16 


17 


7n«^si 


2fl 


'i 


:: 

i 
i 

3 




i 

1 

i 


1 
'a 


*i 

1 

1 

'2 


i 


i 
i 


*i 

2 































Table C. 


- 


'Snumeratiot 


of Death 


'■ 




Entrj 


C^tA«.^ed l^^^l 


3 


^ 


6 


6 


7 


8 


9 


10 


n 


12 


13 


u 


15 


,. 


17 


13 


19 


20 


,. 1 ^t^ 1 


4 
5 
6 
7 
8 
9 
10 
11 
12 
13 

IS 
IS 
17 
18 
19 
20 
Ac 








:: 














i 
1 








'i 

1 




i 

i 


i 












































































































































































































































































































































(D) 












^^ 










2 


2 


4 


1 


' 




1 


3 


&c 1 2,4S2 1 
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The numbers here tabulated separately in the manner prescribed 
correctly represent^ as far as they go^ a combination of the four 
principal "Experience Tables/' viz.: — 

A(l), Male lives — ^Town, comprising . . 16,097 lives 

A(2), Male live*— Countiy „ . . 11,926 „ 

A(4), Female lives— Town „ . . 1,448 „ 

A(5), Female lives — Country „ . . 1,909 „ 

Total . . . 31,380 lives 

The upper set of tables, (A), (B), (C), in which the numbers 
are distributed according to the years of duration of the policies^ 
will have as many columns as the number of years over which the 
observations extend. When this period embraces only a limited 
number of years, the same being less than the number of ages, 
it will then be the most compact form in which to present the 
experience of an Office. 

The lower set of tables. A, B, C, will have as many columns as 
may be sufficient to include all ages, and the contents will evidently 
consist of the same numbers as the former set ; the only difference 
being, that the numbers which occupy the several horizontal lines 
are successively translated a place fmrther to the right. 

It will not be necessary in any case to prepare both of these 
sets of tables, as the data for any subsequent calculation can be 
readily extracted from either of them as they stand. The numbers . 
we shall have occasion to combine will be those which appertain 
to the same acquired ages, and will, in the upper tables, ascend 
diagonally from the numbers immediately contiguous to each age 
of entry on the left ; whereas in the more elongated tables, A, B, 
C, they will stand somewhat more conveniently in vertical columns. 
From sets of tables, in either of these forms, any number of which, 
representing different experiences, might be incorporated by simple 
addition, the various questions which relate to the value of selection 
of assured lives may be determined. If required, a table of mor- 
tality might be constructed for each separate age of entry, or for 
any distinct groups of ages ; but it is needless to add, that such 
inquiries would be futile with small numbers. 

The totals contained in the last column of each table are the 
sums of the numbers entered in each horizontal line when the table 
is completed. These numbers, collected from the three tables, will 
give the total number that entered in each current year of age as 
follows : — 
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Number that entered in each Age, 



Current Age of Entry .... 


3 


4 


6 


6 


7 


8 


9 


10 


11 


12 


13 


14 


16 


16 


17 


18 


19 


2a 


Total No. Disc. 


• • 


1 


1 


4 


2 


5 


13 


18 


14 


17 


22 


23 


27 


23 


36 


41 


69 


127 


„ „ Existing 


1 


3 


4 


9 


16 


16 


26 


37 


25 


37 


41 


48 


44 


69 


73 


70 


71 


88 


„ „ Deaths 


1 


• • 

4 


5 


13 


1 
19 


21 


39 


2 
67 


3 

42 


2 
66 


• • 

63 


2 
73 


4 

76 


3 
96 


6 
116 


6 


3 


17 
232 


Total No. Issued (n) 


117 


143 



For the computation of a table of mortality from the entire 
experience, which is, indeed, the main object in view, only the 
totals of the tables A, B, C will be needed; and if such a table of 
mortality should be the sole subject of inquiry, these totals might 
otherwise be most expeditiously found from the original returns* 
by filling in the ages of exit in the blank column and then simply 
counting the number of policies which answer to each of the several 
ages of entry ; and afterwards counting, in like manner, the number 
of policies which answer to each age of exit, only remembering to 
distinguish these latter in the three divisions, so as to obtain sepa- 
rately the numbers (r), (R), and (D). For the purpose of following 
out the example already introduced, a complete statement of these 
totals is here tabulated.f 

* See the Form on page 77. 

+ An increased facility has recently been given to the processes of analysing the figtcts 
of a mortality experience by simply conveying the original particulars, with respect to 
each individual life, upon a separate card, specially designed to receive them. By this 
means the object of classifying each particular element, whatever it may be, is accom- 
plished by the purely mechanical operation of shuffling the cards into the required order, 
without incunnng the necessity, in any case, of making preliminary extracts of the several 
details. This is, undoubtedly, the most prominent advantage obtained, as there is always 
a much greater liability to error in making long and tedious transcriptions than in per- 
forming the operations of calculation. The plan, here briefly described, was first made 
publicly known in ''' An Account of the Processes employed in getting out the Mortality 
Experience of the Economic Life Assurance Society," and was the suggestion of Mr. O. G. 
Downes, of that Office. An appropriate and well-considered form of card, calculated to 
meet every requirement and convenience, is presented in the pamphlet referred to, and 
the method is appropriately designated the *' card system.'' It is also pointed out that 
" it affords the means of making any deductions required, as it is only necessary to throw 
the cards into hotch-potch, and then rearrange them in the order needed to accomplish 
the required object — a process which would afford pleasant fireside amusement to any 
domesticated actuary and his family." The only disadvantage that could attend the 
method would appear to be the possibility^ of some of the cards, in their dignified isolation 
and independence, getting accidentally astray from the general mass, and carrying with 
them their separate contents, a casualty which could not happen when the materials are 
pennanently entered on sheets, prepared for their reception. The mere idea of this 
supposed objection will, at least, induce a due amount of caution in those who, in the 
discussion of any branch of sUitistics, may be disposed to avail themselves of the manifold 
advantages of the card system. 
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Table D.— 


Total Enumerations 


in each Year of Age, 




Current 

Year 
of Age 


Entered 


Diflcon- 
tinned 


Existing 
at the 
Termina- 
tion 

(R) 


Died 
(J>) 


Current 

Year 

of Age 


Entered 


Diicon- 
tinued 

(r) 


Existing 
at the 

Termina> 
tion 

(R) 


Died 
(D) 


3 

4 
5 


1 
4 
5 


• • 

• • 

• • 


• • 
■ • 

1 


• • 


46 
47 
48 
49 
50 


23,807 
667 
703 
640 
657 
593 


5,734 
204 
206 
178 
182 
152 


11,608 
694 
695 
591 
569 
536 


1,005 
70 
54 
66 
79 
57 


6 
7 
8 
9 
10 


13 
19 
21 
39 
57 


■ • 

3 
3 
3 
4 


2 

2 

10 

11 

19 


• • 

• • 

• • 


51 
52 
53 
54 
55 


489 
522 
448 
368 
373 


166 
168 
134 
134 
144 


513 
495 
486 
442 
421 


57 
56 
59 
64 
61 


11 
12 
13 
14 
15 


42 
56 
63 
73 
75 


5 

9 

13 

16 

14 


7 
21 
16 
24 
25 


2 
2 
4 


56 
57 
58 
59 
60 


359 
329 
302 
267 
245 


93 
88 
89 
79 
72 


387 
358 
324 
277 
288 


76 
64 
48 
65 
56 


16 
17 
18 
19 
20 


95 
115 
117 
143 
232 


21 
19 
22 
27 
35 


33 
38 

61 
74 
54 


1 
2 

• ■ 

7 
3 


61 
62 
63 
64 ^ 
65 


183 
178 
159 
131 
119 


57 
43 
57 
38 
22 


312 
276 
212 
196 
169 


55 
49 
37 
45 
61 


21 
22 
23 
24 
25 


286 
389 
453 
509 
722 


83 
219 
102 
119 
184 


78 

92 

115 

131 

183 


11 
13 
6 
11 
10 


66 
67 
68 
69 
70 


85 
79 
47 
28 
26 


35 
25 
32 

15 
9 


127 

148 

99 

89 

84 


39 
35 
33 
28 
25 


26 
27 
28 
29 
30 


710 

878 

• 910 

1,000 

1,083 


158 
188 
212 
219 
210 


181 
266 
286 
332 
339 


14 
16 
28 
24 
22 


71 
72 
73 

74 
75 


20 
14 
14 
11 
5 


7 

4 
4 
2 
7 


98 
40 
48 
32 
23 


27 
15 
14 
15 
11 


31 
32 
33 
34 
35 


1,059 
1,073 
1,123 
1,175 
1,145 


243 

248 
255 
269 
271 


379 
428 
489 
555 
691 


31 
41 
27 
57 
51 


76 
77 
78 
79 
80 


3 
3 
3 

2 


2 
1 
2 

• • 

1 


16 
16 
12 
16 
6 


19 

6 

10 

11 

3 


36 
37 
38 
39 
40 


1,142 
1,089 
1,027 
967 
1,055 


266 
285 
266 
271 
264 


639 
616 
732 
667 
709 


67 
49 
67 
70 
43 


81 
82 
83 
84 
85 


• • 

• • 

• • 

1 

• • 


1 

a • 
• • 

1 


1 

• • 

3 
2 


2 

• •• 

• • 

1 
3 


41 
42 
43 
44 
45 


904 
901 
887 
849 
801 


272 
266 
235 
234 
201 


711 
679 
683 
693 
636 


71 
68 
54 
71 
62 


86 
87 
88 


• • 
■ • 

• • 


1 

• • 

• • 

• • 


• « 

1 


1 

• • 

• • 




23,307 


5,734 


11,608 


1,005 


Total 


31,380 


8,188 


20,710 


2,482 



■ the number of • 



in the course of the period ; 



84 On the Comlruction of Tables of Mortality. [July 

The data thus prepared^ on which the calculation of the required 
table of mortality is to be founded, embody a complete analysis 
and classification of a mass of observations which extends over a 
given number of years. To proceed with the calculation of the 
the rates of mortality the principal requirement will be to ascertain 
how many lives, during that period, have entered and passed 
through each year of age, so as to be enabled to compare the same 
with the number of deaths that have respectively occurred in the 
same years. It will also appear that these estimates will not be 
afiected by any chronological considerations, since a question as to 
when any specified life or lives entered the year of age is quite 
immaterial and forms no part of the inquiry. We only require to 
know how many lives have passed through a proposed year of age 
at all the various times during the period of observation, but 
without any reference to those times. 

In any proposed current year of age let 

N denote the number of lives in existence at the commence- 
ment of the period ; 

admissions 

retirements 

deaths 

B the number remaining in existence on the list at the termi- 
nation of the period ; 
e the total number that, in the course of the period, have 
passed the point of commencement of the proposed year 
of age, or the total number that have entered as survivors 
at the commencement ; and 
Ni, wi, ri, Di, Ri, €i, the like numbers for the next higher 
year of age, &c. 
Then it is evident that the number of lives which have existed 
at the end of the year of age may be directly deduced from the 
number at the commencement, by merely taking into account the 
several operations or events that have occurred in the same year. 
Thus, at the end of the proposed year of age, the survivors c, at 
the beginning of that year, will, in the course of the year of age, 
become augmented by N+n and diminished by R+^+D. The 
resulting number that existed at the end of the year is there- 
fore £-r(N+») — (R+r+D), and this must necessarily be the 
number £i that enter by survivorship the next higher year of age. 

Whence, if 

0=(N-h«)— r 
w=(N-fw)—(R-|-r) 
=0— R 



n 
r 
D 



(i;, 
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then will ei 3=:e+w— D, 

or Ac=:« — D ) ^ov 

This simple and obvious deduction being applied consecutively 
to each retrogressive year of age will put us in possession of the 
subsisting relations which determine and guide the calculation. 

Thus^ by commencing at any age x, the several relations put 
down in a descending order are 

&C, &C. 

Henee^ by successive substitution, or by adding the equations 
together and cancelling identities^ which leads to the same result, 

we obtain 

€,=(w— D),_,+(w— D),»2+(«— I^)»-8+&c. 
=S_i(c.i-D)=S..i(A£) (3), 

in which it will be seen that the characteristic 2, as indicated, 
includes the accumulation of values for all the years of age which 
precede the year under consideration. And thus we find, by con- 
tinued summation, the total number of lives that from time to 
time, in the course of the period, have existed as survivors at the 
commencement of each successive year of age. 

Now, according to the blank form specified on page 77, in 
which the original returns were entered, the several numbers 
representing the experience are inclusive of the whole duration 
of the initial and terminal years of observation; and it will 
thence follow that the number R, finally in existence, must be 
regarded as appertaining to the end of the corresponding year 
of age. But the numbers N, n, r, which compose d, or, in 
other words, the several entrances and exits which, in the year of 
age, have operated in disturbing the number of lives otherwise 
than by death are distributed through the year of age at indis- 
criminate intervals and may, with large numbers, be practically 
considered, on the average, as having reference to the middle of 
the year, or as having undergone half the chance of death in one 
year.* The risk may therefore be regarded as that of e+J^d 

* The average interval by which the date of entry precedes the birthday is here 
assumed to be half a year, which may be expected to be somewhat in excess, since in 
some cases it is natural to surmise a disposition to expedite an assurance when a coming 
birthday, in near perspective, is suggestive of a higher rate of premium. According to 
actual experience the average interval is found to be about three -eighths of a year. The 
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persons entering upon the year, and the uninterrupted survivors of 
the same continuing exposed to its termination. Therefore, as D 
is the number of deaths that have occurred in the same year of 
age, the corresponding number of survivors may be considered to be 
€+^0— D. Hence the proportionate rate of mortality in the year is 

D 

and the proportion that survive, or the probability of surviving the 
year is 



To abbreviate, let 



^= e+^e 



D 

then m^ -r 

P 



(4). 



Also if, according to the usual notation, /^, 4+i, &c., denote the 
numbers living in the required table of mortality at the ages 
X, x+1, &c., the logarithms of these numbers for all ages in the 
table are hence deduced from the logarithms of p, by successive 
addition, beginning with a suitable number as an arbitrary radix 
for the first age of the table. Thus, 

logt+i=log;7, -flog/. 

log /*f 2=log;?H-i + ^og ^^1 
&c. &c 

The following example, worked out at length, will perhaps best 
exemplify the practical application of the preceding formulae. The 
data are taken from Table D, observing that N=0 for all ages, 
since the returns record every life from the year of entry. 

As the numbers for the younger ages are small the mortality 
table is made to begin with age 10, and the radix is /io= 100000. 

For the latter ages some of the numbers come out negative, and 
it then becomes requisite to attend to the algebraic signs. 

The values of € are completed horizontally by successive addi- 
tion, and the final vanishing of these numbers after the last age of 
the table will, up to this point, supply a check on the accuracy of 
the calculation. 

difference is however not material. As the liyes are hy this means accounted nearly 
one-eighth of a year younger than they really are, the ultimate tendency will be to 
slightly increase the rate of mortality. A more accurate method of computation is given 
further on. 



1866.] On the Construction of Tables of Mottality. 



87 



The values of log / are also completed horizontally in a similar 
manner. 

In these calculations it will be observed that the annual rate of 
mortality^ m, is given under its usual acceptation^ viz. : — 

decrement 



w,= 



K — ^H-l 



nmnber living 



Completed Age 


2 


3 


4 


5 


6 


7 


8 


9 


r 


1 


4 


5 

• • 


13 


19 
3 


'21 
3 


39 
3 


57 
4 


(N+«)-r=e 
R 


1 

• • 


4 


5 
1 


13 
2 


16 
2 


18 
10 


36 
11 


53 
19 


D 


1 

• • 


4 

• • 


4 

• a 


11 

• • 


14 


8 

• • 


25 

• • 


34 

• • 


w-D=A« 

c 


1 

0^5 


4 

1 
20 


4 
5 
2-5 


11 
9 
6^5 


14 
20 
8-0 


8 
34 

9-0 


25 

42 
180 


34 

67 - 
26-6 




0-5 
0-6 


3-0 
30 


7-6 
7-6 


15^5 
15-6 


28-0 
28-0 


430 
430 


600 
60-0 


93-5 
93-5 



Age 


10 


11 


12 


13 


14 


N-f« 

r 


42 
5 


66 
9 


63 
13 


73 
16 


76 
14 


9 
R 


37 

7 


47 
21 


50 
16 


57 
24 


61 
26 


D 


30 

• • 


26 

■ • 


34 
2 


33 
2 


36 

4 


Ac 

£ 

4e 


30 
101 
18-5 


26 
131 
23-6 


32 
157 
25-0 


31 
189 
28-6 


32 
220 
30*6 


/3 

r 


119-5 
' 119-6 


154-6 
164-5 


1820 
180-0 


217-6 
215-5 


260'6 
246*6 


log/3 
logy 


207737 
207737 


2-18893 
218893 


2-26007 
2-26527 


2-33746 
2*33346 


2-39881 
2-39182 


log/) 
log/ 


0^00000 
5^00000 


0-00000 
5-00000 


9-99520 
5-00000 


9*99599 
4-99520 


9-99301 
4-99119 


/ 

P 
m 


100000 

1-00000 
•00000 


100000 

1-00000 
•00000 


100000 

•98901 
•01099 


98901 

•99081 
-00919 


97992 

•98403 
•01697 
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Age 


15 


16 


17 


18 


19 


N+n 

r 


95 
21 


115 
19 


117 
22 


143 
27 


232 
35 


9 
R 


74 
33 


96 
38 


95 
61 


116 
74 


197 
54 


D 


41 
1 


58 
2 


34 



42 
7 


143 
3 


Ac 

c 


40 
262 
370 


56 
292 
48-0 


34 
348 

47-5 


35 
382 
58-0 


140 
417 
98-5 


P 

y 


289-0 
288-0 


340-0 
338-0 


395-5 
395-5 


440-0 
433-0 


616-5 
612-6 


logi3 
logy 


2-46090 
2-45939 


2-53148 
2-52892 


2-59715 
2-59715 


2-64345 
2-63649 


2-71223 
2-70969 


logjp 

logi: 


9-99849 
4-98420 


9-99744 
4-98269 


0-00000 
4-98013 


9-99304 
4-98013 


9-99746 
4-97317 


I 
p 

m 


96427 

•99663 
•00347 


96093 

-99412 
-00588 


95628 

1-00000 
-00000 


95528 

•98410 
-01590 


94009 

-99417 
-00683 


Age 


20 


21 


22 


23 


24 


N+n 
r 


286 
83 


389 
219 


463 
102 


509 
119 


722 
184 


9 
R 


203 
76 


170 
92 


351 
115 


390 
131 


638 
183 


D 


125 
11 


78 
13 


236 
6 


259 
11 


366 
10 


Ac 

e 


114 
557 
101-5 


65 
671 
85-0 


230 
736 
176-5 


248 
966 
1950 


346 
1214 
269-0 


r 


658-5 
647-5 


756-0 
743-0 


911-5 
905-6 


1161-0 
1150-0 


1483-0 
1473-0 


log/3 
logy 


2-81856 
2-81124 


2-87852 
2-87099 


2-96976 
2-95689 


306483 
306070 


3-17114 
3-16820 


log/» 
log/ 


9-99268 
4-97063 


9-99247 
4-96331 


9-99713 
4-96678 


9-99587 
4-95291 


9-99706 
4-94878 


I 

P 
m 


93461 

-98329 
^ 01671 


91899 

-98281 
•01719 


90319 

•99341 
•00659 


89724 

-99054 
•00946 


88876 

-99325 
-00675 
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Ag© 


25 


26 


27 


28 


29 


N+n 

r 


710 
158 


878 
188 


910 
212 


1000 
219 


1083 
210 



R 


552 
181 


690 
266 


698 
286 


781 
332 


873 
339 


D 


371 
14 


424. 
16 


412 
28 


449 
24 


534 
22 


Ac 

6 


357 
1559 
276-0 


408 
1916 
3450 


384 
2324 
3490 


425 
2708 
390-5 


512 
3133 
436-5 


r 


1835*0 
1821-0 


2261-0 
2245-0 


2673-0 
2645-0 


3098-5 
3074-5 


3569-5 
3547-5 


logi3 
logy 


3-26364 
3-26031 


3-35430 
3-35122 


3-42700 
3-42243 


3-49115 
3-48777 


3-55261 
3-54992 


log/> 
log/ 


9-99667 
4-94584 


9-99692 
4-94251 


9-99543 
4-93943 


9-99662 
4-93486 


9-99731 
4-93148 


/ 
P 


88276 

•99236 
•00764 


87601 

•99293 
-00707 


86982 

-98953 
•01047 


86072 

•99225 
•00775 


85404 

•99383 
•00617 


Age 


30 


31 


32 


33 


34 


N+« 

r 


1059 
243 


1073 
248 


1123 
255 


1175 
269 


1145 
271 



R 


816 
379 


825 
428 


868 
489 


906 
555 


874 
591 


D 


437 
31 


397 
41 


379 
27 


351 
57 


283 

51 


Ac 

c 

49 


406 
3645 
4080 


356 
4051 
412-5 


352 
4407 
434-0 


294 
4759 
453-0 


232 
5053 
4370 


/3 

r 


40530 
40220 


4463-5 
4422-5 


4841-0 
4814-0 


5212-0 
51550 


5490-0 
5439-0 


HP 

logy 


3-60778 
3-60444 


3-64968 
3-64567 


8-68494 
3-68251 


3-71700 
371223 


8-73957 
373552 


logl> 
log/ 


9-99666 
4-92879 


9-99599 
4-92545 


9-99757 
4-92144 


9^99523 
4-91901 


9-99595 
4-91424 


/ 
P 


84877 

-99234 
-00766 


84227 

•99081 
•00919 


83453 

•99442 
-00558 


82987 

•98908 
•01092 


82080 

•99072 
•00928 
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Age 


35 


36 


87 


38 


39 


r 


1142 
266 


1089 
285 


1027 
266 


967 
271 


1055 
264 


e 

R 


876 
639 


804 
616 


761 
732 


696 
667 


791 
709 


D 


237 
67 


188 
49 


29 
67 


29 
70 


82 
43 


E 

40 


+ 170 
5285 
4380 


+ 139 
5455 
4020 


-38 
5594 
380-5 


-41 
5556 
348^0 


+ 39 
5515 
395*5 


P 

7 


67230 
5656-0 


5857-0 
58080 


5974-5 
5907-5 


5904^0 
5834-0 


6910*5 
5867-5 


logp 
logy 


3-75762 
3-75251 


3-76768 
3-76403 


3-77630 
3-77140 


3-77115 
3-76597 


3*77162 
3*76845 


hgp 
logl 


9*99489 
4-91019 


9-99635 
4-90508 


9-99510 
4-90143 


9-99482 
4*89653 


9*99683 
4*89135 


I 

P 
m 


81319 

•98830 
•01170 


80367 

•99163 
•00837 


79695 

•98878 
•01122 


78801 

•98814 
•01186 


77866 

*99273 
•00727 


Age 


40 


41 


42 

1 


43 


44 


r 


904 
272 


901 
266 


887 
235 


849 
234 


801 

201 


e 

R 


632 
711 


635 
679 


652 
683 


615 
693 


600 
636 


D 


-79 
71 


-44 
68 


-31 
54 


-78 
71 


-36 
62 


Ac 
e 

40 


-160 
5554 
316-0 


-112 
5404 
317-5 


-85 
5292 
32^0 


-149 
5207 
307-5 


-98 
5058 
3000 


/3 

r 


58700 
67990 


5721-5 
5653-5 


5618-0 
5564-0 


5514-5 
5443-5 


6358-0 
5296- 


log/3 
logy 


3-76864 
3-76335 


3*75751 
3*75232 


3-74958 
3-74539 


3-74151 
3-73588 


3^72900 
3-72395 


log/> 
log/ 


9-99471 
4*88818 


9-99481 
4*88289 


9-99581 
4-87770 


9-99437 
4-87351 


9-99495 
4*86788 


P 
m 


77300 

•98789 
•01211 


76364 

•98812 
•01188 


75457 

•99040 
•00960 


74733 

-98712 
•01288 


73770 

*98844 
•01156 
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Age 


45 


46 


47 


48 


49 


N-f« 

r 


667 
204 


703 
206 


640 
178 


. 657 
182 


593 
152 


9 
R 


463 
694 


497 
695 


462 
591 


475 
569 


441 
536 


D 


-231 
70 


-198 
54 


-129 
66 


-94 
79 


-95 
57 


e 

i9 


-301 
4960 
231-5 


-252 
4659 
248-5 


-195 
4407 
231-0 


-173 
4212 
237-5 


-152 
4039 
220-5 


7 


5191-5 
5121-5 


4907-5 
4853-5 


4638-0 
4572-0 


4449-5 
4370-5 


4259-5 
4202-5 


logp 
logy 


3-71529 
3-70940 . 


3-69086 
3-68605 


3-66633 
3-66011 


3-64831 
3-64053 


3-62936 
3-62351 


logp 
logl 


9-99411 
4-86283 


9-99519 
4-85694 


9-99378 
4-85213 


9-99222 
4-84591 


9-99415 
4-83813 


I 

P 
m 


72917 

-98653 
-01347 


71935 

-98899 
•01101 


71143 

•98578 
-01422 


70131 

•98225 
•01775 


68886 

-98662 
-01338 


Age 


50 


51 


52 


53 


54 


r 


489 
166 


522 
168 


448 
134 


368 
134 


373 

144 


B 
R 


323 
513 


354 
495 


314 
486 


234 
442 


229 
421 


D 


-190 
57 


-141 
56 


-172 
59 


-208 
64 


-192 
61 


Ac 
c 

4^ 


-247 
3887 
161-5 


-197 
3640 
177-0 


-231 
3443 
157-0 


-272 
3212 
117-0 


-253 
2940 
114-5 


r 


4048-5 
3991-5 


3817-0 
3761-0 


• 3600-0 
3541-0 


33290 
3265-0 


3054-5 
2993-5 


log^ 

logy 


3-60729 
3-60114 


3-58172 
3-57530 


3-55630 
3-54913 


3-52231 
3-51388 


3-48494 
3-47618 


Hp 

logl 


9-99385 
4-83228 


9-99358 
4-82613 


9-99283 
4-81971 


9-99157 
4-81254 


9-99124 
4-80411 


I 
p 

m 


67964 

-98594 
•01406 


67009 

•98533 
•01467 


66025 

-98363 
•01637 


64944 

-98078 
-01922 


63696 

-98003 
-01997 
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Age 


65 


56 


57 


58 


59 


r 


359 
93 


329 
88 


302 
89 


267 
79 


245 
72 


e 

R 


266 
387 


241 
358 


213 
324 


188 
277 


173 
288 


D 


-121 
76 


-117 
64 


-111 
48 


-89 
65 


-116 
56 


Ac 

c 


-197 
2687 
1330 


-181 
2490 
120-5 


-159 
2309 
106-6 


-154 
2150 
94^0 


-171 
1996 
86-5 


y 


2820*0 
2744-0 


2610-5 
2546-5 


2416-5 
2367-5 


2244-0 
21790 


2082-6 
2026-5 


logP 
logy 


3-45025 
3-43838 


3-41672 
3-40594 


3-38301 
3-37429 


3-35102 
3-33826 


3-31859 
3-30675 


logp 
logl 


9-98813 
4-79535 


9-98922 
4-78348 


9-99128 
4-77270 


9-98724 
4-76398 


9-98816 
4-75122 


I 

P 
m 


62424 

•97304 
•02696 


60741 

•97548 
•02462 


69252 

•98012 
-01988 


68074 

-97105 
-02895 


56392 

•97311 
•02689 


Age 


60 

m 


61 


62 


63 


64 


N+n 

r 


183 
57 


178 
43 


169 
57 


131 
38 


119 
22 


e 

R 


,126 
312 


135 
276 


102 
212 


93 
196 


97 
169 


01 

D 


-186 
55 


-141 
49 


-110 
37 


-103 
45 


-72 
61 


E 

4« 


-241 
1825 
63-0 


-190 
1684 
67-5 


-147 
1394 
61-0 


-148 
1247 
46-5 


-133 
1099 
48-5 


P 
y 


1888-0 
18330 


1651-6 
1602-6 


1445-0 
1408-0 


1293-5 
1248-5 


1147-5 
1086-5 


hgp 

logy 


3-27600 
3-26316 


3-21788 
3*20480 


3-15987 
3-14860 


8-11177 
3-09639 


3-06975 
3-03603 


logp 
logZ 


9-98716 
4-73938 


9-98692 
4-72654 


9-98873 
4-71346 


9-98462 
4-70219 


9-97628 
4-68681 


I 

P 
m 


54876 

•97087 
•02913 


53277 

•97033 
-02967 


61696 

•97438 
•02562 


50372 

-96621 
•03479 


48619 

-94685 
•05315 
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Age 


65 


66 


67 


68 


69 


N+n 

r 


85 
35 


79 
25 


47 
32 


28 
15 


26 
9 


9 
R 


50 
127 


54 
148 


15 
99 


13 
89 


17 
84 


D 


-77 
39 


-94 
35 


-84 
33 


-76 
28 


-67 
25 


c 

40 


-116 
966 
25-0 


-129 
850 
27-0 


-117 
721 
7-5 


-104 
604 
6-6 


-92 
500 
8-5 


7 


991-0 
9620 


877-0 
842-0 


728-6 
695-5 


610-5 
582-5 


508-5 
483-5 


k«/3 
logy 


2-99607 
2-97864 


2-94800 
2-92531 


2-86243 
2-84230 


278569 
2-76630 


2-70629 
2^8440 


log/) 
logi 


9-98267 
4-66309 


9-98231 
4-64566 


997987 
4-62797 


9-97961 
4-60784 


9-97811 
468745 


I 

P 
m 


46035 

•96066 
•03934 


44224 

-96009 
•03991 


42459 

-95471 
-04529 


40636 

-95414 
-04686 


38677 

-95085 
-04915 


Age 


70 


71 


72 


73 


74 


N + n 

r 


20 

7 


14 
4 


14 
4 


11 
2 


5 

7 


e 

R 


13 
98 


10 
40 


10 
48 


9 
32 


-2 
23 


D 


-85 

27 


-30 

15 


-38 
14 


-23 

15 


-25 
11 


e 

4© 


-112 
408 
6-5 


-45 
296 
5-0 


-52 
251 
5-0 


-38 
199 
4-5 


-36 
161 
-10 


r 


414-5 
387-5 


3010 
286-0 

• 


266-0 
2420 


203-5 
188-5 


160-0 
149^0 


log/3 

logy 


2-61752 
2-58827 


2-47857 
2-45637 


2-40824 
2-38382 


2-30856 
2-27531 


2-20412 
2-17319 


log/) 
log^ 


9-97075 
4-56556 


9-97780 
4-53631 


9-97558 
4-51411 


9-96675 
4-48969 


9-96907 
4-45644 


p 


36776 

-93487 
-06613 


34380 

-95017 
•04983 


32667 

•94532 
•05468 


30881 

-92630 
-07370 


28605 

•93126 
•06874 
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Age 


75 


76 


77 


78 


79 


N+n 

r 


3 
2 


3 

1 


3 
2 


2 


• • 

1 


R 


1 
16 


2 
16 


1 
12 


2 
16 


-1 
6 


D 


-15 
19 


-14 
6 


-11 
10 


-14 
11 


-7 
3 


Ac 
e 


-34 
125 
0-5 


-20 
91 
1-0 


-21 
71 
0-5 


-25 
50 
10 


-10 
25 
-0-5 


y 


125-5 
106-5 


92-0 
86-0 


71-5 
61-5 


51-0 
40-0 


24-5 
21-5 


log/3 

logy 


2-09864 
2-02735 


1-96379 
1-93450 


1-85431 
1-78888 


1-70757 
1-60206 


1-38917 
1*33244 


logp 
log/ 


9-92871 
4*42551 


9-97071 
4-35422 


9-93457 
4-32493 


9-89449 
4-25950 


9-94327 
4-15399 


/ 
p 


26639 

•84861 
-15139 


22606 

•93478 
•06522 


21131 

•86014 
•13986 


18176 

•78431 
•21569 


14256 

•87755 
•12245 


Age 


80 


81 


82 


83 


84 


N+n 

r 


• • 

1 






1 

• • 


• • 

1 





-1 
1 ^ 


* 




+ 1 
3 


-1 
2 


D 


-2 
2 






-2 

1 


-3 
3 


Ac 

c 

4e 


-4 
15 
-0-5 


ii 


» 


-3 

11 
+ 0-5 


-6 
8 
-0-5 


/3 

y 


14-5 
12-5 


11-0 
11-0 


11-0 
11-0 


11-5 
10-5 


75 
45 


log^ 
logy 


1-16137 
1-09691 


1-04139 
1-04139 


1-04139 
1-04139 


1-06070 
^1-02119 


087506 
0-65321 


log/) 
log/ 


9-93554 
4*09726 


0-00000 
4p3280 


0-00000 
4-03280 


9-96049 
4-03280 


9-77815 
3-99329 


/ 

P 
m 


12510 

-86206 
-13794 


10784 

100000 
-00000 


10784 

1-00000 
-00000 


10784 

-91304 
•08696 


9847 

•60p00 
-40000 
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Age 


85 


86 


87 


88 


N+» 

r 


• • 






• • 




e 

R 


■ • 
• * 






« • 




D 


i 






• • 




Ac 
c 

4^ 


-1 

2 

• • 




i 


• • 




r 


20 
1*0 


1*0 
10 


10 
I'O 




logP 
logy 


0-30103 
0*00000 


0-00000 
000000 


0-00000 
0-00000 




logp 
log/ 


9*69897 
3*77144 


0-00000 
3*47041 


0-00000 
3*47041 




/ 

P 
m 


5908 

*50000 
*50000 


2954 

1-00000 
-00000 


2954 

1-00000 
•00000 





The computed values of the number Uving and of the rate of 
mortality per cent., for every year of age, are laid down in two 
drawings, so as to exhibit at one view the general character and 
consistency of the results. In the latter diagram is also shown the 
corresponding curve, according to the adjusted Experience Table. 
It will be found on examination that the irregularities that stand 
out so conspicuously, at the earliest and latest ages, may be traced 
to the smallness of the numbers 03) that enter into the calulation. 
The results would have been much more valuable if the original 
experience had extended over a longer period. 

If the number living be taken as the element for final adjust- 
ment according to the rules given in a former paper (vol. xii., 
pages 140-1), the same aggregate tabular mortality or decrement 
must necessarily be retained between all points of actual coinci- 
dence, in whatever way the intermediate numbers may be modified ; 
and this is certainly a legitimate and desirable condition. The 
minutise of accurate distribution, however important, ought to be a 
secondary consideration to that of a true embodiment of the total 
mortality. An expert method of effecting a tabular distribution of 
the rate of mortality, by a special application of Gompertz's formula, 

H 2 
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is given by Mr. Jellicoe in his valuable paper inserted in vol. ii., 
page 199, to which we shall have occasion to refer hereafter. 

In the investigation of the experience of the Amicable Society, 
by the late Mr. Galloway, the ages on admission are assumed, as in 
the foregoing, to be half a year less than the Office ages ; but in 
other respects the data are collected according to a succession of 
years, reckoned, in each case, from the exact date of entry as an 
epoch. The method of working these up will be a little different. 
Thus if we here employ notation, analogous to that which has pre- 
ceded, the original numbers to be used in the computation are 



n = number of admissions at age x — ^ ; 
R' =: number finally existing ) 
r := number discontinued 
D'=: number of deaths 



between the ages 
a?—- ^ and a?+^. 



By taking the arithmetical mean values between each of these last 
numbers and the corresponding number for the preceding age, we 
shall then have the whole of the data, estimated in the way we 
have prescribed, viz. : — 

n =n = number of admissions \ 

R=^(R'-f R'_i)=number finally existing I in the arth year 
r z=z^r-\-r^i) = number discontinued f of age. 
D=^(D'-f-D'.i) = noniber of deaths / 

Or, doubling to avoid fractions, 

n=2w, R=R' + R'_i, r=r'-fr'_,, D=D'H-D'.i. 

Hence, by taking these values, we can readily determine c as 
before; but the number at risk will be c+^w, instead of e+^0, 
since the R lives finally existing are here assumed to be equally 
distributed over the year of age. 

The implied hypothesis that lives admitted at ages of the 
form X — J have their discontinuances equally distributed in years 
of the form a?— ^ to 5?+^ should be considered in the application 
of this method. 

We shall now resume the original subject, with a more strict 
attention to minute details, and suppose the returns to supply the 
exact dates of birth, entry and exit. From these the precise ages 
at entry and exit can be stated to a fraction of a year ; but the 
precise ages at death will not be required. The notation will be 
unchanged and the computation of the numbers e, that enter the 
several years of age, will in every respect be the same. The modifi- 
cation to be made in the calculation will alone consist in the allow- 
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ances to be made for the seyeral entrances and exits which occur 
in the year of age, and which, being individually known, we are no 
longer constrained to take at an assumed averagei value. These en- 
trances and exits when combined determine the number a;, viz., 

«=(N + n)-(R-hr); 

and it is now required to find the exact portions of the year of 
age that are occupied by the constituent numbers, N, n, R, r. 

First take the N lives that exist at the commencement, in the 
current year of age ar, and let the exact ages of these lives be seve- 
rally a?-— SNi, a?— SN2, ar— SNj, &c., and let the sum of the various 
fractions of years, 8N1, 8N2, 8N3, &c., be denoted by 28N. 

Similarly, let the exact ages of the n lives admitted in the year 
of age be severally a:— Sn|, x—^n^y x—Sn^, &c., and let the sum 
of the fractions Sni, Sn^, S713, &c., be SSn. 

Again, let the exact ages of the B lives finally existing, in the 
year of age, be severally x — 8R1, a?— 8R2, a?— 8R3, &c., and let the 
sum of the fractions SRi, £R2, SR3, &c., be SSR. 

And, lastly, let the exact ages of the r discontinuances be 
05— Sri, x—Sr2, x—Sr^, &c., and let the sum of the fractions 
Sri, Sr2, Sr3, &c., be SSr. 

Then the more accurate number of lives at risk will evi- 
dently be 

The values of each set of fractions (8N, 8n, SR, Sr), may be put 
down either in decimals of a year or in days. In the latter case 
the sums would have to be divided by 365. The other steps of the 
calculation will be precisely the same as before. 

In Table D the respective sums SSN, SSn, SSR, SSr, might 
be conveniently exhibited in columns contiguous to those which 
contain the corresponding integral numbers N, n, R, r. 

It may be added that the principles of the calculation, as here 
given, are now as exact as might reasonably be required. The only 
hypothesis of an approximate nature is that the various fractional 
intervals at the commencement and at the termination of each year 
of age are assumed to be subject to the same rate of mortality as 
that which obtains for the entire year. If a recalculation were 
made the method of accurately apportioning these estimates, in 
accordance with the results previously found, would be too obvious 
to need any explanation here ; but it can hardly ever be thought 
necessary to expend the resources of calculation upon such minute 
refinements. 
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Before concluding this paper it may not be out of place to make 
a few remarks on some of the existing methods of eradicating the 
irregularities of tabular results. Perhaps, the most prevalent as- 
sumption in these methods has been that of taking the arithmetical 
mean of a group of consecutive values and adopting the result as 
the adjusted value which belongs to the middle of the group. The 
practical operation of taking averages has an imdoubted tendency 
to neutralize errors of a purely incidental kind; but unless the 
process be sound also in theory, it must at the same time be 
attended by the introduction of errors in principle. It is here 
proposed to inquire into the amount of these latter errors, which 
admit of being accurately calculated from a series of differences. 

Referring to my paper on " Interpolation/' vol. xL, page 83, 
" Central Formulae,^' let the general term of a series of values be 
denoted by V;,. and the differences as there stated, and we shall 
have, by the formula (7), 

(«-2X«-iK«+i)/(^)^'L-i,,) 



2.3.4 

(n-3)(«-2)(n-l)n(n +lXn+2)/^^^ . n-\ 
2.3.4.5.6 



'((/)+ %^9)+&^ 



... V^.=(V)+(„+i)a.+ ^>((J)+ !^c.J 
+ 2.3.4 (('^)+^-*i 

V..= (V)- («+iH+ ^>((i)- ^.,) 



(n— l)n(n+l)(n+2), 



(m-'-F-) 



2.3.4 



2.3.4.5.6 

«(w+l)-(2w-hl) 



■((/)- ^..)l-&c. 



(n— !)»(«+ l)(n+2).(2«+l) 
■*■ 2.3.4.5 *' 

(«-2X«-l)n(«+l)(«+2X«+3).(2»+l) . , 
2.3.4.5.6.7 ^' + **" 
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Now, this must evidently be equal to the sum of the 3n+l 
intervening values of the first differences a, which lie between V.^ 
and V||+i. Therefore, the arithmetical mean of these 2n+l values 



-^'+ "2J" ''-^ 2.3.'0 '' 

(n-2Xn-lK«+iy»+2Xn+8) 
2.3.4.5.6.7 



yiH-&c. 



Hence, by analogy in the scheme of differences, we infer the 
general theorem that the arithmetical mean of 2»+l consecutive 

values of V 

n(n+l) in-^l)n(n^lXn+2) , 

-^■^"IX"*"*- 2:3X6 ^ 

(n-2Xn-lKnH-l)(n4-2Xn4-3) 
^ 2.3.4.6.6.7 y-r«^ . - V'*/* 

where V^ b, d, f, &c., are central values in the difference scheme. 
As n is integral the expression becomes completed in n+1 terms. 

Taking the case n=2, we find for the mean of five values the 
simple formula V+A+-J^. 

Therefore the error engendered by assntning the arithmetical mean of 
five valnes to replace the middle valoe is ^nal to the middle second 
difference together with one-fifth of the fourth difference; and as fourth 
differences are nsnally stnall the second difference alone will in general be a 
sufficient indication of the amount of error. 

The following example, with five logarithms, is given as a 
practical illustration : — 



*No. 




DifliBn&ces. 


9 
10 
11 
12 
13 


0*95424 
1*00000 
1*04139 
1*07918 
1*11394 


+ 4676 ^37 
+ 3476"*"' 



5)5*18875 

AyeiBge of fiye yalues 1*03775 
True middle value 1*04 1 39 



Second difference 
^ fourth difference 



- 364 Error 



-360 
- 4 

-364 



That the relation here stated is rigorously exact, whatever be 
the quantities, may be otherwise shown, as follows : — 

The five values being denoted by V.j, V«i, V, V+i, V+a, the 
central second and fourth diiSerences are 
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b- V_,-2V+V+, 

rf= V_, -.4V_, + 6V-4V+,+V+a 
.-. J+irf=KV-»+V-,+V+V+,+V+,)-V 
=mean valae— true middle value. 




The existance of the error here pointed out becomes very ap- 
parent when considered geometrically. In the annexed diagram 
let the five ordinates^ PiMj, PjMa, &c., 
represent the five values. Join the five 
points^ P1P2P3P4P5, throughout the cir- 
cuit by straight lines^ so as to form an 
irregular pentagon^ which^ in the diagram^ 
is distinguished by the shading ; and let 
g be the mean centre of the five points, 
or centre of gravity of the pentagon. 
Then, by geometry, it is well known that the arithmetical mean of 
the five ordinates is equal to the ordinate gm, demitted from the 
mean centre g of the pentagon, or of the five points P, and of 
course diffiers from the middle value P3M3. When the curve on 
which the points P are situated is concave downwards, as shown in 
the diagram, the error is obviously negative, and vice versd. 

In cases where the average is that of a group comprising a 
greater number of values than five, the magnitude of the error is 
of course greater, the formula (h) showing that it varies nearly as 
the square of the number of values that compose the group. When, 
therefore, as many as ten quantities are included, as in the forma- 
tion of the English Life Table, and is necessarily so in everything 
derived from the population and registration returns for decennial 
periods, the discrepency involved by the stated assumption will 
amount to as much as four times the value of the central second 
diflference. 

It is not meant here to make any general exception to the 
simplifications obtainable by means of averages. A decided prac- 
tical advantage, and a desirable reduction of casual imperfections, 
may often be gained by condensing an unadjusted series of results 
in groups ; and such a process is, of course, perfectly legitimate, 
provided the several combinations are only represented to be what 
they really are, and treated accordingly. An instructive example 
of this kind may be found in the account of an investigation of the 
mortality experienced in the Eagle Insurance Company, given in 
vol. ii., page 199, in which Mr. Jellicoe, by grouping together the 
values of the mortality per cent, and discussing the combined 
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results with great skill and judgment, succeeds in distributing 

them into convenient tabular values^ without any displacement of 

the aggregate mortality contained in each of the respective groups. 

The methods of adjusting the probabilities of life by means of 

Oompertz's formula, 

log/,=log*+logy.^, 

are usually carried out by breaking the table up into portions, 
commencing and terminating at certain stated ages, and calculating 
each of these portions from a distinct set of constants. The results 
of all such calculations necessarily have the defect that the dif- 
ferent component curves do not unite continuously at the points of 
juncture.* 

In a former paper, " on Gompertz's Law of Mortality,'' I pro- 
pounded certain generalizations under which a continuous curve 
might be generated, in the foUowing manner : — " As the formula 
contains three arbitrary constants it will follow that if the calcu- 
lated mortality be laid down in a curve, it may be made to pass 
through any three assigned points, and that the assumption of 
three such points will be sufficient to determine the values of the 
constants. But in a curve of mortality that does not conform vdth 
Gompertz's law, the computed values of the constants will vary 
with the position in which the three points are taken ; and if the 
points be assumed to be indefinitely near to each other, the curves 
will osculate in their vicinity. Thus, in general, apy curve of 
mortality may be considered as accurately represented by Grom- 
pertz's formula, if the symbols A, ^, q, instead of being constants, 
are supposed to denote functions of the age x, and to appear as 
variable parameters that usually undergo but gradual changes in 
value/' I have now to make the further suggestion that any curve 
of mortality may be accurately represented by Gompertz's formula 
if any one of those symbols is alone supposed to be a function of x 
and to appear as a variable parameter, the other two symbols being 
retained as constants throughout the curve. The conspicuous ad- 
vantage derivable from Gompertz's formula when thus applied will 
be the mathematical fact that such parameter wiU in general not 
be subject to any capricious changes in value, and will therefore be 
convenient to deal with as a sort of key to the table of mortaUty. 

Take the adjusted Experience Table as an example and let q 
be the variable parameter. Also, consulting the values contained 

* It will be observed that Mr. Jellicoe, in his investigation just referred to, has not 
j&iiled, with the exercise of tact and discrimination, to effect a practical remedy for the 
defective continuity observable at these points. 
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in the table^ vol. x,, page 124^ let the assumed constants be 
log it = 5-20000, log^=— 0*20000 ; so that the formula becomes 

log /.=5;20000-|<?'. 

Then the values of the subsidiary number, log q, may be found 
as follows : — 



Age 


log/= 
logi+log^.^ 


logy.j* 


^ 


«log$ 


1<«9 


10 


5-0000000 


- 0-2000000 


1-0000000 


0-0000000 


•0000000 


15 


4-9851889 


0-2148611 


10743055 


0031127a 


•0020752 


20 


4-9697327 


0-2302673 


1-1513365 


0-0612022 


-0030601 


25 


4-9534456 


0-2465544 


1-2327720 


0-0908827 


•0036353 


30 


4-9359705 


0-2640295 


1-3201475 


01206224 


-0040207 


35 


4-9168801 


0-2831199 


1-4155995 


0-1509404 


-0043126 


40 


4-8957153 


0-3042847 


1-5214235 


0-1822501 


•0045563 


45 


4-8717772 


0*3282228 


1-6411140 


0*2151387 


•0047809 


50 


4-8420910 


0-3579090 


1-7895450 


0-2527426 


•0050549 


55 


4-8025617 


0-3974383 


1-9871915 


0-2982397 


•0054225 


60 


4-7479786 


0-4520214 


2-2601070 


0-3541290 


•0059021 


65 


4-6698188 


0-5301812 


2-6509060 


0-4233943 


•0065138 


70 


4-5543316 


0*6456684 


3-2283420 


0*5089795 


•0072711 


75 


4-3820170 


0-8179830 


4-0899150 


0-6117143 


•0081562 


80 


41235250 


1-0764750 


5-3823750 


0-7309740 


-0091372 


85 


3-7337588 


1-4662412 


7-3312060 


0-8651755 


•0101785 


90 


3-1202448 


2-0797552 


10-3987760 


1-0169822 


-0112998 


95 


1-9493900 


-3-2506100 


16-2530500 


1-2109348 


•0127467 


100 


— 00 


-co 


00 


00 


00 



The resulting values of log q, contained in the last column, 
judging by their progression, appear to be somewhat tractable. 

Moreover, the principle originated by Gompertz also suggests 
another practical method of simplifying a discussion of the unad- 
justed results of a mortality table. Let F^= log (log 4 — log 4+0 
denote the logarithm of the logarithm of the reciprocal of the 
probability of a life, age x, surviving t years. Then since, according 
to Grompertz's law, a series of such values, viz. P^., P«+*, ?«+»> &»•# 
should be in arithmetical progression, we may at least infer that 
they are approximately so, and conclude that, in consequence of the 
smallness of their second differences, they must be a convenient set 
of numbers to have recourse to for the purposes of adjustment, so 
as to obtain a suitable continuity of progression in the final table. 
But, after the unexpected length to which this paper has already 
extended, I must forego any detailed discussipn of what might be 
accomplished by the expedient here suggested, which would seem 
to have some promise of being not only interesting but of real 
practical utility. 
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CORRESPONDENCE. 

MR. STEPHENSON'S LETTER ON THE VALUE OF OPTIONS. 

To the Editor, 

Sib, — ^I yenture to think that Mr. Stephenson has not correctlj defined 
the weak point in the Government Annuity Table, commented on by him 
in the April number of the Journal. 

The benefits proviHed for by the table, in return for a single premium 
to be paid, are* (1) an assurance for n years of the amount of the premium, 
payable should the assured die within that period; and (2), an annuity 
to be entered on at the exjnry of n years, provided the assured is then 
aliye. 

It appears further to be a condition of the transaction, that, in the event 
of the assured wishing to surrender his policy before entering on his annuity, 
the surrender value to be allowed him is to be limited to the amount of 
payment first made. Practically we might assume that the advantage to 
the Government by such a return is no greater than to form a legitimate 
profit on a surrender policy; at any rate, in the absence of data as to the 
proportion of policies thus givet up, it is impossible to form any estimate of 
the probable gain from them. ^ 

It follows, therefore, that, for payment of a single premium of £1, the 
deferred annuity to be granted, allowing for the short assurance, is, by 
commutation table formula, 

D,-(M,-M^) 

and that the single premium for an annuity of £1, expressed in terms of 
'Column N, for comparison with Mr. Stephenson's formula for it, is 

K 



(l-t;)(N^i-N^.O+I>^' 

After forming a correct estimate of the deferred annuity benefit, Mr. 
Stephenson proposes to deal with the payment as of one where the Govern- 
ment are to be in the receipt of the interest of it only for n years, receiving 
the principal at the end of that term should the assured be then alive, and 
thus providing for the contingency of his death. 

The present value of such a payment, where the single premium is 
nominally £1, is (r being the interest) 

but this does not truly represent the Govo'nment scheme of payment, inas- 
much as if the assured die, the repayment to his representatives of £1 
being made only at the end of the year of death, a year's interest has 
accrued thereon, for the disposal of which Mr. Stephenson's formula has not 
provided, causing the difference between it and the one first above written. 
Of course there is no consideration of surrender value enters into the 
question. 

I am, Sir, 

Your most obedient servant, 

Aberdeen, 6th June, 1866. H. AMBROSE SMITH. 

* I have not seen the table, but adopt Mr. Stephenson^s description of it 
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ON THE VALUE OP OPTIONS IN CERTAIN CONTRACTS. 

To the Editor. 

Sir, — Mr. Stephenson's problem on " Options" continuing to excite a 
good deal of interest, I shall be obliged if you will allow me space for a 
somewhat foil discassion of it. 

As stated by Mr. Stephenson the problem is: — ^To find the single pre- 
mium for an annuity [of £1] during the remainder of a life {x) after n 
years, with the condition that the premium is ^' returnable," without interest, 
on death or at the option of the purchaser, at any time prior to the com- 
mencement of the annuity. 

To put this into shape for solution, Mr. S. directs us to consider the 
single premium, P, as a capital producing in interest Pr per annum; and 
that this interest, treated as a premium payable at the end of the year, will 
purchase a certain amount of annuity, to be entered upon in n years. Also, 
that the capital P being then invested in the purchase of a further amount 
of annuity, since the whole of the annuity purchased is to be £1, we 
shall have an equation that will enable us to determine P. 

I remark in passing, that the portion of the benefit during the n years 
here contemplated is slightly difierent from that in the problem. According 
to the latter the return is to be P, at the instant of death or withdrawal, 
the amount of which at the end of the year will be P(l+r)*. By the 
other arrangement the amount in the hands of {x) or his representatives, at 
the same period, would be P(l+r), since, no premium being payable during 
the year of death or withdrawal, the parties entitled will be in possession 
of both P and the interest on it for that year. This is a small matter, 
however. 

Mr. Stephenson's solution of the problem, as here modified, is equivalent* 
to the following : — 

The present value of the premium Pr, payable at the end of each year 
for n years, is 

and if a be the annuity that this will purchase, we shall have 



Also, if a be the annuity that P will purchase at age ar+w. 
Hence, by condition, 

which gives 

N 

Now there is a gross paralogism in this process : the very first step is 
vicious. Pr(N,— N<p+„)-r-D, is the value of the premium Pr when it is 
determinable (during the first n years) by the death of (x) only; but it is 



1866.] Correspondence. 105 

not the value of the same preminm when it is determinable also at the 
pleasure or the caprice of (ar) by the withdrawal of P.* It is as repre- 
senting this last-named value that it is employed in the foregoing process, 
which is therefore vitiated throughout. And the value of P here found is that 
corresponding to the legitimate signification of the expression referred to; 
and consequentlj no provision is made in it for the option of withdrawal. 

I shall show this otherwise. Mr. Stephenson's benefit, divested of the 
option danse^ and supposing, as above, that the amount of the return at 
the end of the year of death is P(l+r), consists of, first, an annuity of 

N 
£1, deferred n years, whose present value is-r~^ ; and secondly, a tem- 

porary assurance for n years of P(l + r), whose present value is 

PD,=N^.+P(1 + r)(M.-M^); 

solution of which ^ves * 

N 

Now (1) and (2) are identical in value: each of them gives, for ar=50 
and n=10 (Carlisle, 4 per cent), P=6-30295. And diey will become 
identical in symbols also if in (2) we substitute for M, and M,^.^ their values 
as given by the relation M,=D,— (1— t?)N,.i=D,— (1— t?)(D,+N,). 
It is thus abundantly shown (although it looks like trifling to offer formal 
demonstration of so plain a matter) that a method which ignores the pro- 
bability of withdrawal does not, and cannot, assign the true value of a 
benefit which depends partly on that probability. 

If the value of P when returnable at the moment of death is required 
(and still, of course, without the option of withdrawal), we have merely to 
write (1+r)* for 1+r in (2), which thus becomes 

N 
D.-(l+r)*(M,-M^) ^''>' 

And this gives, for the same values of x and n as before, P=6*2828. 
Or, finally, by omitting from (3) the factor (1+r)* we get for the value 
of P, when returnable at the end of the year of death, 6263 13. 

The benefit described in the problem, however, is altogether delusive. 
It seems to have been devised with the object of enabling the purchaser to 
made a provision for advancing years, while retaining at the same time a 
certain amount of control over his capital. If so the object can be attained 
more simply and more eflBcaciously otherwise. Let the intending purchaser 
retain his capital in his own hands, and, when his necessities so require, 
let him invest its improved amount in an immediate annuity, and he will 
find that he has done just as well as he would have done by the arrange- 
ment in the problem, while he has retained his control over both the capital 
and its interest. 

To prove this: — Let the capital as before be P. Its amount in n years 
will be P(l+r)"; and, if this sum be invested in an annuity of £1, we 
shall have 

* This is very clearly pointed out by Mr. Younger at p. 55 anU. 
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P(l+r)"=-^; 

For x=:bO and a;4-w=60, (1) and (2) give, as we have seen, 
P=6-30295; whOe (4) gives P=6-62820. This slight increase in the 
value of P is the equivalent for the advantage of being relieved from the 
risk of losing the interest in the event of death during the n years. 

For the proper solution of Mr. Stephenson's problem it is (or ought to 
be) obvious, that we require to know the law that governs the withdrawals 
as well as that which governs the mortality, the influence upon the result 
exercised by the one of these elements being entirely analogous to that 
exercised by the other. In attemptmg a solution of the problem therefore, 
as a matter of scientific interest, it is necessary to assume a law of with- 
drawal. This is done by Mr. Younger in the solution given by him in the 
last number of th*e Journal^ pp. 55 to 58; and in that which I am about to 
offer I shall employ the same law. Of Mr. Younger's solution I shall now- 
only say, that I consider the analysis he employs as of a much more 
refined character than the circumstances of the case require. 

If \g denote the number of policies at age x^ the numbers of these 
remaining in force at the end of 1, 2, . . . ^— 1 years, will be denoted by 
X^i, \^2> • • • ^H-'-i> respectively. Now, let the law of withdrawal 
be, that the number of withdrawals in each year is the fraction k of the 
number of policies in^ force at the beginning of the year; so shall the with- 
drawals during the 1st, 2nd . . . ^h years be severally denoted by kX^, 
k\f+i . . . k\g+t^i. Let also the withdrawals of each year, and in like 
manner the deaths, be uniformly distributed over the year. 

The decrement of the tth year, if there were no withdrawals, would be 
the product of X^^-i ^7 the probability of (x+t^l) dying in a year. 
The withdrawals during the year are A;\^,_i, at equal intervals therein, 
which is equivalent, as regards the operation of mortality, to the whole 
taking place in the middle of the year; and this again is equivalent, 
in the same sense, to one-half taking place at the commencement of the 
year, and the other half at the end. Hence the number exposed to the 
risk of mortality during the whole of the ^h year will be denoted by 
^*+*-i— i^\r+*-i> ^r \x+t^i(l—^k)y which gives for the portion of the 
decrement due to mortality \t+t^i{^''P,+t^i){^-^ik); and adding to this 
the portion due to withdrawals, ^X«+i_i, we get for the total decrement of 
the ^th year, 

\^i.i{(l'-Ps+t.\)(l-ik)+k}. 
Hence, 

And if we denote by 'Br^+t-i the probability that a policy in force at the 
be^nning of the ^h year will not be extinguished that year, but will 
remain in force at the end, we shall have 

'aT,+,_i=3 -^i^ =(1— i^K+r-i— i^. 
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From the nature of this fdnction we shall obviously have 

and hence, with any assumed value of \« as a radix, we shall be able to 
form with facility a table of the number of policies in force at the end of 
each successive year, up to age X'\-ny at which the power of withdrawal 
ceases. The number then in force being subject to diminution by mortality 
only, the portion of the table from this point will be identical with the 
corresponding portion of the mortality table if the radix \, be so assumed 
that X.,.^ shall equal Z^^^^. This is a matter easily arranged. 

Mr. Younger, in his example, employs the Carlisle mortality, and 
assumes ^=^=-05. I have formed the following table on the same 
hypotheses, to facilitate the comparison of my result with his. It coin- 
cides with the Carlisle table at 60, the age at which, in Mr. Younger's 
example, the power of withdrawal ceases and the annuity is entered upon. 

Policy Table. 



X* 


K 


Deaths and 
Withdrawals. 


Deaths. 


Withdrawals. 


50 


7380-54 


465-58 


96-56 


369-02 - 


51 


6914-96 


442-10 


96-36 


345-74 


52 


6472-86 


419-56 


95-93 


323-63 


53 


6053-30 


397-97 


95-31 


302-66 


54 


5655-33 


375-94 


93-17 


282-77 . 


55 


5279-39 


356-22 


92-26 


263-96 


56 


492317 


337-35 


91-20 


246-15 


57 


4585-82 


322-72 


93-43 


229-29 


58 


4263-10 


313-76 


100-61 


21315 


59 


3949-34 


306-34 


108-87 


197-47 


60 


3643-00 


122-00 


122-00 





This table, after what precedes, stands in need of no explanation. The 
last two columns, which show the deaths and withdrawals separately, have 
been added to afbrd the means of testing the accordance of the table with 
the laws used in its formation. 

The most convenient way of adapting for use the data with which we 
are now furnished, will be to form by means of them a commutation table. 
This I have done as follows: — 

Commutation Table. 



X. 


D'. 


N'^ 


M'.. 


50 


1038-536 


9385-130 


637-625 


51 


935-600 


8449-530 


574-632 


52 


842-097 


7607-433 


517-116 


53 


757-225 


6850-208 


464-632 


54 


680-233 


6169-975 


416763 


5& 


610-591 


5559-384 


373-284 


56 


547-492 


5011-892 


333-670 


57 


490-362 


4521-530 


297-597 


58 


438-321 


4083-209 


264-415 


59 


390-443 


3692-766 


233-396 


60 


346-305 


3346-461 


204-275 
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The rate of interest involved is 4 per cent., and the table coincides with 
Mr. Jones's Table XIII. (p. 295), at age 60. To distinguish values affected 
by "withdrawal, I accent the letters designating the columns in which they 
are found. It is, of course, indifferent whether the values belongiug to age 
60 be accented or not. 

The table is adapted to the treatment of any case in which x is not 
less than 50 and the age at which the annuity is to be entered upon is 60. 
In Mr. Younger's example a; is 50; and the formula of solution is evidently 
(3), which for these values of x and x-{-n becomes 

p_. -^'so 

D'5o~(l-04)*(M'6o-M'6o)* 
The arithmetical operation is as follows: — 

M'50 637-625 
M'eo 204-275 

433-350 log 2-636839 
(l-04)i „ 0-008517 

441-933 „ 2-645356 
D'50 1038-536 

596-603 „ 2-775685 
N'eo 3346-46 „ 3-524586 

P 5-60920 „ 0-748901 

The value here found for P, 5-60920, is less than that given by (3), 
6*2828, which is the value when there are to be no withdrawals. Mr. 
Younger, however, finds for it 9-4157, which is no less than 50 per cent, 
greater than that given by (3), as above; and he intimates his opinion 
that this is what ought to be. It appears to me likely that the opinion 
thus indicated is merely an inference from his numerical result, since a 
very little consideration suffices to show that the value here ought to be 
less than that given by (3), and not greater* Every extinction of a policy 
previous to the age at which the annuity is to be entered upon (and for 
some years after) is a decision of the risk on the policy extinguished, in 
favour of the Office; and hence the introduction of a condition that will 
increase the number of such extinctions requires and necessitates, for the 
preservation of the equitable character of the transaction, a diminution and 
not an increase of the premium. The power to withdraw is thus not a 
privilege accorded to the policy-holder, and for which he ought to be made 
to pay, but a concession made by him, in consenting to abandon his claim 
to the annuity in consideration of receiving back only the premium he has 
paid. This being so, then, it follows that Mr. Younger must have fallen 
into error in his solution of the problem. That he has done so I proceed 
to show. 

We have seen that the expression (3), which, if applied by means of 
the ordinary table, gives the value of P when there are to be no with- 
drawals, gives the value also, if applied by means of a suitable table when 
there are to be withdrawals. The expression is 

p— ^*-H» 

D,-(l+r)*M.,/ 



1866.] Correapondenee. 109 

and it becomes, on di^ddon of numerator and denominator bj D., 

P*=- 



1 N^. 



(l+r)*M,|. D, 
D. 
or, writing Q for i !!" ■ ''* , which ia the value of a return of £1, 

' 1 N^ 

This is Mr. Yonnger's expression, which, being thus identical with mine, 
onght, if properly applied — if the proper values of the elements composing 
it be made use of — ^to give the same numerical result Mr. Younger, by an 
analytical process, which I think I am warranted in calling unnecessarily 
refined, determines an expression for Q which enables him to assign *42556 
as its value in the case in hand, which value difiers but little from that 
given by my table — namely, '425534. It is in the remaining element of 
the expression then — ^the annuity value — ^that the principal source of the 
discrepancy must be sought. Accordingly we find that Mr. Younger here 
uses the ordinary deferred annuity value; and in so doing — ignoring one 
of the contingencies on which, during the first 10 years, the value of the 
annuity depends — he, singular to say, commits an error precisely similar 
in character to that which he points out as vitiating Mr. Stephenson's 
investigation. The efiect is, that the valu^ thus assigned to P is one that 
will provide an annuity not only for those who neither die nor withdraw 
during the 10 years, but also for such of the latter class as shall survive 
the term! 

Using the annuity value derived from my table, and Mr. Younger's 
value of Q (in which there is probably some arithmetical error), his formula 
gives for P, 5 '60944,* Using also my value of Q, it gives, of course, 
5-60920. 

I must apologise for having occupied so much space. I hope, however, 
it may be found that something has been done towards the elucidation of 
the various points of interest that have arisen. 

I am, Sir, 

Yours most obediently, 
London, lUh May, 1866. P. GRAY. 



ON MR YOUNGER'S LETTER^ AND ON THE GENERAL SOLUTION 
OF PROBLEMS INVOLVING DISTINCT CONTINGENCIES. 

To the Editor. 

Sib, — ^After the non-success of my endeavour to convince Mr. Stephen- 
son of the failure of his attempt to solve a new problem in life contingencies, 
I declared my intention of retiring from the contest; as I felt satisfied that 
a continuance of the discussion with an opponent who (in the face of the 
evidence I had adduced) still adhered to his notion that he had succeeded 
in determining the valtte of the " option of withdrawal," was not likely to 
lead to any useful result. The subject, however, having been taken up by 
Mr. Younger, in an able letter published in your last Number, wherein that 
gentleman (after endeavouring to point out the source of Mr. Stephenson's 

• See Mr. Younger's letter, p. 1 18.~Ed. J, L A, 
VOL. XIII. I 
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singular error) proceeds to reduce the problem within the bounds of possi- 
billt7 — so far at least as regards its theoretical solution — hj assuming the 
existence of a definite law of withdrawal, I now venture to request the 
favour of some further space for the discussion of the subject on its new 
footing. 

Whatever opinion may be entertained of the practical value of the 
inquiry (on which point, befoi^e concluding, I shall have a few words to say), 
there can be no question that the investigation of the problem, on the basis 
upon which Mr. Y. has placed it, is a perfectly legitimate subject for the 
pages of the Journal^ even if it be regarded merely in the light of a mathe- 
matical exercise. I propose, therefore, in the first place, to show wherein 
Mr. Yoanger has eired in the solution which he has given ; and in the 
second, to point out what appears to me the trne mode of dealing generally 
with problems of this and of a cognate character. 

That Mr. Younger's solution is erroneous is apparent from the result of 
his numerical example. For he finds that, upon the hypothecs of each 
year's withdrawals being one-twentieth of the n amber existing at the begin- 
ning of the year, the premium for an annuity on a life aged 50, deferred 
10 years, receives an addition, consequent upon the introduction of the 
option of withdrawal, of no less than 50 per cent. ! Now I am prepared to 
maintain, that, in consequence of the " value" of a policy of this description 
being (as I had occasion to point oat in a former letter) always in excess 
of the amount of the premium paid, it must inevitably follow that the limi- 
tation of the sum to be received on withdrawal to the amount of the pre- 
mium only^ must, as a matter of calculation, have the effect of reducing the 
premium instead of raising it. And examining Mr. Younger*s equation of 

N 
condition, Q.P,-|- -=^ =P,» where Q denotes the value of £1 to be paid 

at death or withdrawal, we may see at once that it contains a very material 
error, inasmuch as it assumes that the value of the annuity is i^ected bj 
the risk of death only, in the period daring which it is deferred. The 
equation, in fact, expresses the condition necessary for determining the 
value of a deferred annuity with the return of the premium in the event of 
death, and also with the option of receiving a gratuity of P« (uncondition- 
ally) any time before the annuity commences — assuming, of course, that the 
number who in each year will avail themselves of this option will be limited 
in accordance with the supposed '^ law of withdrawal.'' 

But independently of the oversight here adverted to, I find fault with 
Mr. Younger's solution as being by no means the simplest which the problem 
admits of. For if we consider the actual effect of the introduction of the 
contingency of withdrawal, we shall see, first, that its operation is con- 
fined to the period intervening between the date of the contract and the 
commencement of the annuity; and, secondly, that during the period in 
question its effect is identical with that of the risk of death. We have, 
therefore, in dealing with the problem, merely to form a table of the numbers 
remaining from year to year in a body or community subject to the com- 
bined action of death and withdrawal from age x (supposed to be the age 
at entry) to age x-\-n, at which the annuity is to bo entered upon; and 
then to continue it from the latter age upon the supposition that the mem- 
bers then remaining are affected by the risk of death only. The usual D 
and N columns being formed from a table so constructed, the ordinary 
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fommla for a deferred aniraity with the retnm of the preminm at death, 

N 
viz., rrr r= —^ r — — — , sHould givc the value of the proposed 

benefit. 

Seeing, then, that the whole difficulty of the problem lies in the con- 
struction of a table of the values of X«, or the numbers remaining, at 
each successive year of age, among a body of members subject to death 
and withdrawal, I shall cdnfine myself (so for as regards this part of my 
subject) to the consideration of the best means of efi^ting this object. 
And first I observe that, in the numerical solution of his problem, Mr. 
Younger assumes that the number withdrawing in each year bears a con- 
stant proportion to the number entering upon the year — ^an assumption 
which involves the supposition that the inclination or disposition to with- 
draw increases with the risk of death, for otherwise the proportion of yearly 
withdrawals would become less as the average quantity of existence enjoyed 
during each year diminishes. I shall, on the other hand, assume the law 
of withdrawal to be entirely independent of the law of mortality — a suppo- 
sition which, besides being somewhat more consistent with reason, will, I 
think, be still more fully justified by the simplicity of the results to which ' 
it will lead us. 

With the view of generalizing the investigation, and of adapting it to 
the assumption last mentioned, let us (in the first instance) discard the ideas 
of death and withdrawal, and suppose merely that the body or community 
under observation, is subject to two independent contingencies, neither of 
which can occur more than once to the same individual, but the happening of 
either of which will in no way affect the occurrence of the other. Let p 
denote the probability that, in reference to any particular individual, a 
year will elapse without the occurrence of the first contingency (which we 
will designate by cj), and p the same probability as regards c^ , the second 
contingency. We shall then have the following five possible cases: — 



Case. 


Eyent. 


The probability of which is 


1 
2 
3 
4 
5 


That neither ci nor C3 happens. 
That e\ happens and 03 not. 
That cs happens and c\ not 
That ci and 0% both happen : e\ first 
„ w ca first 


PP- 

(i-py. 

(1 'P)p- 

4(1 -;,)(1 -;/).• 

4(1 -pXI -p ).• 



By combining these elementary cases, we obtain the following three, 
which are all we shall require for the purposes to which our conclusions 
will be applied: — 



Cases. 


Event 


The probability of 
which is 


1 

2 and 4 

3 and 5 


That neither ci nor C3 happens. 

That ci happens, ca not haying previously occurred. 

That cj happens, ci not having previously occurred. 

• 


ftp'. 

4(1-Jt>)(l+/). 

4(l-p')(l4-p). 



* According to the hypothesis usually resorted to in life contingencies, viz., that if an 
event is certain to happen in a given year, it is as likely to occur in any one part of that 



year fa in any other part 



I 2 
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Let the contingency c^ now represent death, and c^ withdrawal; let the 
age of the individaal be ar, and let /?, and /?', denote the respective proba- 
bilities of surviving, and of non- withdrawal, for one year — ^the former 
determined upon the supposition that there are no withdrawals, and the 
latter upon the supposition that there are no deaths. We shall then have, 
by substitution in the last table, for the probability that the individual 

(1) remains to the end of the year (t.c., that he 

neither dies nor withdraws) . . . p^.p'si 

(2) disappears by death within the year . . i(l—;',)( !+/>',); 

(3) disappears by withdrawal within the year . ^(1— -/?',.)( 1+J»jr)- 

These expressions afford a very easy mode of constnicting a table of 
(\^), the numbers remaining at the expiration of each successive yeai' of 
age, as well as of the deaths and withdrawals at every age; and it will be 
seen that the formula are precisely the same as would be used for calcu- 
lating the probabilities of joint existence and of survivorship between two 
lives of equal ages, but subject to different laws of mortality. It is also 
evident that with the functions in question tabulated for every age we shall 
. be furnished with every requisite for calculating directly the values of all 
contingencies depending u]:)on the probabilities of death and withdrawal, 
whether separately or in combination with each other. 

Let us now suppose that the disposition to withdraw does not vary, 

and put j»',=A;' a constant quantity. We then have-—^ = -y^ • k\ and 
generally -^ = -y^ k'^, a condition which is satisfied by making \^Jc*, 



** '* 



I shall now apply the results we have obtained to the consideration of a 
question of some practical importance, viz., the determination of the rates 
of premium to be charged for assurances on the lives of persons exposed to 
risk of death from extraneous causes — that is, from causes independent of 
the ordinary law of mortality. The usual (perhaps I might almost say the 
invariable) way of dealing with these cases is to charge a fixed extra pre- 
mium, irrespective of the age of the party or of the nature of the assurance, 
which extra premium is discontinued when the extra risk ceases to be 
incurred. Now the foregoing investigation shows that we have already at 
our command the means of determining the proper extra premium for every 
case in the ordinary D and N columns calculated at difierent rates of 
interest, for we have seen that the constant extra risk (represented by Jc) 
afiects these functions precisely in the same way as the interest of money. 

I shall not attempt to determine the difierence between the ustud mode 
and the correct mode of dealing with these risks in all the various forms in 
which the cases may present themselves, but shall confine myself to the 
following specimens of two of the more usual ones, viz., single life assurances 
for one year and for the whole term of life. The formula for an assurance 

for one year on a life exposed to extra risk will be vil ^ J 

=:t,[l--^^A;')=t;-^rr = t;~^i;' (putting k'v=v'). If we 

jy 
denote l^v' by D'^, this becomes v -^ . Again, representing 

■^ X 
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(D'^,H-iy^ji+ . • . )-f-D', by o',, the formula for the annual premium 

for a whole life assurance becomes-; ; (1— r). By these formulae 

l+a, ^ ^ ^ 
the values in the second division of the following table have been computed, 

vU or V being taken=l*06"*. 

Carlisle MoriaUfy — Interest 4 per Cent. 
Annual Premiums for an Assurance of £100, with a Loading of 

30 per Cent. 



Agfi. 


I. Without vztba Ruk. 


II. With bxtea Risk. 


III. DiFFBBKirca. 


Aga 


One Tear. 


Whole LIUb. 


One Year. 


Whole Life. 


One Tear. 


Whole Life. 


20 
40 
60 


£ 8, d. 

17 8 

1 12 7 
4 3 10 


£ 8. d, 

I 14 3 
3 19 
7 3 10 


£ 8. d. 
3 4 5 
3 19 1 
6 9 4 


£ 8, d, 
3 15 3 
5 
8 19 6 


£ 8. d. 
2 6 9 
2 6 6 
2 5 6 


£ 8, d. 

2 1 
1 18 3 
1 15 8 


20 
40 
60 



We see by this table, that when the extra risk is not influenced by the 
age of the individual, the practice of providing for it by a fixed addition to 
the annual premium is a very clumsy and inefficient one. In the case of 
** whole life" assurances the extra premium required is greater (and not 
insignificantly so) at the lower than at the higher ages; while it is materially 
greater in " term" than in "whole life" assurances. 

A few words now, in conclusion, in reference to the practical utility of 
Mr. Younger's assumed " law of withdrawal." We have seen that, in the 
particular case to which it has been applied, the efiect of its introduction 
into the calculation must be to reduce the premium; and, therefore, I think 
nothing more need be said against its application to problems of this class. 
Nor, in my opinion, would it be a whit more reasonable if applied to cases 
where the ''value of the policy" is less than the amount of premium paid 
npon it (which is always the case where the interest on the premium paid 
is insufficient to cover the risk incurred), and where, consequently, the 
option of withdrawal would have a positive value. For in that case those 
policy-holders who refrain from exercising the option (which they are sup- 
posed to have paid for) are at a disadvantage as compared with those who 
avail themselves of it; and it would in reality be to the interest of the 
former to withdraw for the purpose of eflecting new assurances with the 
premiums refunded to them. To illustrate this point, let us suppose that 
an ordinaiy life assurance is efiected (by an annual premium) with the 
condition that, during the frst year only, the option of withdrawal shall be 
allowed. Let us suppose, in the first instance, that no extra charge is 
made for this option; then, starting with the assumption that the value of 
the policy at the end of the first year is less than the premium paid, or that 

^ -(l-r); [1] 



1— i±ff±i < 



that is, 



l + «. 



1+a, 



(i+'y^+iX^^+i—^x) < ^ 



«» 



L2] 



(ir, denoting the pure annual premium), we sec from [2] that this inequation 
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holds good if for pure we snbstitate loaded prominmB, whether the loading 
be in the shape of a constant percentage, a constant addition, or a combina- 
tion of the two. For in the first case we should have 

( 1 + o.+iX^'^^i — t"^.) < cwt> [3] 
which evidently follows from [2] In the second 

(1 +«x+iX'»",+i + c— ir,-fc) <wv4-c, [4] 
or (l+«H-i)(^*+i— O < 7r, + c, 

which also follows evidently from [2]. And the third case is already 
proved, as it follows from (3) and (4) by precisely the same processes. 

It appeal's, then, that whatever be the nature of the loading, 
'•'',> (1 -f«iH.i)('r'„+i — 7r',), whore ir^ denotes the loaded premiam, follows 

from- (1 — r) > 1 :; — — ; and, indeed, a little attention to the 

preceding process will show that the ineqnality is increased by the loading. 
Now (1 +«,+i)(^',+i— tt',) is the equivalent which an Office would require 
to be paid for grantiug a new assurance at age x-^1 at* the rate of premium 
for age x; and as this has been shown to be less than x-p, it appears that 
when no extra charge is made for the option of withdrawal, the policy- 
holder would derive an advantage by withdrawing and effiecting a new 
assurance in the way indicated. But if tt', is greater than (l+o^t+i) 
(tt'^i — tt',), still more so is ir'.-f-c, e being any positive quantity. So 
that the imposition of an extra charge (e), to cover the risk of with- 
drawal, merely has the effect of increasing the inducement to withdraw — 
viz., the saving which the policy-holder would effect by availing himself of 
the option allowed him for the purpose of effecting a new assurance. 

For convenience of illustration I have restricted the option of with- 
drawal to one year; bat I submit that my example is sufficient to show 
that the system — if a practical application of it should ever be attempted — 
would rest on a very sandy foundation. As observed in my letter which 
appeared in July last, the option of withdrawal (being a contingency 
depending upon the toiU of the individual) is not a benefit susceptible of 
valuation, and it can be safely allowed only where the value of the policy 
is equal to or greater than the premium paid — or, in other words, either 
where there has been no risk incurred, or where the interest on the premium 
paid is alone a sufficient compensation for the risk. In such cases no extra 
charge is necessary; but whether thef option should not, in certain instances, 
be subject to a restriction as regards the health of the policyholder, is a 
question altogether foreign to the points I have touched upon. 

I remain. Sir, 

Your very obedient servant, 

London, 2Uh May, 1866. W. M. MAKEHAM. 

ON THE TABLES OF DEFERRED ANNUITIES AS PUBLISHED BY 

THE GOVERNMENT. 

To the Editor, 

Dear Sir, — Since I wrote to you last year on the question of options, 
&c., two letters have appeared in your Journal on the same subject; one 
by Mr. Makeham and the other by Mr. Younger — both writers differing 
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much from me^ bat more from each other— -the latter offering a mathe- 
matical solution of the problem, purporting to show that '* a very moderate 
sapposition of the probability of withdrawal increases the premium more 
than 50 per cent.;** a problem which the former has declared to be 
** impossible,** as the value of such policies always exceeds the premiums 
paid upon them. Before, however, more particularly noticing the letters of 
these gentlemen, I beg to submit to their serious consideration the following 
hypothetical case for the opinion of any actuary. 

A. B., aged X years, has paid the principal sum of £1 to C. D., on the 
trusts following (that is to say): — 

1st. To invest the interest on the above sum, year by year, in the 
assurance of an annuity to be continued during the remainder of the life of 
A. B. after n years. 

2nd. At the end of the said term of n years to sink the above sum of 
£1 in the purchase of an immediate annuity payable during the life of the 
eaid A. B., who will then (if alive) have attained the age of x-^n years. 

3rd. The above trusts are subject nevertheless (as far as the principal 
snm is concerned) to an absolute power of revocation by the said A. B., his 
executors or cuiminuttratorsj at any time during the said term of n years. 
Should the power of revocation be exercised, all claim to interest is abandoned. 

Mr. is requested to state what amount of annuity can be assured 

bj the above payment of £1 ; and further, to point out whether the benefits 
secured under the above arrangement differ from those offered by the 
Government under their scale for assuring deferred annuities, with the 
return of the premium at death, or, at the option of the purchaser, at any 
time before the annuity commences; and, if so, in what respect? 

I submit that the inevitable answer to the above case will be — 

1st. That the interest on the sum of £1 will assure a deferred annuity 



2nd. That the principal sum of £1 will, at the age of x+n, purchase 
an immediate annuity of = ^=^ , making together a total annuity of 

i ^ 1 _ (N,-N^)i-hD^ 

Srd. That as, under the powers of revocation, A. B. can recall the 
principal sum of £1 at any time during the term, and as his executors or 
administrators can and will, under the same power of revocation, do so at 
his death, it necessarily follows that the benefits conferred under the trust 
are identical with those assured under the Government scheme, but generally 
at a much lower price. 

This answer is the reciprocal of the formula which I gave in my first 
letter, which made 

'~ _L . JL ~ (N.-N^)f +D^ • 
But if this be not the iru« preminm for die assnnnce of the deferred 
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annuitj, it most be either too high or too low; if too high there most be a 
profit, if too low there mast be a loss. 

Now, as the only element to be determined (as fiv as the option is con- 
cerned) in this '* new and impossible problem" is the tme value of p^^n 9 it 

is in this quantity alone that profit or loss can arise; and it is quite clear 
(a true table of mortality being assumed) that nothing can accrue on this 
head except possible profit from the forfeiture of interest on the withdrawal 
of healthy lives. 

Ought this profit, contingent on the forfeiture of policies, to enter into 
a calculation for determining the true premium for any assurance? In my 
opinion, clearly not; and I should most fairly have "laid myself open" to 
adverse criticism, had I, when impugning the correctness of the Government 
tables, based my objections, even in part, on thdr not having taken into 
consideration this equivocal source of profit. But should any of your 
readers think otherwise, nothing is easier than to determine the value of 
/'«7I by another table in which the decrements at each age during the term 

are so increased that they may accord with any theory as to the number of 
forfeitures or withdrawals which experience may suggest, in which case, 
calling the new premium p^-^ , and substituting in the original equation, 

1 

we get P.= — : =— , which is an exact solution of the problem under 

these conditions, still further reducing the value of P«, and proving that 
were it not that the option renders it necessary to pay everybody at the 
moment of claiming, there would be no pretence for charging more than 
the ordinary premium for return at death only. 

If we apply this formula to the illustration given in Mr. Yonnger's 
letter, in which the age of entry is 50, the term 10 years, the probability 
of withdrawal at the beginning of each year =*05, and the table the 
Carlisle 4 per cent., we shall find that P.=5*69, instead of 6*303 which 
is the true value as deduced from the original equation. 

Having said thus much in support of my solution of the problem, I will 
now more particularly direct your attention to that ofiered by Mr. Younger, 
whence it appears that he has arrived at the conclusion that 

p — ^*+» 
^•-(l-Q)D/ 

A glance at the form of this equation at once tells us that P, increases 
as Q increases, until, when Q=l, the denominator vanishes, and P«= od. 
The question then arises, what is Q, and is unity a possible value? 

Mr. Younger tells us that Q is the " value of the risk of death and 
withdrawal **; but as all claims are paid at the moment of death or with- 
drawal, it followB that Q= 1 on the supposition that all the members die or 
withdraw during the first year. His formula thus shows that the premium 
for assuring an annuity which by hypothesis can never be entered upon, 
is a sum of money infinitely great. This, it is needless to say, is an 
extreme case, but it might easily be shown, in numerous other instances, 
that Mr. Younger's formula makes the value of a deferred life annuity 
greater than that of an immediate perpetuity. 
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One reason whj snch remarkable results are obtained is, that the 

N 
expression -=~^ has been introduced, which, being a function of /«^, is 

inconsistent with the value of Q in which /^^^ has become X^. 

Little need be said in reply to Mr. Makeham's letter, as in it he says, 
that if the problem had been differently stated I should not have laid myself 
open to the exception which he has taken. 

Now, really; if in Mr. Makeham's eyes the solution was unexception- 
able, and his objection was to the mode of stating the problem, *^ Why did 
he not say so at first f* But he has suggested that even his objection to 
the mode of statiug the problem would have been obviated had I under- 
taken '< to show how the assurance might be effected so as to reserve to the 
policy-holder the control over the premium paid, instead of proposing to 
find the premium required for the assurance with the option of withdrawal.'' 

Surely this is a distinction without a difference. How is it possible to 
show how an assurance can be effected, without finding the premium to be 
paid? and how can the policy-holder have the option of withdrawal without 
having ** control over the money," and conversely? 

To my mind it is always a matter of great importance to depart as 
little as possible firom the terms in which a problem is brought before you, as 
by doing so a divergence of views is rendered more immediately apparent. 
Had I proposed it in that which I considered its simplest form, I should 
have done so as follows: — 

What amount of deferred annuity can be secured to a person for each 
payment of £1, the assured reserving to himself and his representatives 
the '^ option" of withdrawing the money so paid (without interest) at any 
time before the annuity commences. 

In this method of treating the subject the option has a more extended 
signification than I had given it in my previous letter, but I have always 
considered this the more correct way of looking at the question, as the 
return of the premium at death is only a particular case of the exercise 
of the option of withdrawal, and it is moreover in conformity with the solu- 
tion in which the deferred and immediate aunuities are alone involved. 

There are several other points in Mr. Makeham's letter which are open 
to objection, but to enter into these would be to depart from those broader 
views which ought always to be advocated in journals devoted to scientific 
pursuits. 

In conclusion I will only add, that in introducing the subject to your 

notice I had no idea of proposing a new theory of the value of options, 

N 
but simply of demonstrating that — — *^. — =r — was amply sufficient 

to secure to an assurer all the benefits proposed to be conferred under the 
Government tables, includiug the '^ option" of the withdrawal of the pre- 
mium paid, at any time during the term, either by himself or his repre- 
sentatives — and I have done so. 

Yours truly, 

London, Uth May, 1866. J. W. STEPHENSON. 
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ON THE VALUE OF OPTIONS IN CERTAIN CONTRACTS. 

To the Editor, 

SiK, — ^The equation of condition at the end of my letter in the last 
Number of the Journal needs a correction, owing to the accidental omissicm 
of a factor. The equation should be 



Q.P.+ ^■. %t= =P^ 



^ -.11 _ ^_ ^ N^4^ 



The annuity portion of the risk is evidently = j-t^.a^j^, or 



I. '"' i^ D 



since y- is the probability that any one of the lives will enter upon the 
annuity. Hence 

Taking the example given in my letter, we have, as before, Q=*42556 
and\io=2170-32; hence- P,= 5-6094. 

To determine the precise effect of the withdrawals upon the amount of 
the premium, we must find what the premium would be if it were return- 
able at the. moment of death and no withdrawals were allowed. In this 

N 
case it is easily found that ?.= .— ^^±2 =6-2828. 

log/l + t)^ •+*^ 

It therefore appears that if the withdrawals which have been assumed 
were certain to take place, the effect would be to lessen the premium, not 
to increase it. 

I did not perceive the omission of the factor referred to until the day 
the Journal was published, otherwise the numerical example before given 
would have been corrected, and the paradoxical nature of its result would 
thus have been removed. 

At whatever time a withdrawal takes place, it is obvious that the 
return of the original premium without interest must leave the Office a 
gainer, because the risk continually increases, while the premium returned 
merely represents the initial value of the risk. Thus the Office is set free 
from a liability without being called upon to pay its fnll equivalent value; 
hence the reduction which takes place in the premium. 

I am. Sir, 

Your obedient servant^ 

316, Regent Street, London, SAMUEL YOUNGER. 

28tA May, 1866. 
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ON THE FORMULA FOR QUADRATURES. 

To ths Editor. 

DsAB Sib, — ^The June nnmber of the Educational Times contains a 
mathematical article '^ On approximation to a curvilinear area," by Professor 
De Morgan, in which he gives the results of a determination of the nume- 
rical coefficients appertaining to the formula usually employed in calculating 
quadratures. The coefficients, according to a method founded on the '' Cal- 
culos of operations," are those of the symbolic expansion of {log (1 + A)}"'. 
They may, therefore, be found to any number of terms by working out, by 
long division, the reciprocal of the series l~-^+^^^+&c. Or, if G, 
denote the nth coefficient, it may be computed^from those which precede it, 
by the formula 

n — ^«-' ^«-« , ^«-a i ^i(=l) 
^"" 2 " 3 "^ 4 ~ "IT"' 

In allusion to these arithmetical values. Professor De Morgan^s interesting 
note concludes as follows : — 

" The coefficients of {log(l + A)}~^ so &r as usually given, are 

1 11 19 3 863 



2' 12' 24' 720' 160' 60480* 

The three next, whether ever before printed I know not, are 

275 33953 8183 „ 

24192' 3628800' 1036800' 

The object of the present communication is merely to point out that, by 
an investigation conducted on the principles of ordinary algebra, the whole 
of these coefficients had already been determined in my paper on *' Sum- 
mation," printed in the JournaL See vol. xL, page 309, where, with 
respect to a series of equidistant ordinates Vq, V|, V^, &c., it is found 
that *•* the curvilinear area bounded by Vq and Vn= 

(Vo+V,. . . . +VO-i(V.+V,)- ^(«^-«)-^(6'+J) 

19 , f y. 3 , - . -. 868 , , . 275 , ^, ^ 

33^^^ (^W)-T7^(^'+^) (Br 



3628800^ "" 1036800 

It will be perceived that this formula includes all the coefficients stated 
by Professor De Morgan. Moreover, the general formula (A) expressing 
the result of the summation of an interpolated finite series of values is 
carried out to the same order of differences — that is, to the eighth order. 
It is, however, to the integration formula (B) only that reference is needed 
on this occasion; and the practical inference to be drawn is, that the 
identity of Professor De Morgan's numerical coefficients with those pre* 
vionsly determined by a process so entirely different may be accepted as a 
satisfactory proof of their accuracy. 

I am, dear Sir, 

Yours most truly, 

Alxcyne Lodge, W. S. B. WOOLHOUSE. 

bth June, 1866, 
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PROCEEDINGS OF THE INSTITUTE. 

First Ordinary Meeting. Session 1865-6. — Monday, 97th November, 1865. 

The Flresident in the Chair. 

Read and confirmed the minutes of the last anniversary meeting. 

Mr. A. P. Fletcher, nominated at the last ordinary meeting, was elected a 
Fellow of the Institute. 

Mr. Makeham read a paper '^ On the principles to he observed in the con- 
struction of mortality tables.'' 

Thanks having been voted to Mr. Makeham, the meeting adjourned to 
Monday, the 18th December, 1865. 



Second Ordinary Meeting. Session 1865-6. — Monday, I8th December, 1865. 

Samuel Brown, Esq., Vioe-Hresident, in the Chair. 

Read and confirmed the minutes of the last ordinary meeting. 
The following gentlemen, nominated at the last ordinary meeting, were 
elected members of the Institute, viz. : — 

Fellows. 
H. S. Hawkins. | Edward A. Newton, M.A. 

Associates, 



Richard H. Woodman. 

Robert H. Nesbitt 

John J. Ridge. 

James Chisholm. 

John C. Hopkinson, KA. 

James Ostler. 

Hubert Geoige Rowsell. 



Joseph Allen. 
Arthur Smither. 
Henry M. Kember. 
Walter Kember. 
Charles J. Wallis. 
Elias H. Symons. 



Mr. M. N. Adler read a '' Memoir of the late Benjamin Oompertz, F.R.S., 
with some account of his contributions to actuarial science." 

Thanks were voted to Mr. Adler, and the meeting adjourned to the 29th. 
January, 1866. 

ITiird Ordinary Meeting, Session 1865-6. — Monday, ^th January, 1866. 

The President in the Chair. 

Read and confirmed the minutes of the last ordinary meeting. 
The following gentlemen, nominated at the last ordinary meeting, were 
elected Associates of the Institute, viz. : — 



Charles DarrelL 
David Evans. 
James Pierce. 
William 6. 0. Davis. 
William H. Penney. 



Samuel Edwards. 
Wilfred A. Bowser. 
Robert W. Symes, B.A. 
William K Stark. ' 



The President announced the following as the result of the Examinations 
held in December, 1865, viz. : — 
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Matrioulation Examination. 

Sixteen candidates presented themselves for this Examination, of whom 
five passed in the following order of merit, viz. : — 



James Pierce. 
John C. Hopkinson. 
Robert W. Symes. 



James Duncan. 
Robert H. Nesbitt. 



Seconi) Yeab's Examination. 

Seven candidates presented themselves for examination, of whom one with- 
drew without giving m his papers, and one passed, viz. : — 

* Henry Mountcastle. 

Thibi) Year's Examination. 

Three gentlemen presented themselves as candidates for certificates of 
oompet^icy, of whom two passed, viz. : — 

1st Henry W. Manly. | 2nd. David A. Bumsted. 

Mr. T. B. Sprague, M.A., read a paper " On the limitation of risks; being 
an essay towards the determination of the maximum amount of risk to be 
retained by a Life Assurance Company on a single contingency." 

Thanks were voted to Mr. Sprague, and the meeting adjourned to Monday, 
the 26th of February, 1866. 

Fourth Ordinary Meeting, Session 1865-6. — Monday ^ 26th February , 1866. 

The President in the Chair. 

Read and confirmed the minutes of the last ordinary meeting. 
The following gentleman, nominated at the last ordinary meeting, was 
elected an Associate of the Institute, viz. : — 

George J. Row. 

Mr. W. P. Pattison read a paper ^^ On organization, and its application to 
Assurance Companies." 

Thanks were voted to Mr. Pattison, and the meeting adjourned to Monday, 
the 26th March, 1866. 

Fifth Ordinary Meeting, Session 1865-6 — Monday, 26th Marchy 1866. 

W. B Hodge, Esq., Vice-President, in the Chair. 

Read and confirmed the minutes of the last ordinary meeting. 
The following gentlemen, nominated at the last ordinary meeting, were 
elected Associates of the Institute, viz. : — 

Josias G. Dwight. | William J. F. Norfolk. 

Mr. Peter Gray read a paper "On the construction of tables by the 
method of differences." 

Thanks were voted to Mr. Gray, and the meeting adjourned to Monday, the 
aoth April, 1866. 

Sixth Ordinary Meeting. Session 1865-6. — Monday ^ 30th April, 1866. 

The President in the Chair. 
Read and confirmed the minutes of the last ordinary meeting. 
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The following gentleman, nominated at the last ordinary meeting, was 
elected an Associate of the Institute, viz. : — 

Charles Smith. 

Mr. W. S. B. Woolhouse read a paper " On the construction of tahles of 
mortality.'* 

Thanks were voted to Mr. Woolhouse, and the meeting adjourned to Monday, 
the 26th November, 1866. 

The Nineteenth AnnticU General Meeting ^ Saturday, 2nd June, 1866. 

Arthur Hutohbsox Bailet, Vice President, in the chair. 

Mr. J. Hill Williams, Honorary Secretary, read the minutes of the preceding 
ordinary meeting, and the following Reports and account of receipts and pay- 
ments : — 

*' The time has again arrived when the duty devolves upon the Council of 
reporting to the members of the Institute as to the state of their affairs. 

" The usual letter from the Secretary which accompanies this Report, and 
the annual account appended to it, furnish ample details as to the condition 
of the Institute, and its progress during the past year. 

'^ It will be seen that the income of the year was j£474. 12«. 3^., exclusive 
of the interest due on the sums invested, and that the outgoings amounted to 
£362. 138. 6d. The property of the Institute may now be estimated at upwards 
of £1,300. 

'^ The number of members has also increased during the year, there being 
at the present time 220 as contrasted with 203, the number on the register at 
the date of the last report 

'^ The papers read during the Session have been as follow : — 

* On the principles to be observed in the construction of Mortality 

Tables.' By Mr. W. M. Makeham. 

* A Memoir of the late Benjamin Gompertz, F.R.S., with some account 

of his contributions to actuarial science.' By Mr. M. N. Adler. 

^ On the limitation of risks, being an essay towards the determination 
of the maximum amount of risk to be retained by a Life Assurance 
Company on a single contingency.' By Mr. T. B. Sprague. 

' On organization, and its application to Assurance Companies.' By 
Mr. W. P. Pattison. 

^ On the construction of tables by the method of differences.' By Mr. 
Peter Gray. 

* On the construction of tables of mortality.' By Mr. W. S. B. Wool- 

house. 

" In their last report, the Council mentioned, that the Clerical and Medical 
Office, the London Assurance, the Pelican, and the Guardian Offices, had each 
completed the collection of the data required, for determining the rate of 
mortality amongst the lives assured with them, and expressed the hope that 
other Companies would follow in the same course. 

*^ The Offices mentioned have since put the Council in possession of the 
valuable data thus collected, and the Council are now engaged in th6 pre- 
liminary classification and arrangement of them. They hope shortly to receive 
the experience of some other Companies, when the needful investigation of the 
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whole will be entered upon, with a view to the aocorate fwlutioii of the very 
interesting and important questions involyed therein. 

^ As it is obvious that this investigation must be attended with considerable 
expense, the C!ouncil thought it desirable to invite contributions towards the 
liquidation of it, and they are glad to be able to announce that the contribu- 
tions received to the date of this Report, amount to £425. 10«. 

" For some time past the Council have had their attention directed to the 
desirableness of supplying information of a more definite character than the 
existing syllabus affords, as to the subjects to which candidates for the Institute 
certificate should more particularly address themselves, and Mr. Sprague, one 
of the Vice-ftresidents, and others, have been at considerable pains to prepare, 
with a view to publication for the use of students, a syllabus of a supplemen- 
tary or subsidiary nature, answering the proposed end. The Council have not 
yet been able to arrive at a determination of the matter, but they hope soon to 
be in a position to do so. 

" They have only further to state, that a few volumes have been purchased 
towards the collection which is to be formed to constitute the ^ Hardy Memorial,' 
and that further purchases will be made as occasions present themselves." 

'^Institute of Actuaries , 12, St James* s Square, 
28th April, 1866. 

" Dear Sib, — Herewith I transmit you a copy of the audited Abstract of 
Receipts and Payments of the Institute of Actuaries for the financial year 
ended 31st March, 1866, with a few remarks. 

" Rbobipts. 

" In 1863-64 the total receipts were £521. 6*. 6i., in 1864-65 they were 
£640. Is. lid., and for 1865-66 they were £474. 12«. 3d. This decrease is 
owing to the iact that in 1863-64 four life subscriptions were received, making 
£84, and in 1864-65, j6150. 13s. was received for the Hardy Memorial. 

" The total sums received from subscriptions only in the last three years 
are as follow : — 



1863-64. Annual sabscriptions 
Life „ 

1864-65. Annua] subscriptions 
Life „ 

1865-66. Annual subscriptions 
Life „ 



£411 
84 


12 







£415 
21 


16 







£464 


2 

• • 






£495 12 



£436 16 



£464 2 



" The balance in the bank on the 31st March, 1866, was £270. I5s. lOd. 
as comparied with £159. 12s. &d. of the previous year. 

" Payments. 

" The following table gives the annual subscriptions and general expenses 
for the last three years : — 

Annual Subscriptions. Gteneral Expenses. Difference. * 

186a-64 £411 12 £399 3 6 4 £22 8 6 

1864-66 415 16 460 2 11 - 44 6 11 

1865-66 464 2 362 13 6 + 101 8 6 

" The cost of printing the Journal was £86. I9s. 6d., as comjjared with 
£85. 38. 6d. of the year previous. The payments for salaries, stationery and 
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sundry printing, ordinary meeting expenses, lighting, postage, and house and 
petty exi)enses, have slightly increased ; whiM for the library, advertising 
examinations, and miscefianeous expenses, they have diminished. 



'^ ASSBTS. 

^ The investments of the Institute on the Slst March last amounted to 
£646, 148, 2d,, and the balance at the bank and the petty cash balance 
to £271. 148, 7d. The total available assets at the end of the year, therefore, 
amounted to £918. &8, lOd,, as compared with £806. 10«. Id. of the previous 
year. 

'* Liabilities. 

" The following is an estimate of the liabilities of the Institute to the dOth 
September next : — 



Two quarters* salaries 
Rent (half year, dae Michaelams) . 
JoumaU — AprU and July (say) 
Stationery and sundry printing (say) 
Miscellaneous (say) 



£52 10 





37 10 





45 





10 





10 






£155 



''List or Members. 

** On the 1st April, 1865, the total number of Members on the list- was 
203; during the year 30 new members were elected — ^viz., 3 Fellows and 
27 Associates ; and the losses were 13, all of whom were Associates ; leaving 
on the list, on the 31st March, 1866, 95 Fellows and 125 Associates — ^in al^ 
220 members. During the year 2 Associates have been transferred to the list 
of Fellows. These transfers affect the totals of the different classes of members, 
but do not alter the general total. 



**C. Jbllicox, Esq."" 



'* 1 am, dear Sir, yours faithfully, 

"FREDERICK GOVER, 

** AuitkuU Seoretary, 
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The Chaibhak said — It now becomes my duty to move, " That the Report 
of the Council, which you have just heard, together with the Abstract of 
Receipts and Payments, be adopted, entered on the minutes, and printed in the 
JoumaV I do not know that it is necessary for me to accompany this reso- 
lution with any observations of my own. I hope the general body of members 
will agree with the Council, that the Institute fairiy maintains its position. 
(Hear, hear.) It cannot boast of beins rich ; it pays its way, and that is some- 
thing to say in times like these ; and I think its general usefulness may be 
considered established. (Hear, hear.) There are one or two points of an 
unusual character mentioned in the Report. The first is a matter we are all 
interested in ; and that is, the endeavour we are making to collect a larger 
body of information as regards the mortality of assured lives than has yet been 
made available. I am myself sanguine the result will redound to the credit of 
the Institute, and that the information which will be obtained will be of great 
value to the profession, and through them to the public at large. (Hear, hear.) 
The labour req^uired is enormous, as every gentleman here knows. I think I 
may say that since this Report was drawn up, we have reason to believe the 
materials have been considerably increased, and also — and this was matter of 
some anxiety to all of us — ^that the necessary funds for the expenses of the 
undertaking will be forthcoming. (Hear, hear.) The other special matter 
referred to in the Report is one which, having tried my hand at unsuccessfully, 
I know is attended with considerable difficulty, and that is an attempt to 
improve the syllabus for the examinations. I fot one think that the main- 
taining of the examinations in a state of efficiency is one of the most important 
duties of the Institute. (Hear, hear.) But it is a matter of great difficulty to 
steer between Scylla and Charybdis. On the one side, we must be carefiil 
not to make the examinations too abstruse and recondite ; and on the other, 
we must make them sufficiently difficult to require such study as shall be of 
value to the candidates. This matter is now in the hands of two or three of 
the very ablest members of the Institute, and I hope and believe they will 
succeed in producing something which will give assistance to the candidates 
and serve the purpose of the Institute itself. With these few abservations, 
which .1 have made without being at all prepared, not knowing I should be 
called upon to exercise this position, I beg to move the adoption of the RepiHrt 
(Cheers). 

Mr. Reddish seconded the resolutioB. 

Mr. Galswobtht said it was quite clear no one felt disposed to make any 
observations, because the Report was so extremely satisfactory. He had not 
been able to attend any of the meetings ci the Council, when the Report had 
been discussed, but he was much gratified at some of the points therein men- 
tioned. The income was satisfactory, and there was nothing to complain of ia 
regard to the expenditure. There was one most important feature, and that 
was the increase in the number of the members. So long as they coula pay their 
way, and at the same time increase their numbers, he thought they must all 
be gratified. (Hear, hear.) Another satisfactory fact was, that the papers read 
before the Institute had not only maintained the standard of previous sessions, 
but if anything had exceeded it. Mr. Woolhouse, Mr. Gray, Mr. Sprague, 
Mr. Makenam, and other gentlemen of high eminence in the profession, had 
brought their valuable contributions before the Institute, and it was not 
altogether fair that the labours of these gentlemen, and the other active 
members of the Council — of which he was not one--fihould be passed over 
without recognition on these occasions. (Hear, hear.) 

The Report was then unanimously adopted. 

The following list of office-bearers for the ensuing year, recommended by 
the Council, was ballotted for, and agreed to unanimously : — 
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PretidenU 
Charles Jellicoe. 

Vice Presidents, 



Sahueii Brown. 
WiiiLiAu Barw{ok Hodob. 



Council, 



Arthur Hutcheson Bailed. 
Samuel Brown. 
Charles John Bunyon, M.A. 
George Cutoliffe. 
Archibald Day. 
Percy Matthew Dote. 
William Emmsns. 
Edwin Henry Galsworthy. 
William John Hancock. 
Augustus Hendriks. 
William Barwick Hodge. 
Charles Jellicoe. 
Charles Terrell Lewis. 
Jeremiah Lodge, B.A. 
Henry Marshal. 



Robert Tucker. 

W. S. B. Woolhouse. 



Frank McGbdy. 

James Meikle. 

John Messent. 

Edward A. Newton, M.A. 

William P. Pattison. 

ARTHUR Pearson. 

Henry William Porter. 

John Reddish. 

Henry Ambrose Smith. 

William Spens. 

Thomas Bond Sprague, M.A. 

John Stott. 

Robert Tucker. 

John Hill Williams. 

W. St B. Woolhouse. 



Treasurer. 
George Cutcliffe. 

Honorary Secretaries. 
Archibald Day. | John Hill Williams. 

Mb. Lodge said that with the permission of the chairman he would say a 
few words with reference to the list just read, from which he missed the name 
of their old and valued friend — valued hy everybody who was acquainted with 
him — ^Mr. Laurence. (Hear, hear.) Mr. Laurence had desired to be relieved 
from the duties of Treasurer, which he had discharged with so much courtesy 
and kindness from the foundation of the Institute. (Hear, hear.) The Council 
had acceded to that desire, and he (Mr. Lodge) could not let the fact of Mr. 
Laurence's withdrawal pass away without taking this opportunity to ask them 
to signify amongst themselves, and to communicate to hun if thought desirable, 
the great gratification they felt at having had the advantages of his services for 
80 long a time, and their best wishes for his future welfare. (Hear, hear.) 
He (Mr. Lodge) had no doubt that in Mr. Cutcliffe they had a gentleman well 
qualified to undertake the duties of treasurer. (Hear, hear.) Their present 
business, however, was to thank Mr. Laurence for his past services, and to 
express their good wishes for his future welfare. He hoped this would meet 
with the approbation of the meeting. (Cheers.) 

Mr. Hodge, in seconding the resolution, said he cordially concurred in 
what had been said with regard to Mr. Laurence, though he could not agree 
in the doubt which Mr. Lodge seemed to have as to whether this resolution 
ought to be communicated to him. He (Mr. Hodge) thought he would be 
gratified at receiving such a mark of esteem ; it was certainly one they ought 
to pay. (Hear, hear.) 

Mr. Brown said he had had many opportunities of communicating with 
Mr. Laurence during his connection with the Institute, and he should be sorry 
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to allow this opportunity to pass without expressing his gratitade for the many 
kindnesses he had personally experienced at his hands. The Institute must 
feel deeply thankful to him for the services he had rendered, and especially for 
the warm interest he had always taken in their success. (Hear, near.) He 
(Mr. Brown) felt much regret at losing his services, hut he was glad to say 
that the cause which led him to retire would not prevent him from taking a 
warm interest in their proceedings, which he was sure he would always do. 
(Hear, hear.) 

The resolution, which was as follows, was then carried unanimously : — 
*^ That the thanks of the memhers he given to John Laurence, Esq., late 
Treasurer of the Institute of Actuaries, for the vduahle services rendered hy 
him to the Institute during many years." 

A vote of thanks was given to the scrutineers. 

The Ohai&man said they had next to elect three Associates as Auditors. 
Their present Auditors were Messrs. Berridge, Hardv, and Newhatt — very 
efficient gentlemen, '^ all honourahle men.'* (Hear, and laughter.) 

Mr. HonoB proposed, and Mr. Bbown seconded, ^^that the retiring Auditors 
be re-elected," which was at once carried. 

A vote of thanks having been given to the Auditors for their past services, 

Mr. Newbatt felt greatly obliged for the compliment, and especially for 
the distinguished honour paid to the Auditors by the Chairman in (^ling 
them '^ all honourable men. ' (Hear, and laughter.) Of course, in these days 
that was an important consideration, and it would be a very happy thing for a 
number of people if the same could be said of all auditora (Hear, hear.) 

Mr. CuTCLiFFB then proposed a vote of thanks to the retiring President, 
Vice-Presidents, Council, and other officers for their services during the past 
year. He extremely regretted that the President was not present on this 
occasion, and the more so as his absence was occasioned by indisposition. 
(Hear, hear.) They were all so well aware of the great interest which Mr. 
Jellicoe took in this Institute that it was unnecessary for him to refer to it 
fiirther. (Hear, hear.) The Vice-Presidents, Council, and other officers did 
everything they could on behalf of the Institute, and were entitled to the 
warmest thanks of the members. He was extremely glad to find the Institute 
prospering as it was doing, and to see that the number of members was in- 
creasing, which was, after all, the most important consideration. (Hear, hear.) 

The resolution was seconded, and carried unanimously. 

Mr. Bbown regretted that Mr. Jellicoe was not himself present to return 
thanks for the kind feeling exhibited towards him and the rest of the officers. 
He cordially agreed in wlubt had been said with regard to Mr. Jellicoe, than 
whom no man could take a more hearty interest in their affidrs, or be more 
attentive to those duties which tended to bring about success. (Hear, hear.) 
He had observed him for many years, and he xnew no occasion in which he 
had not entered warmly into any question upon which the character of the 
Institute depended. (Cneers.) 

A vote of thanks was given to the Chairman for presiding, and the meeting 
dispersed. 
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On the Calculation of Life Contingencies.* {Part IL) By 

Professor De Morgan. 

1 HE present paper is a continuation of that in the Companion 
for 1840, on the application of Barrett^s method of calculating life 
contingencies. No tables were then published for contingencies 
involving two lives ; but since that time Mr. Joneses tables have 
appeared, in his work on the subject in the Library of Useful 
Knowledge. It may therefore be worth while to collect and de- 
scribe the formulae relative to two lives which are most likely to 
be useful in practice ; with some other matters, which may partly 
interest the actuary and partly the commencing student. 

The method described in the former paper is extended by cal- 
culating every case of 

where Ojc always means the number living at the age ar, tf the pre- 
sent value of £1 due in x years, and k is any convenient number 
depending on m or n, or both. In the tables published, k is taken 
to be the greater of the two, m or n ; the consequence of which is, 
that two formulae are necessary in every case in which the order of 
survivorship is a part of the question, according as the life, on the 
survivorship of which a benefit depends, is the elder or younger of 

* See Note, p. 328, toI. xii. This part appeared in the Oompanion to the Almanac 
for 1842. 
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the two. This might have been avoided by choosing i(m + n) 
for k, and on such an assumption we shall first exhibit the formulae 
which the diflFerent cases require ; pointing out, at the same time, 
how to adapt the results to the published tables. Such a course 
will not only be the most simple with respect to the theory, but 
will always enable the reader to detect a misprint, if any should 
exist. 

We begin, then, as follows : — 

If the tables were complete we should then have 

but as these tables have not been published, we must express M 
in terms of N as follows : — 

In the former paper N^^.y stood for Na-— N-^+y; in the present one 

let 

N,,^-N,+„y+, be denoted* by N„y|.. 

In all questions in which the joint duration of two lives takes the 
place of one life, the formulae are obtained from those of the former 
paper by simply substituting ^x,y for N^., and so on. The fol- 
lowing are instances, {x) and {y) representing individuals aged x 
and y years : — 

1. The value of an annuity of £\ on the joint lives of {x) and 

(y) is 

N,, y divided by D,, y 

2. The same, for n years, if both parties live so long, is j 

N,, y,„ or N,, y — N^+„, ,+„ , divided by D,, y \ 

3. The value of £\ to be received in k years,* if both {x) and 
{%/) be then alive, is 

!>*+*, y+* divided by D^,, 

4. The value of an annuity of £\ deferred for k years is 

N,+*,y+i divided by D,,y 

5. The premium for the same {k premiums in all) is 

N«+*.y+* divided by N,_i,y_i— N,+j^,,y+;fc_i 

Or, to pay for it in / premiums, take Na,_i.y-i— N^+i^i,y+,_i for a 
divisor. 

* It was not contemplated in the last paper that any one would have had the courage 
to compute tables for two lives. Had it been thought likely, what was there denoted by 
N«,y would have been denoted by N, i y. 
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6. Present value of an assurance of £1 on the death of the 
first of {x) and (y). 

7. The same, if the first death take place within n years. 



or ^ 



^.y 



8. To pay for either of the preceding in premiums, write for 
the divisor 

according as the premium is for life or for / years. 

These are the most common cases, and any others which arise 
can as easily be found from the preceding paper. The usual cases 
of reversionary annuities, annuities on the longest liver, &c., may 
be omitted here, as they are more easily calculated by the common 
tables. 

In cases which involve the order of survivorship, tables in 
which \[x + y) is the exponent of v in Dar,y, will introduce the 
square root of v. The method of adapting their results to the 
Case in which that exponent is the greater of the two, x or y, must 
be described as follows : — 

Change J)x,y into D-p,yt;-*('"y> or Da:,yt7~*^""*^ according as [x) 
or (y) is the older life; and the same for Na.,y. 

In the following instances the first result given is that in which 
Hg^y Stands for a^^^^"^^^ ; the second, that in which {x) is the 
older and T^x,y denotes a^jd^ \ the third, that in which (y) is the 
older and Da.,y denotes a^jc^. 

9. Required the present value and premium of an assurance of 
£1 on the life of [x), provided that {y) survive {x). The first 
divisor is for the present value, the second for the premium. 

2D,,y or 2N,.i,y^, 

2D.,, or 2N,_,,,., 

(y>^) t;(N,_,,,.t— N,,y_0+N.-i,y-N.,.v 

2D,,, or 2N,_,„_i 

(y=a?) \ result of (6) 

L 3 
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10. If the risk of the preceding question be not to begin until 
k years have elapsed, write x+k and y-\-k instead of x and y in 
the num^ators only, which then become 

{x>y) r (N^j_ 1, y+t- 1 + N.+*_ i, ,+*) — (N,+», ,+j_i + N.+», ,+*) 

11. And m all cases in which premiums are to be paid / times, 
instead of during the whole joint duration, the divisor has 

N,_i,y_i„ or N.-i,y-i—N^,„i,y+,^i, instead of N,_i,,,i. 

It will very much simplify both the use and theory of these formulae 
if the student make himself perfectly master of the symbol N,, y\t, 
which means the value of N at the ages aj and y cut oflF, as it were, 
at the end of t years, or diminished by all the terms arising from 
the period beyond t years. Thus 

^*+'.y+<^^ ■^*+*+i,y+r+lT .... 

^«,y ^*+<,y+«^^l^*+l,y+l"i" • • • • H~l^#+/,y+« 

12. Required the present value and premium (payable / times) 
of £\ to be paid at the death of (aj), if within n years, and if (y) 
be then alive. 

Cut off every term in the numerator of (9) at n years, and use 
the divisor for / premiums, when necessary : 

2D,,y or 2N._,,y.i„ 

2D,,y or 2N._,,y_i„ 

13. To find the corresponding formulae in the case in which 
the assurance is for the death of [x), provided y be then deady 
calculate the present value of the assurance on the life of {x) 
absolutely (by the former paper), and subtract the present value 
of the proper one of the preceding formulae ; the remainder is the 
present value required. Find the premium by the usual method, 
or else by multiplying by D,, y and dividing by the proper divisor. 

14. The present value of a life annuity of n payments on (y), 
the first being made at the {k + l)th anniversary of the present 
time which follows the death of [x). 

N.B. If A;=0 and n outrun the term of life, this is a common 
reversionary annuity on (y) after {x). 
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To suit the published tables the second numerator is to be altered 
as follows^ all the rest remaining : — 

a?<or=y into N^^^+j— N,,y+jk+« 

a?>y<or=y+* „ (N,,,+*— N,,y+t+«K"*' 

15. The present value of £1 to be paid at the death of {a), if 
he die before (y) or within n years after (y). 



a 



+ 



t?*" 



N«+«_i, y_iV — N^„,y + V*(N,+, _i, , Njr+n, y-l) 



2D.„ 



To suit the published tables the second numerator (v*** included) 

must be 

(a?+«<y) 

If this risk be to continue only for n+p years, all the Ns must 
be stopped after p years, or N,+»_i,y_i|p must be written for 
N,+„_i,y_i, and so on. 

If ;2?+n=y, the second numerator must be 

16. The present value of £1 to be paid on the death of {an), 
provided he die within n years after y. 

From the preceding result subtract the present value of £1 
paySible at the death of (a), if (y) survive. (See No. 9.) 

17. The present value of £{1) to be paid at the death of {x)y if 
he survive (y). 

From the present value of an assurance on the life of {x) sub- 
tract the result of (9), or the value of £1 to be paid at his death, 
if y survive. 

18. The present value of £1 to be paid at the death of {x), if 
more than n years after the death of (y). 

From the present value of an assurance of £1 on the life of {x) 
subtract the result of (15). This gives M-p+n-s-D^. for the first 
term. 

I have not thought it necessary to write down the formulae 
connected with the last few cases, as they seldom occur. 
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There are^ we are told^ still some persons who cannot see how 
much shorter this method of Barrett's is than that in previous 
use. It is certain that any new method does not become so easy 
as the old and well-known one until a few examples have been 
tried ; and there are dispositions which will not give a new method 
a fair trial. But^ for those who may be commencing the subject^ 
and to whom^ therefore^ all methods stand entirely on their own 
merits^ we subjoin the example of a simple temporary assurance 
on two joint lives, worked by both methods. 

Required the present value of an assurance for the next ten 
years only, on the joint continuance of two lives, now aged 45, 
and 50 years : interest 5 per cent. (Milne, p. 341.) 

Old Method. 



«« 3-60991 1 
oeo 3-56146 
a-^ 4-32541 
a-fij 4-35684 
v^« 1-78811 


--43827 
=-56173 

V 

•53498 


- 

1-74953 

1-97881 


1-72834 


•43827 T-64173 
-85163 


6-623 
l-v 

-31538 
•53498 


-82105 
2-67778 


3-114 -49336 
9-737 


1-49883 


6-623 

Barrett\ 

N44 49 19460646 
N64.'69 ^6438764 


-21960 I 
? Method, 


)reseiit value of £1. 

i,6o 17648150 
,60 5644407 


13021882 7-11468 
1— v 2-67778 


12003743 


620100 5-79246 




12401782 
12003743 




398039 5-59992 
D45,5o 1812496 6-25828 


5-59992 
13021882 7-11467 



Present value -21960 1-34164 Premium -030567 2-48525 

Mihie, p. 346, -030565 

If we were to look at the number of figures only there would 
seem to be little diflFerence between the two methods, the first 
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containing about 130 figures and the second 120. But if we look 
at the number of entries of different tables in the two, we find it 
as follows : — 



Old Method. 

No. of pages in Milne which 
mnst be consulted for log 055, 
&c., vio, 9-737, » and 1—t? 

Logarithms to be taken oat . 

Numbers to logarithms . 



3 
6 
4 

I3 



New Method. 

No. of pages in Jones to be 
consulted for N44^ 59 • • • • 



..D 



45,50 



Logarithms taken out . 
Numbiers to logarithms . 



1 
4 
2 



In multiplying by v in the above process, the formula taken is 

at;=a— (1 — t;)a, 

and (1 — v)a is found by logarithms and subtracted from a. The 
reason is that v is so near unity that it would take tables of loga- 
rithms to seven places to get five places of the answer correct, if 
av were to be directly found. 

As another example^ take the following (Milne, j^ 360) : Re- 
quired (at 5 per cent.) the annual premium for £1, payable at the 
death of (60), if within 10 years, and (45) be then alive ; pre- 
miums being payable for ten years, if the joint lives endure so 
long. The first formula of No. 12 must be employed : 



N49 44 19460646 N50 44 18016514 
N69,'54 6438763 N6o;64 5834103 



13021883 
12830870 



12182411 



N49 46 19057899 Nfio 45 17648150 
^59^5 6227029 N6o,56 5644407 



12830870 



25852753 7*4125067 
l-t; 2-6777803 



12003743 
12182411 

24186154 



1231082 6-0902870 



24621671 
24186154 



435517 5-6390051 
13021883 7-1146737 



2)-03344502 2-5243314 

•01672251 required premium. 

Let the problem be now changed by simply inverting the ages. 
Required the annual premium for £\ payable at the death of (45) 
if within ten years, and (50) be then alive. The second formula 
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of No. 12 must now be used^ bat our preceding process contains 
all the data : 



N44,49iio 13021883 
N45,49|io 12830870 


N44, 50 1 10 
N45, 60 1 10 

5-2810629 
T-9788107 


12182411 
12003743 


191013 

V 


178668 


181917 

178668 


5-2598736 

5-5570076 
7-1146737 




360585 
13021883 




2)-02769069 2-4423339 

-01384534 present value required. 
-01672251 result of the preceding. 



•03056785 

This last result -03056785 is the premium for the assurance 
on the joint lives^ and agrees both with the above result and with 
Mr. Milne. But Mr. Milne, instead of -01672251, has (p. 361) 
'015714, differing materially from the truth. The reason is, as 
those who are used to the common method are well aware, that 
the old tables of annuities, calculated to three decimal places, are 
not sufficiently exact for survivorship questions, the results of 
which depend upon the differences of nearly equal annuities, par- 
ticularly where, owing to the differences of ages given being only 
every five years, the defective interpolation by first differences is 
employed. * Mr. Milne's process, it is hardly necessary to say, is 
as good as, with his tables, it could have been : but the above 
examples show, not only that Barrett's method is much the more 
easy of the two, but also the more exact, the tables actually pub- 
lished* being used. All the above results are true to six signifi- 
cant figures. 

We now proceed to consider one or two questions in which 
approximations are usually made, with a view to state the results 
of an examination of the approximations, and to propose some 
amendments upon them. 

1. The values of life annuities are usually calculated on the 
supposition that interest can be converted into principal only 
once a year, the truth being that such conversion always takes 

* The superior exactness of the above method, as it stands, is not owing to anything 
in the method, but solely arises from the greater extent of the tables published. 
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place twice a year at least. Mr. Milne has given a rule (p. 367) 

for making the requisite correction^ but I believe the following 

will be found to be more easy of application : it is given for the 

case of half-yearly conversions only. Let the value of an annuity 

(for lives or a term of years) be A at c per cent., Ai at c+1 per 

cent.^ A2 at c+2 per cent.^ and so on. Take the differences of 

A, Ai , &c., as follows : — 

A 

B B=A— Ai B,=Ai— Aa B^sAa— A3 

Ai C 

Bi D 0=B-Bj Ci=Bi-B2 

Aa C| 

Bj D=C-Ci 

Aa 

Then the value of the same annuity at c per cent.^ interest being 
convertible twice a year^ is 

^-400l^+2+8 800-> ^^^ "^^^- 

Example 1. Required the value of a perpetual annuity of £1 

at 4 per cent.^ payable yearly, on the supposition that money is 

convertible half yearly. 

A = 25-000 ...Q 

Ai = 20-000 J.J"^ 1-667 .„.. 

A2 = 16-667 tqftT '952 ^^^ 

A8=U-286 ^^^^ 

(l-667 + .715)^=-048 ''.Z 

16 "238 

^*^^^><400=='^^^ 60[27 

•04 8 

6-079 
25-000— -243=24-757 answer. 

The real answer is 24*75225, and a perpetual annuity is the 
severest trial which can be made of the rule. 

Example 2. (Milne, p. 867.) Required the value of a life 

annuity on (60), at 5 per cent., interest being convertible twice 

a year: 

A 8-940 .00^ 

A, 8-304 ^.Jj; -075 ..„ 

Aa 7-743 r^l -063 "^^ 

A3 7-245 *^^ 

25 '0040 

*^^^^><400='^^^^^ "6775 

•002 7 

8-940--04218=8-89782 -6748 
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Mr. Milne's answer is 8-8977. 

2. When an annuity is to be paid, not yearly, but half-yearly 

or quarterly, &c., interest being convertible into principal only 

once a year, the common correction of A, the present value of a 

w— 1. 
yearly annuity, is to write A+ -^ — instead of A, n being the 

number of times which the annuity is payable yearly. This cor- 
rection is strictly true when we speak of a perpetual annuity, on 
the supposition that by interest being convertible once a year, 
we mean that money may be invested at any one time of the 
year, so that the grantor of the annuity must be held to lose 
simple interest for the rest of the year on each of the prepaid 
portions. When this correction is to be investigated for a life 
annuity, it would generally be supposed that those who die in 
each year die at equal intervals. This is an insufficient suppo- 
sition ; for if the mortality of the table be increasing from year to 
year, it ought to be supposed that the mortality of the latter part 
of a year is greater than that of the former. We have therefore 
taken the supposition that the mortality of each year is to be 
constructed on the hypothesis of constant third differences, which 
has the effect of distributing the deaths of each year in a manner 
depending on the mortality of the preceding and following years. 

Proceeding on this plan we find the following result. Let the 
annuity be payable n times a year, let the age be A:, and let a^ be 
the number in the table alive at that age. A* being the tabular 
yearly annuity. Also let 

♦ /3=!ii:i s-tii^ B--ti± 

The value* of the annuity then is, accurately, so far as the 
suppositions are accurate (r being the interest of ,£1 for one year) 

l + 6/3'-^-(|3'+/3") '^ 



1 + r ^"^ "^ ' [\jf.rf 

This expression contains a coefficient for A;t depending (« apart) 
on the rate of interest only ; certain terms which depend on the 

* As we give no demonstration, we should say that, besides obtaining this expression 
from demonstration, we have tried several verifications : the simplest is that in which 
a% is a constant, and A*= 1 : r, which gives the perpetual annuity. 
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rate of interest only ; another depending on the mortality only ; 
and others depending jointly on the rate of interest and the mor- 
tality. To form an idea of the utmost value of these corrections, 
let us take the extreme case of an annuity payable momently (or 
n infinite) and a high rate of interest, 10 per cent. We have then 

/3=2> ^='72' ^"180' 

and the value of the annuity is 

1-00076 At+ •48873--03989 — + -04361 ^ , 

A*+-5 being the common approximation. 

We may say then that the common approximation is generally 
correct to the first place of decimals, but by no means to the second 
or third. Now, it may fairly be insisted, looking at the manner in 
which such calculations are usually conducted, that the second 
place at least in the decimal part of an annuity shall be made as 
correct as can be conveniently done ; not that this is, generally 
speaking, of very great consequence, but because there are other 
things by the dozen of no greater consequence, which are always 
attended to. 

3. If in the preceding money make no interest, A^^ becomes 
(fl*+i+<»it+2+ • • • ) divided by aj, and the annuity represents the 
mean duration of life, which is therefore (n being infinite) 

at "^ 2 "" 24 aj, ' 

the first two terms are those from which the mean duration is 
usually deduced : the third is substantially the correction which 
we have elsewhere* proposed. 

4. An annuity for a term of years must be computed in the 
usual way from the corrected life annuities. 

5. No tables have been published for the mean duration of 
pairs of lives. This defect may be approximately supplied (see 
the work last cited, Appendix, p. xxx.), but much better from 
Mr. Joneses Tables of Annuities at 3, 3J^, 4, 4J, and 5 per cent. 
If these be called Aq, Ay, Ag, Ag, and Aio, the approximate 
formula is 

105(2A6+9A8)+126Aio-80(9A7 + 7A9) + -5. 

Example 1. Kequired the mean duration of a life aged 45 
(Carlisle Table). 

* Cab. Cyclop. Probabilities and Life Contingencies, p. 168. 
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(2A6+9A8 =158-671) X 105=16660-455 
(Aio= 12-648) X 126= 1593-648 



18254-103 
(9A7 + 7A9 =227-870) X 80=18229-600 



24-503 



25003 
Correct answer 24-46 



15942-885 
1521-828 



17464-713 
17440-160 



24-553 



25-053 



Example 2. Supposing male and female life not to be of dif- 
ferent value^ what is the average duration of a marriage between 
parties aged SO and 25 ? 

Answer^ 25 years^ calculated as above on the right. 

Example 3. What is the average age at which a son of 7 years 
succeeds to the estate of a father of 37^ and how long on the 
average does he enjoy it ? 

The first part of the question means the average age of those 
sons who do succeed^ without any reference to those who do not 
survive their fathers; and since at 37 the mean duration of life 
is 30 years^ the answer is that such sons succeed, one age with 
another^ at the age of 37. The last part of the question cannot 
be directly solved by existing tables, if it refer to the actual average 
period of enjoyment of all those persons who live to come into 
possession ; but it must first be found how many years of enjoy- 
ment those sons have, one with another, on the supposition that 
the actual years of enjoyment are divided among the whole, both 
those who live to come into possession and those who do not. If 
L^. be the mean duration of (a?), and li^^y that of {x) and {%/) 
jointly, then L7 — L7, 37 is approximately the mean period by which 
a son of 7 years survives a father of 37. Or, if L^. and L^^y 
represent the values of the annuities when money makes no inte- 
rest, L-j.— La;, y+-5 is the mean period of survivorship; then L^, ^ 
is calculated by the above method, omitting the -5, and La.-f-'5 
is the mean duration of (x) in the table. Calculate L7, 37, which 
gives 27*62, and L7 being 50*30, xwe have 22*68 (say 23) years 
for the average term of enjoyment. That is to say, if 1000 sons, 
each aged 7, and the father of each being aged 37, were to agree 
to club their future years of possession in such manner that all 
(or their executors) should take equal shares, whether they lived 
to come into possession or not, the years of enjoyment of those 
who do come into possession would yield to each of the 1000 sons 
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23 years a-piece^ or thereabouts ; and of coarse the average term 
of those who do come into possession^ nothing being supposed 
given ap^ is considerably larger than this ; and an approximation 
(and only an approximation, though very plausible-looking reason- 
ing might be put together to make it appear an exact method) 
may be made to it as follows : Divide this term of 23 years by the 
chance which a son of 7 years has of surviving a father aged 37. 
In the table of chances of survivorship, it appears that '7837 is the 
chance of (7) surviving (37), and 23-f--7837=29, which is about 
the number of years required. This approximation always gives 
the result too great, perhaps by a year or two ; but rough as the 
method may be, it is, as far as we know, the first which has been 
proposed — the want of that most essential preliminary, tables of 
mean survivorship of two lives, having prevented the subject from 
being considered. 

Example 4. What would be the joint duration of twins if they 
were assumed to be, at birth, lives of the same value as other in- 
fants ? The calculation gives 21 years. 

Example 5. What is the mean duration of the survivor of (25) 
and (30) ? This must be found, approximately, from the formula 
1^35+^30—1^25. 80 +'5, or 37*4+33'8— 24-6+-5, or 47 years. 

Example 6. What is the mean joint duration of the three lives 
(7), (24), and (40) ? Take the two elder lives and calculate their 
mean joint duration, which is found to be 26*5. Find a life which 
has this mean duration, which is (42), and find the mean joint 
duration of (7) and (42) or 27 years. This result is absurd, since 
the mean duration of (42) itself is not quite 27 years ; it arises 
from the error of the process. In the present instance the mean 
duration of (7) is upwards of 50 years, so that the joint duration 
of (7) and (42) is very little less than that of (42) itself; so little 
less, that the error incidental to the process (which is generally in 
excess) more than makes the difference. 

Also the annuities used in the application of this rule must be 
tolerably exact to three decimals ; and if there be any doubt about 
the interpolated annuities, recourse must be had to those derived 
from Barrett's tables. 

6. Supposing an individual {oc) to lay by £\ every year, what 
may he reasonably count upon having at his death, supposing that 
he improves the money at compound interest ? 

Supposing £\ to be laid by now, the question is the same as, 
how much should a premium of £\ assure at his death? and 
the answer is ; — N^-^i divided by M;^ in the table, or (1-f r)(l-hA) 
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divided by 1 — rA from the common table^ A being the value of 
a life annuity of £1, We mention this here because there is a 
table in Mr. Morgan's "Treatise on Assurances'' (Table III., 
described in p. 54, and note V.) which was copied in part into the 
*' Penny Cyclopaedia/' as being what its name would import, " the 
sum to which an annuity forborne and improved will amount on 
the extinction of a given life." Mr. Morgan's table gives the 
answer to the following question ; if every one at his death were to 
receive his annuity (not a premium ; exclude therefore tfte imme- 
diate payment) improved to its amount at the beginning of the 
year, what would persons of the same age at commencement 
receive one with another, from all the different amounts which 
they actually do receive ? In our notation it is a calculation of 
the value of 



^x+l 



— a 



x+2 



a 



*+2 



— a 



s+8 



a. 



o. 



(l + l + r)+ 



a 



x+3 



— a 



'*+4 



a. 



(l + l+/-+l + r) + ... 



or. 



«'+i + f!f±H(l+,) + 



o. 



a. 



^^(l + r)H.... 



This table may therefore serve (at least by the Northampton 
table at 4 per cent.) to compare the following cases. A and B 
are both of the same age : A is to assure his life immediately at 
a premium of £1, and B will in a year lay by £1, and the same 
at the end of every subsequent year. Supposing each to get the 
average of his class at death, what will they severally get ? To 
bring both accounts up to the end of the year of death, at which 
the common assurance is supposed to be paid, a year's interest 
must be added to the result in Mr. Morgan's table. The following 
• are the average sums obtained in the two cases, at different ages : — 

A B 

98-3 
82-2 
68-6 
56-8 
46-7 
38-0 
30-7 
24-5 
19-2 

Supposing the Northampton table and 4 per cent, to be facts 
(we have chosen this table and rate because the only deduced table 
of the kind we are considering is Mr. Morgan's), it thus appears 
that the office gets from persons aged 20, one with another, in, 
premiums and interest, £98*3 and the first premium with its 



20 


49-4 


26 


44-7 


30 


40-2 


35 


36-7 


40 


31-3 


46 


27-2 


60 


23-2 


66 


19-7 


60 


17-0 
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interest, from each person, for every £49*4 assured. But many of 
these persons receive each his £49*4 long before he has earned it by 
his premiums, and the advances thus made by the office must be 
repaid with interest by those who live longest. 

7. The effect of compound interest, as distinguished from 
simple, is not very easily made apparent, and is not of great im- 
portance, since simple interest, as applied to annuities, is really a 
fiction, not more worthy of attention than would be the transactions 
of a man who, having a number of sovereigns in his hand, and 
others coming in, should invent a rule for separating some fi'om 
the rest, and locking them up in a cash-box, instead of investing 
them. Some writers have argued that the theoiy of annuities at 
simple interest must be wrong, inasmuch as its consequence is, 
that an infinite sum is necessary to pay a perpetual annuity ; the 
simple truth being, that if any one were to carry that theory into 
practice, he would find that the prediction of theory was verified ; 
namely, that no sum, ^however great, would enable him to pay a 
perpetual annuity. According to the theory, the present value of 
an annuity (the rate of interest being r per pound) of £1 for 
n years is 

1 1 1 1 

l+r ^ l + 2r ■*"l + 3r ^""'^ 1 + nr' 

If n be considerable, the labour of summation will be materially 
lessened by using the following approximation. 

Let i^=P.. and^=P, 

the value of the preceding series is nearly (the logarithm used 
being the common one) 

2-3025851, 1-hnr 1,„ ^, ^ ,t. o t. ov ^ 

To try this approximation, suppose r as great as •! and 7i=10. 
We have then l:r=10, nr=l (the powers of P, may be taken 
from the table of present values of £\), 

(log ^ =-2596373) x ^J^^^^ = 5-978370 

- (-909091 + -5) = -704546 

— (-826446--25) = -004804 



12 

(■ly 

120 



(-683013- -0625) =— -000005 

6-687715 
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Verification. 





Reciprocal. 


11 


•90909091 


1-2 


•83333333 


1-3 


•76923077 


1-4 


•71428671 


1-5 


•66666667 


1-6 


•62500000 


1-7 


•58823529 


1-8 


•55555556 


1-9 


•52631579 


2-0 


•50000000 




6-68771403 


Approx. 


6-687715 


Error 


0-000001 



The approximative process would not be more difScoIt^ nor less 
exact; if the number of terms were a million. 

8. A more practical question than the last is derived from the 
following considerations. It is well known that individuals rarely 
or never make compound interest of what they lay by; while it is 
possible that many lay by a sum which increases from year to year 
equally or nearly so. We have seen (in 6) that an assurance office 
seems to ofifer a greater moral benefit to the old than the young ; 
inasmuch as the latter^ in making the office their trustee^ seem to 
give up a more brilliant average prospect. But this is on the 
supposition that compound interest is made : let us now suppose 
that the office makes compound interest^ while the individual would 
only lay by an increasing annual sum. We now introduce the 
following table. (See p. 145.) 

This table is nothing but the table described in our last paper^ 
on the supposition that money makes no interest^ so that all results 
depend merely on the average duration of life. This table^ as we 
shall proceed to show^ concerns persons in general more almost 
than any other of the kind. All persons speculate^ more or less, 
on what they can do with their incomes during their lives, without 
thinking of interest ; that is, they attempt to form notions which 
this table would enable them to form justly. 

Example 1. A person aged x is to lay by £\ at the end of 
every year from this time. What will the savings amount to at 
his death, one person with another ? 
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AgOL 


D. 


N. 


a 


Ag*. 


D. 


N. 


8. 





10000 


382213 


12603644 


58 


4211 


77784 


967464 


1 


8461 


373752 


12221431 


54 


4143 


73641 


889680 


2 
3 

4 


7779 
7274 
6998 


365973 
358699 
351701 


11847679 
11481706 
11123007 


55 
56 
57 


4073 

4000 
3924 


69568 
65568 
61644 


816039 
746471 
680903 


5 


6797 


344904 


10771306 


58 


3842 


57802 


619259 


6 


6676 


338228 


10426402 


59 


3749 


54053 


561457 


7 
8 
9 


6594 
6536 
6493 


331634 
325098 
318605 


10088174 
9756540 
9431442 


60 
61 
62 


3643 
3521 
3395 


50410 
46889 
43494 


507404 
456994 
410105 


10 


6460 


312145 


9112837 


63 


3268 


40226 


366611 


11 


6431 


305714 


8800692 


64 


3143 


37083 


326385 


12 
13 
14 


6400 
6368 
6335 


299314 
292946 
286611 


8494978 
8195664 
7902718 


65 
66 
67 


3018 
2894 
2771 


34065 
31171 
28400 


289302 
255237 
224066 


15 


6300 


280311 


7616107 


68 


2648 


25752 


195666 


16 


6261 


274050 


7335796 


69 


2525 


23227 


169914 


17 
18 
19 


6219 
6176 
6133 


267831 
261655 
255522 


7061746 
6793915 
6532260 


70 
71 
72 


2401 
2277 
2143 


20826 
18549 
16406 


146687 
125861 
107312 


20 


6090 


249432 


6276738 


73 


1997 


14409 


90906 


21 


6047 


243385 


6027306 


74 


1841 


12568 


76497 


22 
23 

24 


6005 
5963 
5921 


237380 
231417 
225496 


5783921 
5546541 
5315124 


75 

76 

77 


1675 
1515 
1359 


10893 
9378 
8019 


63929 
63036 
43658 


25 


5879 


219617 


5089628 


78 


1213 


6806 


35639 


26 


5836 


213781 


4870011 


79 


1081 


5725 


28833 


27 
28 
29 


5793 
5748 
5698 


207988 
202240 
196542 


4656230 
4448242 
4246002 


80 
81 
82 


953 
837 
725 


4772 
3935 
3210 


23108 
18336 
14401 


30 


5642 


190900 


4049460 


83 


623 


2587 


11191 


31 


5585 


185315 


3858560 


84 


529 


2058 


8604 


32 

33 
34 


5528 
5472 
5417 


179787 
174315 
168898 


3673245 
3493458 
3319143 


85 
86 
87 


445 
367 
296 


1613 

1246 

950 


6546 
4933 
3687 


35 


5362 


163536 


3150245 


88 


232 


718 


2737 


36 


5307 


158229 


2986709 


89 


181 


537 


2019 


37 
38 
39 


5251 
5194 
5136 


152978 
147784 
142648 


2828480 
2675502 
2527718 


90 
91 
92 


142 

105 

75 


395 
290 
215 


1482 

1087 

797 


40 


5075 


137573 


2385070 


93 


54 


161 


582 


41 


5009 


132564 


2247497 


94 


40 


121 


421 


42 


4940 


127624 


2.114933 


95 
96 
97 


30 
23 
18 


91 
68 
50 


300 
209 
141 


43 


4869 


122755 


1987309 


44 


4798 


117957 


1864554 


45 


4727 


113230 


1746597 


98 


14 


36 


91 


46 


4657 


108573 


1633367 


99 


11 


25 


55 


47 


4588 


103985 


1524794 


100 
101 
102 


9 
7 
5 


16 
9 

4 


30 

14 

5 


48 


4521 


99464 


1420809 


49 


4458 


96006 


1321345 


50 


4397 


90609 


1226339 


103 


3 


1 


1 


51 


4338 


86271 


1 1 35730 


104 


1 








52 


4276 


81995 


1049459 
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Example 2. A person aged a is to lay by £1 for n years^ if he 
live so long : what will be the average amount ? 



Ans. h^^ ; if ar=20, y=10, 



249482—190900 
6090 



=£9-6. 



Example 3. What should a person aged x lay by now and at 
the end of every year^ that^ one such person with another^ there 
may be £1 at death ? 

D. ^. 6090 



Ans. 



N.., 



a;=20, 



255522 



=£'024, say 0^. 6d. 



Example 4. A person aged a is to lay by a at the end of a year^ 
a + hy a-\'2h, &c., at the end of 2, S, ke., years; what ¥rill be the 
average savings of such persons^ one with another ? 



Ans. 






This problem represents better than any other in our opinion^ 
the best supposition that can be made as to what any individual 
can do who attempts to be his own life-assurer. If a? =20, we 
have 41a + 990A for the average required. 

' Suppose then an individual (A) in this way steadily to invest 
£1 every year, with three per cent, simple interest upon the pre- 
ceding investments, so that a=l, A ='03, and the preceding is 
£71 ; such individuals, one with another, will have £71 at death ; 
that is, some will have next to nothing, a majority less (many of 
them much less) than £71, and a minority more, a few of them 
much more. Another individual (B) goes with £1 down and £1 
yearly to an office which charges the Carlisle premiums at 3 per 
cent., increased by 25 per cent, for management and fluctuation. 
Such an office, returning profits, will pay, let us say £120 for 
every £100 assured, to its customers, one with another. If this 
be the case it will pay the preceding individual £64 at his death. 
Let us now see how the parties stand. 

B 

has exchanged chance for cer- 
tainty at a very moderate sacri- 
fice, owing to the office being 
able to gain compound interest. 
He has no trouble in investing, 
beyond that of a walk once a 
year to the office, and is very 



has been gambling, setting a 
remote chance of more than the 
office would give against a great 
risk of leaving next to nothing, 
or at any rate very much less 
than the policy. He has had 
all the trouble of investing his 
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savings^ all the risk of being 
led to engage in some foolish 
speculation* which should lose 
them^ and if neither his indus- 
try nor his prudence should 
fall shorty all the anxiety of 
leaving too little behind him 
for many years. If he suc- 
ceed, he may succeed very sig- 
nally^ and he may have the 
compound interest of his sav- 
ings, if he know how to make 
it; but it is much more than 
an even chance that he does not 



nearly rid of temptation to 
change his investment by know- 
ing that he can only do it at a 
loss, and by having felt the 
comfort of knowing himself 
secure. He has, from the very 
beginning, a certamty of having 
made sure of his average, a 
state of mind highly conducive 
to health. His success is mo- 
derate, but certain ; and it 
never surprises him if, any day 
of any week, he is solicited to 
aid in saving from starvation 
the widow and children of A. 



do nearly so well as B. 

9. We shall end this paper with the consideration of a question 
which is of frequent occurrence, namely, the borrowing of money 
to be paid by annuity. A person aged x (the annuity on his life 
being worth A^. year's purchase) borrows £ly for which he is to 
pay a life annuity. This life annuity ought to be 1 : A^^ of a 
pound. Now if pg, be the premium of assurance for £1 at the 
required age, we have, r being the interest of £1 for one year, 

1 r^ _ _1_ _ r+(l-fr)p^ 

1+A. l+r"^" '''A.""l-(l+r)p/ 

First, suppose an assurance office to exist, charging the abso- 
lute premium of the tables, and nothing more. Let the lender 
insure the borrower's life, and take from him a yearly payment 
equivalent both to the interest of the sum lent and the premium. 
Remember that the lender pays the premium at the beginning of 
the year, while the borrower's annuity payment does not becoYne 
due till the end, whence the borrower must pay interest for each 
premium advanced. This he does (with the interest of the loan) 
as long as he lives, and, at the end of the year of death, the lender 
claims from the office : 1, the £1 lent ; 2, a year's interest on it, 
just due; 3, the premium last paid; 4, a year's interest due on 
it. Let S be the sum assured; then S must be made up of 
li ^> Px^ (i^s premium), and rp^S a year's interest. Hence 

1+r 1 



S=l + r+jt?Xl+r)S, or S= 



^-Psi^+r) »— /?/ 



* In particular, the temptation of spending the interest of his savings in making a 
greater appearance, a folly which has prevented many a competency from being acquired. 

M 3 
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which is the sum the lender must assure^ to keep himself clear of 
all loss. Now the borrower must pay at the end of each year^ 
1, the interest just due on £1 ; 2, the preceding premium ad- 
vanced for him a year before, with interest, so that his annuity 
must be 

as found before. And this last process* is true, whether the office 
charges the tabular premium, or makes an addition. 

Let us now examine how far the existence of assurance offices 
affects the position of a borrower. Formerly, in borrowing on 
annuity, the usury laws made the position of the lender hardly 
respectable, for his risk (as no one individual could have many 
transactions of the kind, so as to secure an average) required 
what might either be called a high rate of mortality or a high 
rate of interest, at the pleasure of the lender ; for the price which 
supposed 4 per cent., deduced from one table, might be the 
price at 8 per cent, deduced from another. It is certain that, 
with the money-lenders, 10 per cent, on the Northampton table 
was not uncommon. The life of a man of 35 can be respectably 
insured for £2. lOs. per £100, or £-025 per £1. If he borrow 
at 5 per cent, in the preceding manner, we have then r=:'05, 
jp3.= *025, and £'0783 is the value of the preceding expression, 
say, £7S. 6s. for £1,000. Now, if this man had gone to a 
money-lender who asked 10 per cent., even taking the Carlisle 
table (which is favourable in this case to the borrower), he must 
have paid an annuity of £116. 11^. for the same accommodation. 
And in many other ways it might be shown that the existence of 
assurance-offices is a most valuable protection, not as enabling 
persons to borrow (an objection we have before now heard urged 
against them), for borrowing was always practicable, but as 
enabling them to borrow on reasonable terms, and of respectable 
people ; which the usury laws had rendered almjost impracticable. 

This transaction must be arranged as follows, when it is desired 

to pay off the loan in n years. Let p be the premium for assuring 

£1 for n years, k that for endowing the debtor with £1, if he live 

over n years. The lender must then (the loan being supposed £1) 

1 +* 
insure the debtor^s life for — — , and must also pay a premium 

* As &r as I know, this exact method is due to Mr. Griffith Davies, and the first 
proof of it is in Mr. Jones's work (p. 189). 
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for £1, to be paid by the office if the debtor survive n years. 
This premium to the office will therefore be 

P+^ or^^ . 

And the debtor's annuity is 1, the first payment being 

due in a year^ and the last at the end of the n years^ if he live 

80 long. 

A. DE MORGAN. 
University GoUeget June 21, 1841. 

%• Mr. Peter Gray has favoured us with the following errata in our 
reprint of the first Number: — 



»ag( 


B 334, line 25, for +m— 1)/3, 


read +(m-l)/3. 




335, „ 6, „ 6R^i, -vtirR,, 


+ii M ^K»+i,i.— »^R#,»+i* 




338, „ last, „ comes, 


„ becomes. 




340, „ 18, „ a(Aw==o), 


„ a, (A»==a). 




„ „ 20, „ dccreasinfff 


„ decrecmng. 




341, „ 35, „ and, 


„ into. 




344, „ 14, „ /ii-1, 


„ /i=l. 




345, yf 26, „ portion, 


„ proportion. 




348, „ 6, „ Y, 


„ Y«r. 



On the Construction of Tables by the Method of Differences, By 
Peter Gray, F.R.A.S., Honorary Member of the Institute of 
Actuaries, 

Section II. — On the Calculus of Finite Differences, 

(50). The Calculus of Differences is a somewhat extensive 
subject, but it is not necessary now to go far into it, or to occupy 
ourselves with its application to other than the simplest class of 
functions, namely, rational, algebraical, and integer functions. 
The theorems we require might have been left to be deduced as 
occasion for them should arise ; but it has been thought better — 
and the arrangement will certainly be more convenient for reference 
— to bring the greater portion of them together in this place. 

(51). In this calculus functions of a variable, as Xy are denoted 
by the letters w, v, &c., with the variable attached. Thus, u^y v^., 
&C., denote functions of ^, and u^+^y ^x+n^ &c*> denote the same 
functions, respectively, when a in them is changed into a + n. 
Also, when a takes a particular value, 10 for example, they will 
be denoted by t/io, Vio, &c. 
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(52). If in any function, w^, x is changed into a? 4- 1, the excess, 
positive or negative, of ti^j+i over Ug. is called the difference of Ug.y 
and is denoted by A%« We thus have 

(53). From this it appears that A is the symbol of the operation 
that consists in increasing ^2? in Ma- by unit, and taking the difference 
between the function as changed, and the original function; and 
A War denotes the result of this operation. 

(54). The following are examples of differences : — 

If w,=a7 .'. Aw,=(a?H-l) — a:=l. 

„ w,=3x±6 .-. Mx={3(a;+1)±6}— (3a;±6) 

=3(a;-f-l)— 3a;=3, 

„ w,=3a;2 + 4a;— 6, 

.-. Aw,={3(a:-fl)2-h4(ar-|-l)-6}-(3a;2 + 4a;-6) 
=3(a:-fI)2-3«2 + 4(a;+l)-4a;. 
=3a:2 4.6a?+3— 3a;^ + 4a;-h4— 4a; 
= 6a: + 7. 

From the foregoing instances the following theorems are easily 
inferred : — 

(55). A constant which enters a function by addition or subtrac- 
tion disappears in the difference. Hence the differences of func- 
tions that differ from each other by a constant are equal. Thus, 

A(w,dt:«)=Aw,. 

(56). A constant entering a function as a multiplier appears in 
the same character in the difference of that function. Thus, 

Aat^^=aAu^. 

(57). A compound function being an aggregation by means of 
the signs phis and miniLS of two or more simple functions, its 
difference will be a similar aggregation of the differences of the 
component functions. Thus, in the third example, u^ is the 
sum of two functions, 3^^ and 4»— 6, and we see that there 
AW;p = 3 A.2?^ + 4 A.r. Genertilly, 

A(w,±v,± . . . )= Aw,±iaLV,± . . . 

(58). The operation symbolised Ijy A is obviously one that 
admits of repetition. The result of its performance on At«-p is 
denoted by A(AWa:), which is abbreviated into A^W;^. And 
generally the result of its performance n times is denoted by A'^^^. 
These results are called the first, second, .... nth differences 
of Uxy respectively. 



1866.] by the Method of Differences. 161 

(59). In the examples in (54) we saw that in each case the 
difference was one degree lower than the function from which it 
was derived; and I shall now show that in algebraical and integer 
functions this property holds universally. A consequence of this 
is that if ttj. be a function of n dimensions^ one dimension being 
lost at each operation^ A'^Uj. will be a constant^ and differences of 
higher orders will be equal to nothing. 

(60). Lettt^=Ai»» + Er»-i + C^~» + . . . . 

.-. w^i=A(ar+l)''-f B(a?+l)-i + C(a:+l)-a+ ... 
Expanding the terms of «x+i> we get^ 

A(:»+l)» z=:A^+Anar-^+^^^^^^ar'^+.., 

B(aj+1)""*= BaT-^-^ B(n^l)ar-^+... 

C(a?+l)"-2= Ca^-^... 

« • 

Hence^ 

«^i=AB^+(An+B)^-' + l^y +By«-l)+c|^-»+ . . . 
And from this subtracting Ug. we get 

A«,=Ana^-»+f — +BVn— l)a^-2+ .. . 

putting Bj, Ci, &c., for the coefficients of ^**~*, ^*""', &c. 

Performing a similar operation on this expression for Au,, we 
should find 

A2M,=An(n— l)«^-«4-B2«^"'+C2a^-H . . . 

in which B2^ €2^ &c.^ are new coefficients. 

Another performance of the operation upon this would give^ in 
like manner^ 

A»ti,=An(n-l)(n-2>B^-»+B3a;^-'*+ . . . ; 

and hence we may infer generally, that the result of the nth per- 
formance of the operation A would be 

AX=A«(n— l)(w--2). . .(n— n+l)a;"-'*, 

which is evidently constant, and may be written 

AX=l-2.3...n.A. 

(61). Examples of the theorem just established are — 
A2ar»=1.2=2; AV=1.2.3=6; AV= 1.2.3.4=24. 

In all these examples A=l. If ttaj=2^^ + 7^ + 6, we have 
A%a;= 1.2.3.2= 12, A being here=2. 
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-6 


5 


-12(1 


-4 


1 


-11 


—2 


-1 











6 


-6 


1(1 







1 




6 






12 


0(1 
12 



12 



(62). In forming the successive differences of a fonction^ 
Homer's transforming process becomes immediately available. 
Let it be required to form the successive differences of 

ti,=2a:»— 6««+5a;— 12. 

The entire process is in the margin. 
Transforming Uj, into m^+i (13), we have for 
the coefficients of the latter function, 2, 0, 
— 1, — 11, from which subtracting, as they 
stand, at the tops of the several columns, the 
coefficients of u^., we have for those of At<^, 
6, — 6, 1. Treating these in the same way, 
we get 12, 0, for the coefficients of A^m^p ; and 
a repetition of the operation on these gives 12 
for the coefficient of A^M;^. We thus have 

u, = 2a;»-6a?2-|-5x— 12 
Am, = 6a;2_gar+ 1 

AX= 12a;+ 

A«w,= 12. (60). 

(63). The successive differences of a function may also be 

found in another way. , 

Since, (52), 

Aw,=w^i— w„ 

therefore, differencing both sides, (57), 

A^w,= Aw^i — Ati^ 
In Uke manner, 

A'w,=± A%^i — A^M«; 
and, generally, 

A"m,= A""*«^i — A*"'w^ 

From this it appears that a difference of any order, may be formed 
from two adjoining differences of the next lower order> in a manner 
analogous to that in which the first difference is formed from two 
successive values of the function. 

(64). The property just proved suggests the following process: — 

u 
M, =2ar3— ^^^ 5a?- 12 
w*+i=2a^+ 0a;2— a?— 11 
w^2=2fl?3+ 6x2^ 5ar— 10 

w^3=2a:^+12a^^+23a?+ 3 
w^4= 2a;3 + 1 8a:2 + 53a? + 40 



Ai 


A« 


A» 


A* 


6a;2— 6a:4- 1 


12a: + 


12 





6a;2+ 6a?+ 1 


12a?+12 


12 




6a?2+18a;+13 


12ar+24 






6a;2 + 30a?H-37 
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The first column here contains five successive values of ««.. all 



formed from the first of them by successive changes of x into 
^+1^ (13). The remaining columns are formed^ each from that 
which precedes it^ by subtracting each value in the latter from that 
which follows it. The second column consequently contains 
Au^y Attar+ij &c.; the thirds ^^x> ^^x+iy ^} ^^^ ^^^ fourth^ 
A^u^, Ahiaf^i, &c.^ which last are equal to each other^ the func- 
tion being of three dimensions^ (60). By the arrangement here 
adopted (which is not that most commonly employed) each function 
and its successive differences are found in the same horizontal line, 
which is very convenient. 

(65). It is at once apparent that the process just exemplified is 
much more laborious than the one for the same purpose exemplified 
in (62). That last mentioned, therefore, will be generally preferred 
when the function to be differenced is given in symbols. It is 
otherwise, however, when the data are successive numerical values 
of a function. In this case the process of (64) alone is applicable ; 
and in (bis case too it loses its irksomeness. 



u 


Ai 


A« i 


^8 


A* 


1438 


541 


120 1 


2 





1979 


661 


132 ] 


.2 




2640 


793 


144 






3433 


937 










4370 

• 
• 













Above is a numerical example. The function is the same as 
before, the successive values of a here being 10 to 14. And the 
differences formed in (62) and (64) will be found to be the same 
as those formed above, when the proper values of the variable are 
substituted in them. 

(66). To express A^u^. in terms of t^^,. and succeeding values. 

Since 

.-. A%,= Am^i - Aw^=(w^2— «*+i)— OWi—O 

Similarly, 

A»M,= Att^2— 2Att^i + All, 

=K+3— W^2)-2(U^2— tl^l) + (tl^l— tt,) 



U, 



The coefficients are obviously those of the expansion of (1—1)", 
so that we should finally have 



154 



On the ConstrueHon of Tables 



[Oct. 



AX=«*+i.-««. 



fi(n— 1) 



n(n-lXw-2) 



M. 



i-3i • • • • 



*(-l)x. 

(67). The number of terms in this expression is n + 1 ; so that^ 
to enable as to form a specific difference of a function, we require 
to be furnished with one value more of the function than the 
number that denotes the order of the differences to be formed. 
Thus, to form a second difference, three values are necessary ; a 
third difference, four values, and so on. 

(68). The following is a particular application of the theorem 
in (66) :— 

l£Ujg=X^, then will Wx+ji=('^ + ^)"*> W;r+n-l = (^ + ** — l)**i *"^d 

80 on. Therefore, by the theorem, 

n(n— 1) 



AV"=(a;+n)"'— n(a?+n— 1)"+ 



(a:+«-2)-— . . . .(— l)^»aj-. 



Now, let ^=0; that is, let the successive values of the function 
be 0^, 1***, 2**, . . . and the above becomes 

....(-.l)»+ln,l-. 

(69). The numbers expressed by this formula, by giving to n 
and m different values, are called The Differences ofQr\ or, more 
briefly. Differences of Nothing. They are of frequent occurrence, and 
of considerable use in analysis ; and as we shall have occasion for 
them hereafter, I insert here a table of their values as far as A^. 

Differences of Nothing, 



0- 


A» 


A* 


A» 


A* 


A* 


A« 


0» 



















0» 




2 














0» 




6 


6 











0* 




14 


36 


24 








0» 




30 


150 


240 


120 





(fi 




62 


540 


1560 


1800 


720 



0*= 1 14 36 24 

1*= 1 

2*= 16 

3*= 81 

4*=256 

* The symbol ( - 1)" is a convenient substitute for the periphraais, *^plus or minui 
according as » is even or odd.** And, in like manner, ( - 1)"+^ expresses, *^jihu or 
minus according as n is odd or even.^ 



The table may be verified as 
in the margin, where the fonna- 
tion of the fourth line is shown. 



1 


14 


36 


15 


50 


60 


65 


110 




175 
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We know already^ (60), that when n=:m, A*0*= 1.2.3 . . . n ; 
from which it follows that when n is greater than m, A'^=0. 
These properties are visible from the table. 

(70.) To express Ug^f^ in terms of Ug and its successive 
differences. 

Since, (52), 

adding to each side its difference, this gives 

w^i + Am^i=w,+Am,+A(m.4-Aw,); 
or, 

w,+a=«,+ 2Am<^+ A*w,. 
Similarly, 

«^3=«*+ 3Aw^+ 3A«w,+ A V 

The binomial coefficients we see again present themselves, and 
therefore we conclude generally, that 

w(n— 1),, n(n-l)(w— 2),, 
«.+.=w.-|-«A«,+ -i^^ A2w.+ -5^ ^ ^ A»w^. . . . + AX. 

(71). In the expression just deduced n is the variable, and 
t£^, Aw„, are constant. We may, therefore, for these^ write Uq, 
Auq, &c., respectively. We thus get 

w(n— 1) ^_ 
«ii=«o+wAmo+ -^-^ — A'»wo+ . . . , 

in which we may, if we please, write x for n, both symbols being 
equally indeterminate. 

(72). The expression in (70) enables us, when the requisite 
number of successive numerical values of a function is given, to 
determine the function. Thus^ multiplying out the coefficients, 
arranging in powers of n, and going as far as the fifth order of 
differences, we get (writing, for brevity, A^, A', &c., for A^Ug, 

Ahig, &c.) 

/ A2 A« A* A» \ 

/A^ A^ llA* 5A5 \ , 

/A« A^ 7A5 \ , /A* A» \ . 

+U-T + ^--->+l2i-12 + --T 

We thus have, Ug, A}ug, fee, being known, a finite expression in 
terms of n, for u^+n^ from which it is easy to pass to Ug. 
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(73). As an example, u^<^y u^y &Cj 


, as in the following scheme. 


are given, and «, is required. 




X u ^^ 


A« A» 


62 


238328 


11719 


378 


6 





63 


250047 


12097 


384 


6 




64 


262144 


12481 


390 




65 


274625 


12871 




66 


287496 











Here tt62=288828, ^u^^=\\7l% AX2=378, A«=6, A^=0, &c. 
Hence, substituting in (72), 

«62+n=238328 + 1 1532» + 186n2 + n» 
=M»+186»2+11532n+238328. 

Now this will be transformed into u^-^n-e^^^ni ^ follows : — 

-62 



186 


11532 238328 ( 


126 


3972 8» 


66 


12* 


6» 


4 


4 





2 










The result is rfi, all the coefficients, except the first, having di&- 
appeared. Hence, writing x for «, «,=^; and, conscquenUy, 
the given values are the cubes of 62 and following numbers. 

(74). It is worth noting, in connexion with the foregoing 
transformation, that the absolute term, 238 . . . , being exhausted, 
-62. the transforming number, is a root of the polynomial ope- 
rated upon (19). But the two preceding coefficients are also 
exhausted by the same transformation. This shows that there are 
other two roots, each equal to — 62 ; and hence the polynomial 
can be nothing else than the expansion of (n + 62)', which on trial 
will be found to be the case. 

(76). As another example, a certain function, u^y when x is 
20, 21, &c., assumes the values shown below. Bequired the 
function. 



X 


u 


A» 


A2 


A» 


A* 


A» 


20 


3047619 


850841 


180260 


27240 


2616 


120 


21 


3898460 


1031101 


207500 


29856 


2736 


120 


22 


4929561 


1238601 


237356 


32592 


2856 




23 


6168162 


1475957 


269948 


35448 






24 


7644119 


1745905 


305396 








25 


9390024 


2051301 










26 


11441325 













Here «go = 3047619, Attjo= 850841, A«wjo=180260, /i»«ao=27240. 
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A^=:2616^ A^fi2o=120^ A^ti2o=0^ &c. Hence^ substituting 
these valaes in (72), we get 

tij»+^=n«+ 99»H 8921fi»+ 77669n«+ 7691 61n+ 3047619. 

Now transform as below — 

1 99 3921 77659 769161 3047619 (—20 

79 2341 80839 152381 .-1 

59 1161 7619 1 

39 381 -1 

19 1 
-1 

And the function is 

< (76). Resuming the expression in (70), 

n(n-l) ,, 

by giving n in this expression the integer values in succession, 
0, 1, 2, &c., we of course reproduce the terms tt^., War+i, w+a, &c., 
from which the differences At«^, ^x» &Cv were deduced. But 
also, if we give to n fractional values, we should produce terms 
intermediate to those just referred to ; and we shall thus be able, 
by employing proper values, to divide the intervals Uj. to Wa.+i, 
tt^+i to u^^^y &c., into any required number of parts. Thus, if 
we make n=^, |-, |-, &c., successively, we shall form the values of 
<<x+i:s> ^x-^i> t<ar+3:2j ^^^ ^ ou, and thus the original intervals 

will be bisected. Let, generally^ n= — , and the expression will 

become 

1(1 _l) i(i-l)(:l-2) 
«^:-=«.+ - A«,+ 1 A^u,+ —^ A»«,+ • . . 

A«. <<-in) A««. t(t-mXt-2m) A*u, 
=«,+^_ + _ _ + __ -^ + -.. 

On multiplying out the coefficients, and going as far as the sixth 
order of differences, this becomes 

^— 6m^+llm2^— 6«i»^ ^4^^ 
^ 24 m* 

<^— lOm^ + 35m^^— 50m»^« + 24mV A»ii, 
■^ 120 "^ 

t^—lbmt^ + 85w^^ - 225m»/» + 274w^/^- 1 20m <^^ A«tf, 
■^ 720 m^' 



158 On the Canstmction of Tables [Oct. 

(77.) Now^ to form the differences of this expression^ taking 
the nth difference of 1;>oth sides with respect to / (remembering 
that iLg, Avxi ^*f are constant)^ making then /=0, and writing 
S^^ on the left-hand side of the equation, to remind us that the 
difference has reference to the interval 1 : m, we get 

A-O^ Att, A"02— tnA^Qi A^w, 
d"w= — — • f- 



+ 



+ 



1 m 2 m^ 

A"0»-8mA*02 + 2m2A"0i A»m, 



6 w* 

A"0*-.6mA"08+llw2A"02— 6m»A"0» A% 



24 m^ 

A*0«— 10mA"0* + 35m2A*03— 50m»A*02 + 24m^A*0^ A^m, 



120 m^ 

A^Qg— 1 StwA^O^ + 85m^A*0^ — 225mgA"0^ + 274m^A"0^ - 120m»A"0^ A V 

720 * "^ 

From this we get, making n=l, 2^ &c., successively, and taking 
the values of the coefficients from the table of the Differences of 
Nothing in (69), the following expressions for B^u^, S^w^^, &a: — 

5, AUg 1 — m A^Ug 1— 3/w-|-2m^ A'«, 



m 2 tn^ 6 m^ 

1 — 6m+llm2— em'* A%, 
"^ 24 "^ 

1— 10m+35m2— 50m»4-24w4 A^u, 



+ 



"^ 120 m^ 

1— 15wi-|.85m2— 225m8 + 2747»*— 120m5 A^w, 



720 m' 



6 



^ A%. . ,, . A^M. 7-18m4-llm2 A% 



m* ^ ^ m* 12 m* 

3— 14w+21m^--10m« A^ 
■^ 12 m^ 

31-225m+595m2— 675m8+274m^ A^u, 



+ 



360 m6 



.J A^w, 3(1 -m) A^M, 5— 12m-f7m2 A^w 

^"•=";^'*-— 2 — -^-^ — 4 "^ 

6— 25m+34m2-15m« A^w^ 



+ 



8 m« 



54 ^V , «,. s A^w, 13— 30m + 17m2 A«m, 
5Xr= — J- +2(1— m) — r^ H ^ ^ 
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A^ 5(l-m),A««, 

(78). The foregoing expressions are easily transformed into the 
following more convenient forms : — 

All, m-1 £sSi, . (ni--lX2m-l) A^, 
' m 2 m^ ^ 6 m^ 

(m— l)(2m— lX8m-l) A^ 
24 * m* 

(m— lX2m-lX3m-l)(4m--l) A^ti, 
"*■ 120 ' f»« 

(m-lX2m-.lX3m-lX4m— lX5m-l) A«w. 



720 m6 

* m* ^ ^ m» ^ 12 w* 

(m— lX2w-lX5m-8) A*ii, 
"■ 12 ' m» 

(m— lX2m-lX137m2-132m+31) A^w, 



360 m' 



6 



^. A»w, 3(m— 1) A*w, fw--lX7m-5) A'^m. 
•"" w« "" 2 * w* "^ 4 ' m^ 

(m-lX3m-2X5m— 3) A^w, 



6 



8 rd 

wi* ^ ' m* 6 m^ 

• «» 2 m* 

(79). The results just deduced are of great importance. They 
enable us^ when the requisite number of equidistant terms of a 
series is known — and that whether the characteristic function be 
algebraical or transcendental — to interpolate the intermediate 
terms. We shall have frequent occasion for their application in 
the fourth section. 

(80). They have a somewhat formidable appearance. But it 
must be noted, first, that it is but very rarely that it is required to 
use so many as six orders of differences ; so that, when fewer 
suffice, the terms involving the higher orders of the differences of 



160 On the Construction of Tables, ^c. [Ocir. 

Ujg vanish. And, secondly, that when the numerical value of m 
(which is one more than the number of terms to be interpolated 
in each interval) is inserted, the expressions become materially 
simplified. 

(81). The most generally convenient value of m is 10. That is, 
it is usually arranged that the given — ^the fundamental or primi- 
tive — terms should be ten apart in the series to be formed. In 
this case the numerical values of the formulse in (78) are as 
follows : — 



_A^r 4'5A%, 28'5A»t<, 206'625A*ti, 1611'675AV 131620125AS 
_ A«M, 9A»M, 77-25AS^^ __ 669 75 A^/^ 5895'225A6«^ 

'■" • • lo^ " io» ■*" 10* "■ 10« + 10« 

__ ^u^ _ 13'5A*t<^ 146-25A^M^ _ 1480-5A6«, 

^•'•"" 10» "" 10* ■*■ 10* 106 

^*''"" 10* 10* "^ ~W 

^ > A»fi, 22-5A6M, 

^"^= lo^ W — 

36^.= ^. 

106 

(82). The differences are so arranged in the above scheme, that 
by drawing, or conceiving to be drawn, a vertical line at the proper 
place, the terms of the several series which are not wanted ip any 
particular application are cut off. Thus, if two orders of differences 
suffice, we have for the working formulae — 

10 10* ' ' 10« 



•jr 



if three orders are needed, we have 



'~ 10 102 "^ 10' ' 

^ _ A%. 9AX 

^"•~ • • "10^ "" To»""' 

10" 



and so on. 

(83). Another useful value of m is in=5. It may be well, 
therefore, for facilitation of reference, to give here the results of 
the substitution of this value in the formulae of (78). 
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., A»M. 2A«ii. 6A»tt. 2IAV1, 79-8A*tt 
• 5 5a ^ 5» 6* ^ 6* ' 

_ A««, 4A'«. 16A*«. 66A'«, 

«•«.- . . -5r--5r-+-8* gi—' 

« _ A*«. 6A*«. 30A't«, 

>-- '^-'-^. 

(84). These will^ perhaps^ be rather more easily used if put in 
the foUowiug form :— 

^ A%. A'w. AV A*m. 

«•».= »2^'. 



General Average. By Richard Morrison. 

(Concluded from p. 51.) 

In the Report before alluded to^ this case is especially noticed 
as affording evidence of the concessions made by foreign countries 
to obtain uniformity. The practice abroad has hitherto conformed 
to the principle recognized universally^ as to the propriety of 
admitting as general average the damage done by voluntary 
stranding which was attended by the preservation of the ship and 
cargo. They still retain^ however^ as a subject of contribution^ 
any damage which may ai:ise from running a ship ashore to avoid 
capture ; but it is clear that the same objection cannot be raised as 
in the case of a vessel in danger of foundering ; for she may be, 
under the former circumstances, perfectly seaworthy, and therefore 
there would not be the difficulty of determining the exact amount 
of damage done to the cargo or the ship. 

VOL. XIII. N 
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By the law of the United States the cargo saved contributes 
for the loss incurred by the ship and freight^ even if the ship should 
be totally lost^ when voluntarily stranded for the general benefit.* 
Stevens states, that from manuscript statements in his possession, 
it appears to have been the practice of Lloyd's to allow the damage 
in the time of Weskett (that is, about the year 1781), in common 
with foreign countries, and that it was derived from the Rhodian 
law. He thought the practice ^^unreasonable and unfounded,'^ 
but cites the opinion of Marshall, who considered the damage 
sustained and the expenses incurred to be a fit case for contribution 
where the ship was got off and subsequently repaired. This 
exactly accords with the rule first proposed and embodied in the 
Draft Bill whieh formed the basis of the discussion in 1864. It 
was there suggested that such damage to the ship or cargo should 
be allowed as general average, if the act took place to avoid capture 
or foundering, if she was afterwards got off and repaired ; but if, 
when she was got off, it was found impossible to repair her, or the 
expense of doing so would be so great as to exceed her value, then 
no compensation was to be allowed. 

We are inclined to think that the adoption of this rule would 
be better calculated to obtain entire uniformity than the one finally 
decided upon ; as the modification, being a middle course, would 
rather meet with general approval than a complete alteration in 
the practice ; for foreigners, by conceding the point, do not acknow- 
ledge it to be unjust or wrong in principle, and therefore in prac- 
tice would be unwilling to abandon it. It will have been seen that 
in the question of wages and provisions of the crew, a middle 
course was proposed. Foreign nations admitted them without 
qualification. We rejected them ; but now propose to admit them 
in such a manner that, by the greater portion of them being 
allowed, and both parties consenting to such an arrangement, few 
complaints of injustice can be made. 

We now come to the apportionment of the general average, and 
proceed to state the values of the interests to contribute. These 
interests have been frequently mentioned in the course of these 
remarks, as ship, freight, and cargo. But each of them has a 
different value attached to it at various periods during the adven- 
ture by which they are all associated. The ship has a different 
value to her owner when she arrives at her port of destination, 
after battling with winds and waves, to that which she had when 

* For an account of the case which decided the question, and for the opinions held on 
this point, by legislators and jurists, see Amould, pp. 900-902. 
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she left her port of departure all ** tight^ staunch, firm and strong ;'' 
much more then, when meeting with more than ordinary perils of 
the sea she is compelled to put into a port of refuge. Another 
consideration in estimating the value of the ship, arises from the 
fact that her owner may perceive beauties in her, which cause him 
to set a higher value upon her than would be perhaps applied if 
the ordinary test were taken, viz., her strength, build, and rig. 
He may imagine, or know, that she possesses greater powers of 
sailing and facilities for the carriage of certain cargoes, which to 
common observers are imperceptible, but which may cause him to 
estimate her worth at an amount quite different from that she 
would realize if sold in a market, or even different from her prime 
cost. Then the freight, which if paid to the shipowner or charterer 
at the commencement of the voyage, might be a large sum, 
gradually diminishes as the voyage progresses ; for he has to pay 
and support the crew out of it, so that each day the value is less 
to him than at the outset of the adventure. The cargo likewise 
has a certain value at the port of shipment, which may be greater 
or less on the arrival of the vessel at her destination. It is sup- 
posed by the merchant to be greater, but the markets may fluctuate 
and the result not correspond with his anticipations : the mer- 
chandize may produce very little or realize an extraordinary sum, 
according to the demand and supply or other circumstances con- 
nected with the subject-matter of the sale. 

Which value, then, is to be taken ? At what period of the 
voyage can a fair estimate be made, so that all the valuations will 
agree, taking them as nearly as possible upon one basis; for 
that is the equitable mode of procedure, and the one sought 
after ? I shall endeavour to show at some length, that, according 
to the method usually adopted in estimating the value of the 
ship, in principle the correct value is not taken, but that prac- 
iically it answers the same end; thus affording another illus- 
tration how little agreement sometimes exists between principle 
and practice when applied to the adjustment of general average 
losses. 

This is confessedly one of the greatest difficulties connected 
with the subject. With regard to the contributory interests 
generally, different States have adopted various methods, and in 
England the law has varied considerably at different periods. 
Stevens, quoting the words of Abbott, " a learned and very useful 
writer,^^ says, " There is no principle of maritime law that has been 
followed by more variations in practice than this ; and the deter- 

2 N 
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minations of English courts of justice furnish less of authority on 
this subject than on any other branch of maritime Iblw" 

It formed one of the questions which recent discussions have 
endeavoured to set at rest^ and the result has been to admit the 
propriety of the mode of valuation adopted in England. We wish 
to call attention to the words of the section, that " the contribution 
shall be made upon the actual values of the property at the termi- 
nation of the adventure.'' This, it will be seen, agrees with the 
opinions, hereafter adduced, of all who have given the matter their 
consideration. 

Stevens — whom we have alluded to as the first writer on average, 
and whose work is continually quoted by every writer on marine 
insurance and average — says, "Whatever be the nature of the 
property, it is the value at risk [i.e., the value to the owner on 
arrival) that should contribute, and not any former or after value 
of the thing/' The cargo, on its " true value saved''; and for the 
ship, " the true value for contribution is, the amount that her huU^ 
masts, yards, sails, rigging and stores, would produce after the 
sacrifice is made — with the addition of the amount made good by 
the general average contribution"; or in the words of Marshall, 
which he gives, " the ship is to be valued at the price she is worth 
on her arrival at her port of delivery. Sir Joseph Arnould, one of 
the modern writers, gives the general principle of valuation in the 
words of another : " The contributory value of the different inte- 
rests is their value to their owners at the time and place to which 
the apportionment relates" — that is, in most cases, the port of 
destination. He observes, that although this principle is simple^ 
it has given rise to many difficulties in its practical application ; 
and assigns as the chief reason, the fact that the difference between 
the values for sacrifice and for expenditures has not been suffi- 
ciently remembered. The distinction is this : in the case of 
expenditures contribution is due from the moment of the outlay, and 
is payable apart from all future contingencies that may arise in the 
further prosecution of the voyage. But with sacrifices the case is 
different, for the property at risk is not held to be liable for contri- 
bution till it has arrived at the place where the adjustment is 
made ; which place should be the port of discharge, on the ship's 
arrival there. Sir J. Arnould, confirming the view of Mr. Phillips, 
the American writer, considers that where the loss adjusted has 
arisen partly from expenses and partly from sacrifices, "the con- 
tributory value of the property saved ought in theory to be esti- 
mated on two different principles"; but he truly remarks that such 
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a course would be "attended with a degree of difficulty and embar- 
rassment inconsistent with the exigencies of actual business/' 
Such a course is never adopted. 

Now, applying the general principle laid down by these autho- 
rities with regard to the valuations, that of the ship will be '' the 
amount at which her owner could afford to sell her at the time and 
place at which the adjustment is made. Her contributory value, 
in fact, as the rule may be shortly given, is her worth to the owners 
in the state in which she arrives"* 

I have preferred giving the exact words of these authorities, 
because in examining whether the principle is acted upon as it is 
broadly laid down, by defining the terms it will be seen that the 
actual value of the ship, according to the proper meaning of the 
expression, by the method adopted in England and elsewhere, is 
not taken at all ; the one taken beiug her worth at the time of the 
accident, computed from her value at the port of departure, minus 
the damage sustained. It is different in principle from the one 
stated above, and apparently dissimilar from that of the freight 
and cargo, although it practically amounts to nearly the same 
thing ; and in countries so contiguous that the prices of shipping 
are the same, there can be no question raised as to its propriety. 

What is the value of any thing? Is it — amplifying but 
adhering to the sense of the dictionary meanings — the mere rate 
of worth set upon it by general custom, according to the nature 
and class of the commodity ; the amount for which it will seU, and 
allowing the possession of certain distinctive qualities to render it 
more valuable at one time than another, even when compared with 
objects of the same kind ? Or, is it regulated by laws which admit 
of no exception in the specific class of merchandize or commodi- 
ties to which it applies ? " Value," says Mr. H. Fawcett, " implies 
the comparison of one commodity with another. It is, therefore, 
a relative expression.'* Mr. J. S. Mill, quoting Adam Smith, 
gives two meanings to the word — one signifying usefulness, the 
other, power of purchasing ; and in reviewing these definitions, 
explains them by giving as a comprehensive meaning, " the com- 
mand which the possession of anything gives over purchaseable 
commodities in general.'' He likewise distinguishes between 
price and value, terms which were used synonymously by the early 
economists. And he subsequently shows that the money value or 

* Arnoold here refers to Stevens, Beneck^, and Phillips; and cites, in a note, a case 
decided in the United States, where a ship, after heing saved hy jettison, was so damaged 
that she was obliged to be sold, when the average was calculated on the price she sold 
for. — Vol. ii., p. 932, et aeq. 
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price of a thing is^ for general purposes, to be considered as 
equivalent to its exchange value or purchasing power, with the 
proviso that the prices of all other things remain unaltered, except 
the one under consideration.* 

We may infer, then, that the value or worth of anything will 
depend on its purchasing power, and this latter will be greatly 
influenced by its usefulness.t Now, in applying this proposition 
to the subject under consideration, namely, the value of the ship 
to contribute to general average, we may say that her true value 
cannot be that at the port of departure. '* The contributory value 
of a ship is her pecuniary value at the time she becomes liable for 
the general average. . . . This, in most cases, is her value at that 
date to her owners, apart from any factitious value which may be 
imparted to her by contracts or other engagements.'^ (Baily.) 

Because a ship is built for and valued at so much per ton, is 
that value to be considered her true value at all times and in all 
places, and to vary only with the gradual rise or fall in the price 
of shipping generally, or the materials which produce it f As we 
shall see hereafter, the cargo is usually made to contribute on 
what it actually produces (less certain charges), and if not sold is 
estimated according to the market value of similar articles or pro- 
duce. The question, therefore, arises, why, if the ship is equally 
interested in the distribution of the expenditures or losses, should 
a different valuation be taken for it ? We set aside for the present 
the difficulty of arriving at the value of the ship in this way, merely 
regarding the question as one of principle ; and remember likewise 
that there may be a market for goods where the value might be easily 
arrived at, whilst for shipping there might not be sufficient business 
done to warrant a fair price being assumed. This may be illustrated 
by circumstances which could easily arise. A vessel might be on 
a stated voyage. In consequence of a general average act she puts 
into a port of refuge, incurs expenses, after having sacrificed part 
of her cargo by jettison. The correct value for contribution is her 
value at that time to her owners — i.e., the amount she would 
realize if sold at that port, according to the meaning of the term 
"value.^^ In estimating this, the assessors ought, and probably 
would, take into account advantages which the vessel might possess 
for carrying on a trade from that port to another, from her draught, 
tonnage, or peculiarity of rig, which in some trades is of import- 

* Principles of Political Economy, book iii., ch. 1. 

+ " Any article whatever, to obtain that artificial sort of ralue which is meant by 
exchange value, must begin by offering itself as a means to some desirable end/* — 
De Quincey, quoted by Mill; ibid,, ch. 2. 
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ance. This would be on the prindple of her actaal worth at the 
time the settlement was made between the respective interests 
associated* 

The case would then stand thus : — the assessors would admit 
that at the port of departure the value of the vessel might be 
greater or less than the amount she would realize if she were to be 
sold at that port at the same date; but they would say, '^it is 
needful to ascertain her actual value, and estimating it according 
to the rules commonly employed for determining the value of all 
things, we submit that she is worth such a sum, although she 
would not perhaps fetch it elsewhere. It is true there is no market 
for the ship ; she was not sent out to be sold ; but for the occasion 
we must suppose a market to exist, that supposition being neces- 
sary owing to the circumstances in which the ship is interested 
demanding that proceeding/^ They might further add, that the 
fact of its being a maritime market for goods, is a fair basis for the 
inference that vessels would be sometimes bought and sold, and 
therefore that — although at that particular date there was no 
demand for such a ship — ^a market value could be obtained with- 
out much difficulty, subject to the same conditions and fluctuations 
that apply to all things bought and sold. When freights are high, 
it shows that vessels are scarce and that there is a demand for 
them ; or there may be plenty of vessels but not much demand, in 
which case freights would be low, and the value of shipping would 
decline, analogous to the laws which govern the prices of those 
commodities which constitute cargoes. The value of shipping 
depends also upon other circumstances. It might be more valu- 
able in Calcutta or Sydney than in London or New York ; but 
this might arise from the circumstances of the supply of timber, 
iron, and hemp, as well as from the scarcity or abundance of labour, 
or from the want of capital to undertake the building of vessels.f 
These facts are to be considered as applying rather to the relative 
standard of value which exists in various parts of the world, but 
which nevertheless remotely affect the economical value. '^The 
demand partly depends on the value and the value depends on the 
d^and.'' (J. S. Mill.) 

* ^ The utility of a tiling, in the estimation of a purchaser, is the extreme limit of 
its exchange value; higher the value cannot ascend; peculiar circumstances are required 
to raise it so high/* — J. S. Mill, book iiL, ch. 2. 

** The price of a commodity which is actually realized may oscillate. . . . according as 
the vendor or purchaser has the more skill and knowledge of trading operations.^ — 
Fawcett's Pol, Econ., p. 314. 

f Ship-building has declined at Calcutta, but it has of late years risen to high 
importance at Moulmein, owing chiefly to the plentiful supply of teak, which wood is 
preferred above all others for such purposes. 
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This; then^ is one view which we surmise might be taken in 
determining the value of the ship ; let us now urge it a step further. 

The equity of a principle is frequently tested by extreme cases. 
The object proposed is to show that to take what may be con- 
sidered the true value of the ship at her port of destination^ 
according to the strict meaning of the term^ would not be so 
correct as that which is usually applied in the distribution of the 
general average. 

Suppose a ship whose destination was Bombay^ during the late 
American war, when such vast quantities of cotton, were sent to 
England from India, meets with dangers which necessitate a 
general average act. At that time a great many vessels were 
employed which would not previously have obtained a cargo of 
that valuable description, owing to their inferior qualities. Sup- 
pose this ship to be worth upon leaving England, say £7 per ton ; 
but owing to the great demand for vessels and the scarcity of the 
supply, would, if sold, realize £10 per ton ; would not that be 
her value to her owners ? And further, let us suppose that 
vessels become so scarce that £15 per ton might be demanded 
for the same ship. Ought that value to contribute to be set aside 
for another? Those who maintain that the actual value — what 
she would produce if sold — at the port of destination, is the correct 
one, we may imagine would reply in the negative ; and assert that 
the excessive demand for shipping would result in the embarking 
of more capital in that branch of commercial enterprise, which 
would, in process of time, reduce the price to its normal condition ; 
as it is a principle of commerce that the demand and supply regu- 
late each other, and in the end become equalized. 

On the other hand the advocates for the principle adopted 
might meet those who take this view on their own ground, and 
argue that as it is a law of all commercial relations that such a 
result must happen, and that eventually there is a tendency to the 
cost of production, it would be preferable to start from that point 
as a basis for estimating the value of the ship, as it is a merchant- 
able interest, which has not a market everywhere like ordinary 
produce or merchandize. They might say that the value in the 
case supposed above was purely circumstantial and factitious, alto- 
gether an exceptional case, and that therefore it could not be cited 
as an illustration of a sound principle of commerce. 

It will appear, then, that the price or value (using the terms 
synonymously) of a ship, like anything which forms the subject of 
commercial intercourse, may be referred back to its original cost 
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of prodaction^ regarding that as ^'a position of stable eqoilibrium''; 
and that if this condition be interrupted^ the ordinary laws are put 
into operation by the introduction of more capital into that branch 
of commerce which yields more than ordinary profits^ so that the 
normal value soon results and average profits succeed. By this 
means the cost of production^ including the profit^ although affected 
by temporary fluctuations^ may be assumed as a standard of value 
that might be apphed to a vessel when such a valuation becomes 
necessary. This would approximate very nearly to the real value 
if sold at the port of destination^ and may be considered equitable 
for general practice. 

Many continental nations^ including France^ adopt the method 
of valuing the ship at her worth at the port of discharge; takings 
however, only one-half of that value for contribution. Spain con- 
tributes upon the whole value, as if she were sold there and then. 
They also take half the value of the freight for contribution. 

It must not be supposed that the writer wishes to prove that it 
is immaterial which value is taken, or that the two are so nearly 
equivalent that it is almost a question of terms. It is for the 
most part acknowledged that the values at the ports of departure 
and destination are different; the difficulty is to ascertain the 
actual one at the latter place — a matter almost impossible as a 
general rule, for the surveyors and nautical assessors could not 
properly estimate it without thoroughly examining the ship from 
stem to stern, and from the topmasts to the kelson ; neither could 
they (unless she were in dry dock) obtain any knowledge of the 
state of the copper, the condition of which would inform them on 
many points connected with her value. 

It may be affirmed that it is the exception to find a great 
increase in the value, beyond the average profit on the cost of 
building ; and, as in giving the value to contribute the owner or 
master could take into account that increase at the port where the 
average was stated — should it exist and it were possible to arrive 
at it — ^no great practical injustice could arise. 

But it may be objected — why not apply the same rule of 
" stable equilibrium'^ to the cargo ; why not take the same value 
for it ? To which it is answered, that when the average is adjusted 
at the port of departure it is taken : but it is clear that it cannot 
be so just as the value where the goods are actually sold, for the 
sale determines their true value or power of exchange to the owner 
of them. But another objection might be urged: according to 
this reasoning, is not the cost of production (including the charges 
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and profit) considered equivalent to the sale value; do they not 
become equalized; why, therefore, is not the one as good as the 
other ? It is quite true that they do so adjust themselves in pro- 
cess of time; but the law is, in England and in most other coun- 
tries, as has been stated, that the acttial value of the interests to 
the owners at the time the adjustment is made is the one that is 
to be applied. The values are subject to an increase or decrease 
in a certain ratio where regular markets exist ; but ad the ship is 
seldom sold unless she is unseaworthy, the same test cannot be 
universally employed, and it appears the best course to refer to the 
prime cost ; although it must be remembered that the value at the 
port of departure, less the repairs required (or the damage) cannot 
be exactly the same as that which she would produce if sold at the 
port of destination, unless the market value of shipping and mate- 
rials were the same in both places. 

By English law the freight contributes on the net amount; 
that is, after deducting from its gross value, the wages of the 
master and seamen, port charges, and special charges where such 
have been incurred. This gives a result analogous to that obtained 
in the case of the ship. It is the amount actually saved or earned ; 
aU that the owner could receive at the termination of the voyage, of 
which it formed one of the associated interests. Where a vessel is 
in ballast, but under charter to earn freight, the freight she has 
commenced to earn contributes to general average. 

The freight jettisoned with goods, which is recoverable as 
general average, is added to the contributory value of the freight, 
when it is payable on delivery of the goods. If any of the freight 
be advanced to the shipowner, that amount likewise contributes; 
it is an integral part of the whole gross freight ; it is at risk to the 
merchant (who generaUy insures it), and whatever is actually at 
risk contributes to make good any loss which is the means of 
saving it, or which in any way benefits it. 

It sometimes happens that the freight is consumed : it is, 
through the protraction of the voyage, swallowed up by the wages 
or by charges incident to it ; in which case there is clearly nothing 
to contribute, for its owner has no value or gain by the transaction. 

The value of the cargo for contribution is that which it actually 
produced at the port of delivery after deducting the freight, duty, 
landing and sale charges, and special charges where necessary. 
This will give the net market value. 

Thus it appears that the interests over which the loss or expen- 
diture is distributed are severally lessened, and put as nearly as 
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possible on one footing, by the charges being sabtracted from 
them. 

The question has been sometimes raised as to what merchan- 
dize shonld contribute to general average; and as a proof of 
the antiquity of the principle of average, there have been cited 
letters patent, which Edward I. sent to the Cinque Ports in 1285, 
declaring what goods were to be held liable. As a general rule it 
may be said that all goods put on board for the purpose of trade 
must contribute. The ammunition, stores and provisions, do not; 
neither do the effects of passengers or crew, which consist of lug- 
gage, wearing apparel or jewellery. Gold and silver, either in bars 
or as specie, jewels and precious stones, contribute, if not included 
in the category of passengers' baggage. The old and concise rule 
is, ''what pays no freight pays no average.'' However, many 
writers have held the opinion that articles of value which are pro- 
portionably benefited ought to contribute. It has in many cases 
happened that masters of vessels and passengers have carried 
goods as baggage, for which they paid no freight ; so that as a 
matter of equity such goods ought to bear their proportion of the 
loss, for in effect they are part of the cargo. We are told that 
Weskett considered that bank notes ought to contribute; and his 
view is supported by Sir Joseph Amould, on the ground that they 
are convertible into money, and being saved by the sacrifice are 
prevented from becoming valueless. Mr. Phillips takes a different 
view, maintaiDing that they are not so much property, as the evi- 
dence of property. If, however, we apply the old rule of Magens, 
just given, they ought not to contribute, for they pay no freight. 
By the old laws it was held that goods belonging to Government 
did not contribute; at the present day, however, no exception is 
made in their favour, and claims for general average are not unfre- 
quently sent in to the store departments of Her Majesty's India 
and War Offices. The matter was settled in the United States in 
1838, when it was decided that '' there was no ground for their, 
exemption either in law or practice." 

Where a jettison has occurred, the merchandize so sacrificed is 
to be valued in proportion to the sound portion of the same descrip- 
tion of cargo ; but if all that remains of the cargo after the jettison 
should arrive in a damaged condition, then the value of that sacri- 
ficed is to be computed in proportion to the whole shipment ; for 
it would not be a fair assumption that, where the whole shipment 
arrived in a damaged state, the goods jettisoned would be likely to 
have escaped sea damage. As the jettison would not be resorted 
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to but in a great emergency^ it woald not be probable that the sea 
damage to the cargo arose altogether subsequent to the general 
average act. 

That portion of the cargo which is jettisoned contributes to 
general average. It pays a proportion of its own loss, for it would 
be clearly unfair that the person whose merchandize was sacrificed 
should be the only one who did not lose, which would be the 
result if he did not contribute. The value of the cargo cast over- 
board is therefore added to that which arrived, and it is put on 
the same footing by the subtraction of all the charges which would 
have been incurred if it had arrived. As it did not arrive, there 
could be no duty or landing charges ; and as the freight is usually 
paid on the delivery of the goods, the proprietor would not have 
sustained any loss by the payment of them. He obtains the net 
value of his goods from the contributory interests as general 
average, but the value which he receives is added to the value 
of the cargo in the apportionment; by which means he pays his 
share of his own loss or sacrifice. 

Where a general average act occurs soon after leaving the 
port of departure, and the ship puts back, the invoice values 
are then taken, with the addition of all the shipping expenses, 
for they are part of the merchant's risk. They are in the price 
which the goods must realize at the market for which they are 
destined, and that is the value which is at risk ; for if the goods 
were jettisoned, the same or equivalent charges would have to be 
incurred to ship merchandize of the like nature, which would be 
substituted for that sacrificed. The average is in that case usually 
adjusted before the vessel puts to sea again ; and if the freight has 
been paid in advance, it is added to the charges on the cargo, for 
the merchant having paid it, regards it as one of the shipping 
expenses. It then forms part of his risk, and not that of the 
shipowner. 

We have now seen that, by the process of bonification^ any 
benefit that the ship may have derived from repairs which are paid 
for as general average, are added to the value for contribution, 
and that the freight and cargo jettisoned are likewise added to the 
arrived values, estimated for the same purpose ; so that the three 
interests are as nearly as possible put upon one basis, each paying 
a proportion of the specific benefit derived. 

One of the results of the meeting at York in 1864) was, that 
the delegates from foreign countries decided in favour of the mode 
adopted in England in valuing the property for contribution, with 
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one slight alteration^ namely^ that the deduction to be made from 
the shipowner's freight and passage-money at risk should consist 
of two-fifths of such freight^ in lieu of wages^ port charges, and all 
other deductions. 

From the foregoing remarks it will be manifest, that in order 
to arrive at an equitable distribution of the losses or expenses, the 
assistance of a third party must be obtained In the first place, 
those upon whom the claim is made for compensation would 
scarcely be willing to abide by the decision of the person who 
made the demand, however large his experience or extensive his 
knowledge of those matters, although they might at the same time 
have no doubt of his integrity and honour; and in the next place, 
in order to obtain a proper settlement — especiaUy in a case which 
involved any question of law or precedent — ^the person who acted 
in that capacity must be one thoroughly conversant with the prin- 
ciples and practices which govern general average and marine 
insurance, which knowledge few could acquire but those who 
devoted all their time and attention to the subject. The party 
who so acts is, in England, the colonies, and the United States, 
called an average-adjuster or stater ; on the continent he is usually 
styled a dispacheur. His business is to state the claims and show 
the proper application of the losses and expenses which have been 
here considered. Another branch of his business is to state those 
claims which are made for loss or deterioration by sea damage on 
such marine policies as become liable by the terms on which they 
are issued ; and this forms no inconsiderable portion of his duties. 
This profession does not appear to have been of ancient date. 
Mr. Stevens is said to have been the first who followed it in 
London. The first edition of his Essay on Average is dated 1813. 
In it he mentions that in 1719 a particular average on linens was 
adjusted at Hamburgh by a " dispacheur of eminence,^' one Jurgen 
Greve ; so that it would seem that the business was not sufficient 
to afford adequate remuneration when followed exclusively ; and, 
indeed, such is the fact at the present day all over the continent. 
No doubt averages had been adjusted in London and other large 
commercial ports ; but if the works published and the laws and 
ordinances promulgated may be taken as any criteria, the com- 
merce of England did not at that time afford enough employment 
for the vocation to be recognized and ranked amongst those gene- 
rally followed. In many parts of the United States of America 
and our colonies it is still associated with the business of an insur- 
ance broker. The first English work on insurance was published 
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in 1755, and was followed at various intervals by ten other treatises 
on maritime law, laws of shipping, and marine insnrance. The 
last of these bears the date 180S, and six years after Annesley 
wrote a book, in which (according to its title) ^^ the mode of calcu- 
lating averages is defined and illustrated by examples/' From 
this it is clear that average claims were then beginning to be 
noticed, and that the mode of stating them was according to some 
systematic arrangement. 

It is curious to observe the difference between the English and 
foreign average statements. Take, for example, a French general 
average statement. After reciting some of the facts of the case, 
three questions are proposed — (1) as to the nature of the loss or 
damage ; (2) the sums applicable to each species of loss ; (3) how 
ought they to be distributed ? Following these are the '^ motifs 
sur la question.'^ Then an elaborate answer to the first, followed 
by the actual statement ; and the whole concluded by answering 
the last question, which is in effect a lengthened exposition of the 
apportionment of the general average. This is the substance of 
an adjustment at Havre. If the same set of papers had been 
placed in the hands of a London or Liverpool adjuster, the end 
would have been attained by a preamble of moderate length stating 
the facts which gave rise to the claim ; this would be followed by 
the losses and disbursements, and, as briefly as possible, the appor- 
tionment according to the contributory values. 

It is not intended by these observations to make any invidious 
comparison. The difference of treatment arises from two causes. 
The limited extent of the commercial relations of French, Italian, 
and other continental seaports, does not necessitate that expe- 
ditious mode of procedure without which, in Great Britain and the 
United States, business could not be effectively conducted. In 
spite of the concise method of settlement usually adopted in these 
countries, some average statements are of great length, owing to 
the compUcated nature of the circumstances connected with them, 
and the number of parties interested in the cargo ; so that if the 
repetition and documentary testimony, such as is customary on 
the continent, were to be introduced, many of them would be 
almost interminable. It is now the custom in England to print 
the long statements, as that plan is found to be more convenient 
in obtaining a speedy settlement ; for where there are many con- 
signees of the cargo, months may elapse before it is received by 
some of them ; and the delay is especially inconvenient where the 
shipowner has a large sum to be refunded for his disbursements, 
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or where money is due to the owners of the cargo for jettison^ or 
for sale of part of the interest at an intermediate port Where 
the statement is printed^ each party has a copy^ the expense of so 
doing having been previously charged as general average. 

Another reason for this^ and dependent in some measure upon 
the last^ exists in the fact that although the dispacheur sometimes 
states the claims, his profession is quite distinct from that of an 
average stater; although it approximates more nearly than any 
other to the vocation followed and so styled in other countries. 

It appears that in France (the greatest commercial country of 
Europe except Great Britain, and therefore a fair type of the rest), 
the dispacheurs are selected by the Insurance Companies of Paris, 
from the most talented of their directors ; and that these gentle- 
men, like their compeers in London, can be numbered by units. 
They are, however, not resorted to in the first instance^ as is the case 
elsewhere. There are certain rules prescribed by law which the 
merchant, ship-broker, or other person, applies according to the 
liability of ship, cargo, or other interest. Where a settlement 
cannot be thus obtained, recourse is had to the dispacheur; and 
when he has arranged the matter it is presented and concluded 
before the tribunal appointed for such purposes. 

In France, before a person can become an advocate, notary, 
or ship-broker — of which callings the profession of a diepachewr 
largely partakes — there are certain qualifications necessary. Any 
one wishing to engage in either of these, or other similar branches 
of business, has to comply with two conditions. He must show 
that he is properly qualified by having received a liberal education ; 
and in some cases it is advantageous, if not essential, that he 
should have taken the degree of bachelor of science. He is then 
permitted by the Government {'' sa Majeate^') to follow the voca- 
tion he may have selected.* 

In England and the United States the requisite papers are 
placed at once in the hands of the average stater, who makes out 
the statement, which is immediately put in course of settlement. 
No stated rules are followed, like those just alluded to ; and in no 
instance would the merchant or ship-broker put forward a claim 
of any importance without consulting those whose knowledge of 
maritime law, average, insurance, and nautical phraseology, enabled 
them to do justice to all parties concerned. It will have been 
noticed that general average is governed by certain laws, and that 

* These particulars have been kindly communicated by a gentleman residing at 
St. Vaast-larliogue, near Cherbouig. 
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under many circamstances fixed rules are applicable ; but they are 
not laid down as such^ so that it would be easy for any one to apply 
them, for respecting the greater number it may be said that circum- 
stances govern cases. 

Where there has been no previous arrangement, a settlement 
is obtained at the port of discharge, according to the law of that 
port. This has regard to the respective owners of the ship and 
cargo ; but the rule admits of modifications, according to the term& 
of the contract entered upon. The shipowner is usually the dis- 
burser and receiver in all matters connected with the general 
average. 



A Budget of Paradoxes. By Professor De Morgan. 

(Continued from page 54.) 

No. XV. 1839—1840. 

Old and new logic contrasted: being an attempt to elucidate, for ordi- 
nary comprehension, how Lord Bacon delivered the human mind 
from its 2,000 years' enslavement under Aristotle. By Justin 
Brenan. London, 1839, 12mo. 

Logic, though the other exact science, has not had the sort of 
assailants who have clustered about mathematics. There is a sect 
which disputes the utility of logic, but there are no special points, 
like the quadrature of the circle, which excite dispute among those 
who admit other things. The old story about Aristotle having one 
logic to trammel us, and Bacon another to set us free — always 
laughed at by those who really knew either Aristotle or Bacon— ^ 
now begins to be understood by a large section of the educated 
world. The author of this tract connects the old logic with the 
indecencies of the classical writers, and the new with moral purity : 
he appeals to women, who, "when they see plainly the demo- 
ralizing tendency of syllogistic logic, they will, no doubt, exert 
their powerful influence against it, and support the Baconian 
method.'^ This is the only work against logic which I can intro- 
duce, but it is a rare one, I mean in contents. I quote the author^s 
idea of a syllogism : — 

<' The basis of this system is the syllogism. This is a form of couching 
the substance of your argument or investigation into one short line or^ 
sentence — ^then corroborating or supporting it in another, and drawing your 
conclusion or proof in a third." 

On this definition he gives an example, as follows: ''Every 
sin deserves death,'' the substance of the '' argument or investiga- 
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tion." Then comes^ " Every unlawful wish is a sin/' Which " cor- 
roborates or supports'' the preceding ; and, lastly, *' therefore every 
unlawful wish deseiTcs death," which is the " corifclusion or proof." 
We learn, also, that ^'sometimes the first is called the premises {sic)y 
and sometimes the first premiss": as also that '^ the first is some- 
times called the proposition, or subject, or affirmative, and the 
next the predicate, and sometimes the middle term." To which is 
added, with a mark of exclamation at the end, "but, in analyzing 
the syllogism, there is a middle term, and a predicate too, in each 
of the lines !" It is clear that Aristotle never enslaved this mind. 

Theory of Parallels. The proof of Euclid's axiom looked for in the 
properties of the eqaiangolar spiral. By Lieut. -Col. T. Perronet 
Thompson. The same, 2nd edition, revised and corrected. The 
same, third edition, shortened, and freed from dependence on the 
theory of limits. The same, fom*th edition, ditto, ditto. AH 
London, 1840, 8vo. 

To explain these editions it should be noted that General 
Thompson rapidly modified his notions, an^d republished his tracts 
accordingly. 

Vestiges of the Natural History of Creation. London, 1840, 12mo. 

This is the first edition of this celebrated work. Its form is a 
case of the theory : the book is an undeniable duodecimo, but the 
size of its paper gives it the look of not the smallest of octavos. 
Does not this illustrate the law of development, the gradation of 
families, the transference of species, and so on ? If so, I claim 
the discovery of this esoteric testimony of the book to its own con- 
tents : I defy any one to point out the reviewer who has mentioned 
it. The work itself is described by its author as ^^ the first attempt 
to connect the natural sciences into a history of creation." The 
attempt was commenced, and has been carried on, both with 
marked talent, and will be continued. Great advantage will 
result: at the worst we are but in the alchemy of some new 
chemistry, or the astrology of some new astronomy. Perhaps it 
would be as well not to be too sure on the matter until we have 
an antidote to possible consequences as exhibited under another 
theory, on which it is as reasonable to speculate as on that of the 
Vestiges. I met long ago with a splendid player on the guitar, 
who assured me, and was confirmed by his friends, that he never 
practised, except in thought, and did not possess an instrument : 
he kept his fingers acting in his mind, until they got their habits : 
and thus he learnt the most difficult novelties of execution. Now 
what if this should be a minor segment of a higher law ? What if 

VOL. XIII. o 
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by constantly thinking of ourselves as descended from primseyal 
monkeys^ we should — if this be true — actually get our tails again ? 
What if the first man who was detected with such an appendage 
should be obliged to confess himself the author of the Vestiges — 
a personage yet unknown — who would naturally get the start of 
his species by having had the earliest habit of thinking on the 
matter ? I confess I never hear a man of note talk fluently about 
it without a curious glance at his proportions, to see whether there 
may be ground to conjecture that he may have more of '^mortal 
coil^' than others, in anaxyridical concealment. I do not feel sure 
that even paternal love for his theory would induce him, in the 
case I am supposing, to exhibit himself at the British Association, 

" With a hole behind which his tail peeped throngh." 

The first sentence of this book (1840) is a cast of the log, which 
shows our rate of progress. " It is familiar knowledge that the 
earth which we inhabit is a globe of somewhat less than 8,000 
miles in diameter, being one of a series of eleven which revolve 
at different distances around the sun/' The eleven ! Not to men- 
tion the Iscariot which Leverrier and Adams calculated into exist- 
ence, there is more than a septuagint of view planetoids. 

The Constitntion and rales of the ancient and universal ^'Benefit 
Society" established by Jesns Christ, exhibited, and its advantages 
and claims maintained, against all modem and merely human Insti- 
tutions of the kind: A letter very respectfully addressed to the Rev. 
James Everett, and occasioned by certain remarks made by him, in 
a speech to the Members of the " Wesleyan Centenary Institute" 
Benefit Society. Dated York, Dec. 7, 1840. By Thomas Smith. 
12mo. (pp. 8.) 

The Wesleyan minister addressed had advocated provision 
against old age, &c.: the writer declares all private provision 
unchristian. After decent maintenance and relief of family claims 
of indigence, he holds that all the rest is to go to the '^ Benefit 
Society^^ of which he draws up the rules, in technical form, with 
chapters of " Officers,^^ " Contributors,^^ &c., from the Acts of the 
Apostles, &c., and some of the early Fathers. He holds that a 
Christian may not " make a private provision against the contin- 
gencies of the future^^: and that the great "Benefit Society*' is 
the divinely-ordained recipient of all the surplus of his income ; 
capital, beyond what is necessary for business, he is to have none. 
A real good speculator shuts his eyes by instinct, when opening 
them would not serve the purpose ; he has the vizor of the Irish 
fairy tale, which fell of itself over the eyes of the wearer the mo- 
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ment he turned them upon the enchanted light which would have 
destroyed him if he had caught sight of it. ^^ Whiles it remained, 
was it not thine. own 7 and after it was sold, was it [the purchase- 
money] not in thine own power V* would have been awkward to 
quote, and accordingly nothing is stated except the well-known 
result, which is rule 3, cap. 5, "Prevention of Abuses.'' By 
putting his principles together, the author can be made, logically, 
to mean that the successors of the apostles should put to death all 
contribators who are detected in not paying their full premiums. 

I have known one or two cases in which policy-holders have 
surrendered their poUcies through having arrived at a conviction 
that direct provision is unlawful. So far as I could make it out, 
these parties did not think it unlawful to lay by out of income, 
except when this was done in a manner which involved calculation 
of death-chances. It is singular that they did not see that the 
entrance of chance of death was the entrance of the very principle 
of the Benefit Society described in the Acts of the Apostles. The 
family of the one who died young received more in proportion to 
premiums paid than the family of the one who died old. Every 
one who understands life assurance sees that — bonus apart — the 
difference between an Assurance Office and a Savings Bank con- 
sists in the adoption, pro tanto, of the principle of community of 
goods. In the original constitution of the oldest Assurance Office, 
the Amicable Society, the plan with which they started was nothing 
but this : persons of all ages under forty-five paid one common 
premium, and the proceeds were divided among the representatives 
of those who died within the year. 



No. XVI. 1842—1845. 

1842. Proviaonal Prospectus of the Double Acting Rotary En^e 
Company. Also Mechanic's Magazine, March 26, 1842. 

Perpetual motion by a drum with one vertical half in mercury, 
the other in a vacuum : the drum, I suppose, working round for 
ever to find an easy position. Steam to be superseded : steam and 
electricity convidsions of nature never intended by Providence for 
the use of man. The price of the present engines, as old iron, 
will buy new engines that will work without fuel and at no expense. 
Guaranteed by the Count de Predaval, the discoverer. I was to 
have been a Director, but my name got no further than ink, and 
not so far as official notification of the honour, partly owing to my 
having communicated to the Mechanic's Magazine information 

o 2 



180 A Budget of Paradoxes. [Oct; 

privately given to me^ which gave premature publicity^ and knocked 
up the plan. 

An exposition of the nature, force, action, and other properties of 
gravitation on the planets. London, 1842, 12mo. 

An investigation of the principles of the rales for determining the mea- 
sures of the areas and circumferences of circulai' plane surfaces .... 
London, 1844, 8vo. 

These are anonymous; but the author (whom I believe to 
be Mr. Denison, presently noted) is described as author of a 
new system of mathematics^ and also of mechanics. He had 
need have both^ for he shows that the line which has a square 
equal to a given circle^ has a cube equal to the sphere on the 
same diameter : that is, in old mathematics, the diameter ia to the 
circumference as 9 to 16 ! Again, admitting that the velocities 
of planets in circular orbits are inversely as the square roots of 
their distances, that is, admitting Kepler^s law, he manages to 
prove that gravitation is inversely as the square root of the dis- 
tance : and suspects magnetism of doing the difference between 
this and Newton^s law. Magnetism and electricity are in physics 
the member of parliament and the cabman ; at every man's bidding, 
as Henry Warburton said. 

The above is an outrageous quadrature. In the preceding 
year, 1841, was published what I supposed at first to be a Maori 
quadrature, by Maccook. But I get it from a cutting out of some 
French periodical, and I incline to think that it must be by a Mr. 
M^Cook. He makes w to be 2-h2l/(8i/2-ll). 

Refutation of a pamphlet written by the Rev. John Mackey, R.C.P., 
entitled '^ A method of making a cube double of a cube, founded on 
the principles of elementary geometry," wherein his principles are 
proved erroneous, and the required solution not yet obtained. By 
Robert Murphy. Mallow, 1824, 12mo. 

This refutation was the production of an Irish boy of eighteen 
years old, self-educated in mathematics, the son of a shoemaker at 
Mallow. He died in 1843, leaving a name which is well known 
among mathematicians. His works on the theory of equations 
and on electricity, and his papers in the Cambridge Transactions^ 
are all of high genius. The only account of him which I know 
of is that which I wrote for the Supplement of the Penny Cyclo' 
padia. He was thrown by his talents into a good income at 
Cambridge, with no social training except penury, and very little 
intellectual training except mathematics. He fell into dissipation, 
and his scientific career was almost arre&ted : but he had great 
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good in him, to my knowledge. A sentence in a letter from the 
late Dean Peacock to me — giving some advice about the means of 
serving Murphy — sets out the whole case : " Murphy is a man 
whose special education is in advance of his general ; and such men 
are almost always difficult subjects to manage.^' This article 
having been omitted in its proper place, I put it at 1843, the date 
of Murphy^s death. 

The invisible universe disclosed: or the real plan and government of 
the Universe. By Henry Coleman Johnson, Esq. London, 1843, 
8vo. 

The book opens abruptly with — 

" First demonstration. Concerning the centre : showing that, because 
the centre is an innermost point at an equal distance between two extreme 
points of a right line, and from every two relative and opposite intermediate 
points, it is composed of the two extreme internal points of each half of the 
line; each extreme internal point attracting towards itself all parts of that 
half to which it belongs . . . . " 

Of course the circle is squared : and the circumference is 3Vr 
diameters. 

Combination of the zodiacal and cometical systems. Printed for the 
London Society, Exeter Hall. Price Sixpence, (n. d. 1843). 

What this London Society was, or the " combination,^^ did not 
appear. There was a remarkable comet in 1843, the tail of which 
was at first confounded with what is called the zodiacal light. This 
nicely-printed little tract, evidently got up with less care for ex- 
pense than is usual in such works, brings together all the announce- 
ments of the astronomers, and adds a short head and tail piece, 
which 1 shall quote entire. As the announcements are very ordi- 
nary astronomy, the reader will be able to detect, if detection be 
possible, what is the meaning and force of the ^^ Combination of 
the zodiacal and cometical systems'': — 

" Premonition, It has pleased the Author of Creation, to cause (to 
His human and reasoning Creatures of this generation, by. a ^combined'' 
appearance in His Zoditical and Cometical systems,) a ^toaryiing Crisis^ of 
universal concernment to this our Glob£. It is this ' Crisis^ that has so 
generally * roused' at this moment the ''nations throughout the Earth* that 
no equal interest has ever before been excited ^^y Man; unless, it be in 
that caused by the * Pagan-Temple in RoMfe,' which is recorded by the 
elder Pliny, ^ Nat, Hist: i. 23. iii. 3. Hardouin." 

— After the accounts given by the unperceiving astronomers, comes 
what follows : — 

" Such has been {hitherto) the only object discerned by the * Wue of 
this Worlds* in this two-fold union of the ' Zodiacal and Cometical' sys- 
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terns: yet it is nevertheless, a most ' ThrtUing Warning* to aU the inhabi- 
tants of this precarioos and transitory Earth. We have no authorized 
intimation, or reasonabfe prospective contemplation, of * current time* 
beyond a year 1860, of the present century; or rather, except *the interval 
which may now remain from the present year 1843, to a year 1860 
(JlfiEpaq E^HKONTA — threescore or sixty days'* — ^ I have appointed ea^h 
"DAY"^r a "Year,"' EzeL iv. 6): and we know, from our ^common 
experience* how speedily such a measure of time will pass away, 

*' No words can be * more explicit^ than these of our blessed Lord: 

viz. * This Gospel of the Kingdom shall he preached in all the Earth, 

for a Witness to all Nations; and then, shall the End come.' The 

* next 18 years,* must therefore supply the interval of the ' special Episcopal 

forerunners* " 

(Matt. xxiv. 14.) 

"See, the * Jewish Intelligencer' of the present month (April), 
p. 153, for the * Debates in Parliament,* respecting the Bishop of Jeru- 
salem, viz.. Dr. Bowring, Mr. Hume, Sir R, Inglis, Sir R. Peel, Viscount 
Palmerston.*' 

I have quoted this at length, to show the awful threats which 
were published at a time of some little excitement about the 
phenomenon, under the name of the London Society, The assump- 
tion of a corporate appearance is a very unfair trick : and there are 
junctures at which harm might be done by it. 

Wealth the name and number of the Beast, 666, in the book of Reve- 
lation. [By John Taylor.] London, 1844, 8vo. 

Whether Junius or the Beast be the more difficult to identify, 
must be referred to Mr. Taylor, the only person who "has attempted 
both. His cogent argument on the political secret is not un- 
worthily matched in his treatment of the theological riddle. He 
sees the solution in evwopta, which occurs in the Acts of the Apos- 
tles as the word for wealth in one of its most disgusting forms, 
and makes 666 in the most straightforward way. This explanation 
has as good a chance as any other. The work contains a general 
attempt at explanation of the Apocalypse, and some history of 
opinion on the subject. It has not the prolixity which is so com- 
mon a fault of apocalyptic commentators. 

A practical Treatise on Eclipses .... with remarks on the anomalies of 
the present Theory of the Tides, by T. Kerigan, F.R.S. 1844, 8vo. 

Containing, also a refutation of the theory of the tides, and 
afterwards increased by a supplement, '^ Additional facts and argu- 
ments against the theory of the tides," in answer to a short notice 
in the Athemsum journal. Mr. Kerigan was a lieutenant in the 
Navy : he obtained admission to the Royal Society just before the 
publication of his book. 
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A new theory of Gravitation. By Joseph Denison, Esq. London, 

1844, 12mo. 
Commentaries on the Principia. By the author of ** A new theory of 

Gravitation." London, 1846. 8vo. 

Honour to the speculator who can be put in his proper place 
by one sentence, be that place where it may. 

'* But we have shown that the velocities are inversely as the square 
roots of the mean distances from the sun; wherefore, by equality of ratios, 
the forces of the sun^s gravitation upon them are also inversely as the 
square roots of their distances from the sun." 

The discovery of a general resolation of all superior finite equations, of 
every numerical both algebraick and transcendent form. By A. P. 
Vogel, mathematician at Leipzick. Leipzick and London, 1845, 8vo. 

This work is written in the English of a Grerman who has not 
mastered the idiom : but it is always intelligible. It professes to 
solve equations of every degree " in a more extent sense, and till 
to every degree of exactness/' The general solution of equations 
of all degrees is a vexed question, which cannot have the myste- 
rious interest of the circle problem, and is of a comparatively 
modern date. Mr. Vogel announces a forthcoming treatise in 
which are resolved the '' last impossibilities of pure mathematics.'^ 

Elective Polarity the Universal Agent. By Frances Barbara Burton, 
authoress of " Astronomy familiarized," " Physical Astronomy," &c. 
London, 1845, 8vo. 

The title gives a notion of the theory. The first sentence states, 
that 12,500 years ago a Lyrse was the pole-star, and attributes 
the immense magnitude of the now fossil animals to a star of such 
^^ polaric intensity as Vega pouring its magnetic streams through 
our planet.'' Miss Burton was a lady of property, of estimable 
character, and of very respectable acquirements, especially in 
Hebrew ; she was eccentric in all things. 



No. XVII. 1846—1847. 

A new theory of the tides: In which the errors of the usual theory are 
demonstrated; and proof shewn that the lull moon is not the cause 
of a concomitant spring tide, but actually the cause of the neaps . . . 
By Comm'^. Debenham, R.N. London, 1846, 8vo. 

The author replied to a criticism in the Athemeum, and I 
remember how, in a very few words, he showed that he had read 
nothing on the subject. The reviewer spoke of the forces of the 
planets (i.^., the Sun and Moon) on the Ocean, on which the 
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author remarks^ ''But N.B. the Sun is no planet, Mr. Critic." 
Had he read any of the actual investigations on the usual theory, 
he would have known that to this day the sun and moon continue 
to be called planets — though the phrase is disappearing — in speak- 
ing of the tides ; the sense, of course, being the old one, wandering 
bodies. 

A large class of the paradoxers, when they meet with something 
which taken in their sense is absurd, do not take the trouble to 
find out the intended meaning, but walk off with the words laden 
with their own first construction. Such men are hardly fit to 
walk the streets without an interpreter. I was startled for a 
moment, at the time when a recent happy — and more recently 
happier — marriage occupied the public thoughts, by seeing in a 
haberdasher^s window, in staring large letters, an unpunctuated 
sentence which read itself to me as " Princess Alexandra ! collar 
and cuff!" It immediately occurred to me that had I been any 
one of some scores out of my paradoxers, I should, no doubt, have 
proceeded to raise the mob against the unscrupulous person who 
dared to hint to a young bride such maleficent — or at least im- 
meUificent — conduct towards her new lord. But, as it was, certain 
material contexts in the shop window suggested a less savage 
explanation. A paradoxer should not stop at reading the adver- 
tisements of Newton or Laplace : he should learn to look at the 
stock of goods. 

Two systems of astronomy: first, the Newtonian system, showing the 
rise and progress thereof, with a short histoiical account; the general 
theory with a variety of remarks thereon : second, the system in 
accordance with the Holy Scriptures, showing the rise and progress 
from Enoch, the seventh from Adam, the prophets, Moses, and 
others, in the first Testament; our Lord Jesus Christ, and his 
apostles, in the new or second Testament; Reeve and Muggleton, in 
the third and last Testament; with a variety of remarks thereon. 
By Isaac Frost. London, 1846, 4to. 

A very handsomely printed volume, with beautiful plates. 
Many readers who have heard of Muggletonians have never had 
any distinct idea of Lodowick Muggleton, the inspired tailor (1608 
— 1698), who about 1650 received his commission from heaven, 
wrote a Testament, founded a sect, and descended to posterity. 
Of Reeve less is usually said ; according to Mr. Frost, he and 
Muggleton are the two " witnesses.^^ I shall content myself with 
one specimen of Mr. Frost^s science. 

" I was once invited to hear read over * Guthrie on Astronomy,' and when 
the reading was concluded I was asked my opinion thereon; when I said, 
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* Doctor, it appears to me that Sir I. Newton has oply given two proofs in 
support of his theory of the earth revolviog ronnd the sun: all the rest is 
assertion without aoy proofs.' — * What are they?' inquired the Doctor. — 

* Well, I said, * they are, first, the power of attraction to keep the earth to 
the sun ; the second is the power of repulsion, by virtue of the centrifugal 
motion of the earth: all the rest appears to me assertion without proof.' 
The Doctor considered a short time, and then said, ' It certainly did appear 
so.' I said, ^ Sir Isaac has certainly obtained the credit of completing the 
system, but really he has only half done his work.' — * How is that,' inquired 
my friend the Doctor. My reply was this: * You will observe his system 
shows the earth traverses round the sun on an inclined plane; the conse- 
quence is, there are four powers required to make his system complete: 

1st. The power of attraction, 

2nd]y. The power of repulsion, 

Srdly. The power of ascending the inclined plane. 

4thly. The power of descending the inclined plane. 

You will thus easily see the four powers required, and Newton has only 
accounted for two; the work is therefore only half done.' Upon due 
reflexion the Doctor said, * It certainly was necessary to have these ^Mr 
points cleared up before the system could be said to be complete.'" 

I have no doubt that Mr. Frost, and many others on my list, 
have really encountered doctors who could be puzzled by such stuflp 
as this, or nearly as bad, among the votaries of existing systems, 
and have been encouraged thereby to print their objections. But 
justice requires me to say that from the words ^' power of repulsion 
by virtue of the centrifugal motion of the earth," Mr. Frost may 
be suspected of having something more like a notion of the much- 
mistaken term " centrifugal force" than many paradoxers of greater 
fame. The Muggletonian sect is not altogether friendless : over 
and above this handsome volume, the works of Reeve and Mug- 
gleton were printed in 1832, in three quarto volumes. See Notes 
and Queries, Ist Series, v. 80; 3rd Series, iii. 303. 

Astronomical Aphorisms, or Theory of Nature; founded on the im- 
mutable basis of Meteoric Action*. By P. Murphy, Esq. London, 
1847, 12mo. 

This is by the framer of the Weather Almanac, who appeals to 
that work as corroborative of his theory of planetary temperature, 
years after all the world knew by experience that this meteoro- 
logical theory was just as good as the others. 

The conspiracy of the Bnllionists as it affects the present system of the 
money laws. By Caleb Qnotem. Birmingham, 1847, 8vo. (pp. 16)« 

This pamphlet is one of a class of which I know very little, in 
which the effects of the laws relating to this or that political bone 
of contention are imputed to deliberate conspiracy of one class to 
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rob another of what the one knew ought to belong to the other. 
The success of such writers in believing what they have a bias to 
believe, would, if they knew themselves, make them think it equally 
likely that the inculpated classes might really believe what it is 
their interest to believe. The idea of a ffuilty understanding exist- 
ing among fundholders, or landholders, or any holders, all the 
country over, and never detected except by bouncing pamphleteers, 
is a theory which should have been left for Cobbett to propose, and 
for Apella to believe. 

The Reasoner. No. 45. Edited by G. J. Holyoake. Price 2d. Is 
there sufficient proof of the existence of God? 8vo, 1847. 

This acorn of the holy oak was forwarded to me with a manu- 
script note, signed by the editor, on the part of the London Society 
of Theological UtiUtarians,^^ who say " they trust you may be in- 
duced to give this momentous subject your consideration.^^ The 
supposition that a middle-aged person, known as a student of 
thought on more subjects than one, had that particular subject yet 
to begin, is a specimen of what I will call the assumption-trick of 
controversy, a habit which pervades all sides of all subjects. The 
tract is a proof of the good policy of letting opinions find their 
level, without any assistance from the Court of Queen's Bench. 
Twenty years earUer the thesis would have been positive, '^ There 
is sufficient proof of the non-existence of God,'^ and bitter in its 
tone. As it stands, we have a moderate and respectful treatment 
— wrong only in making the opponent argue absurdly, as usually 
happens when one side invents the other — of a question in which 
a great many Christians have agreed with the atheist : that ques- 
tion being — Can the existence of God be proved independently of 
revelation ? Many very religious persons answer this question in 
the negative, as well as Mr. Holyoake. And, this point being 
settled, all who agree in the negative separate into those who can 
endure scepticism, and those who cannot: the second class find 
their way to Christianity. This very number of 7%e Reasoner 
announces the secession of one of its correspondents, and his adop- 
tion of the Christian faith. This would not have happened twenty 
years before : nor, had it happened, would it have been respectfully 
announced. 

The booby notion that the non-existence of God can be proved, 
has died out under the light of discussion : had the only lights 
allowed shone from the pulpit and the prison, so great a step would 
never have been made. The question now is as above. The dictum 
that Christianity is « part and parcel of the law of the land" is 
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also abrogated : at the same time^ and the coincidence is not an 
accident^ it is becoming somewhat nearer the truth that the law of 
the land is part and parcel of Christianity. It must also be noticed 
that Christianity was part and parcel of the articles of war ; and 
80 was duelling. Any officer speaking against religion was to be 
cashiered ; and any officer receiving an affi*ont without, in the last 
resort, attempting to kill his opponent, was also to be cashiered. 
Though somewhat of a book-hunter, I have never been able to 
as<;ertain the date of the collected remonstrances of the prelates 
in the House of Lords against this overt inculcation of murder, 
under the soft name of satisfaction : it is neither in Watt, nor in 
Lowndes, nor in any edition of Brunet ; and there is no copy in the 
catalogue of the British Museum. Was the collected edition really 
pablished? 

With the general run of the philosophical atheists of the last 
century the notion of a God was an hypothesis. There was left an 
admitted possibility that the vague somewhat which went by more 
names than.one, might be personal, intelligent, and superintendent* 
In the works of Laplace, who is sometimes called an atheist from 
his writings, there is nothing from which such an inference can be 
drawn : unless indeed a reverend Fellow of the Royal Society may 
be held to be the fool who said in hia heart, &;c. &c., if his contri- 
butions to the Philosophical Transactions go no higher than nature. 
The following anecdote is well known in Paris, but has never been 
printed entire. Laplace once went in form to present some edition 
of his Systime du Monde to the First Consul, or Emperor. Napo- 
leon, whom some wags had told that this book contained no men- 
tion of the name of God, and who was fond of putting embarrassing 
questions, received it with — " M. Laplace, they tell me you' have 
written this large book on the system of the universe, and have 
never even mentioned its Creator.'^ Laplace, who though the 
most supple of politicians, was as stiff as a martyr on every point 
of his philosophy or religion {ex. or., even under Charles the 
Tenth he never concealed his dislike of the priests), drew himself 
up, and answered bluntly, " Je n'avais pas besoin de cette hypo- 
these-lk*' Napoleon, greatly amused, told this reply to Lagrange, 
who exclaimed, ^^ Ah ! c'est une belle hypoth^se ; 9a explique beau- 
coup de choses.'^ 

An examination of the Astronomical doctrine of the Moon's rotation. 
By G. L. Edinburgh, 1847, 8vo. 

A systematic attack of the character afterwards made with less 
skill and more notice by Mr. Jellinger Symons. 
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Miracles versus Natare: being an application of certain propositions in 
the theory of chances to the Christian miracles. By Protimalethes* 
Cambridge, 1847, 8vo. 

The theory, as may be supposed, is carried further than most 
students of the subject would hold defensible. 

An astronomical Lecture. By the Eev. R. Wilson. Greenock, 1847,r 
12mo. 

Against the moon's rotation on her axis. 

[Handed about in the streets in 1847: I quote the whole:] Important 
discovery in astronomy, communicated to the Astronomer Boyal^ 
December 21st, 1846. That the Sun revolve round the Planets in 
25748f years, in consequence of the combined attraction of the 
planets and their satellites, and that the Earth revolve round the 
Moon in 18 years and 228 days. D. T« Glazier [altered with ar 
pen into Glazion.] Price one penny. 

1847. In the United Service Magazine for September, 1847, 
Mrs. Borron, of Shrewsbury, published some remarks tending to 
impeach the fact that Neptune, the planet found by GaHe, really 
was the planet which Leverrier and Adams had a right to claim. 
This was followed (September 14) by two pages, separately circu- 
lated, of Further Observations upon the Planets Neptune and Uranus, 
with a Theory of Perturbations ; and (October 19, 1848) by three 
pages of A Review of M. Leverrier^s Exposition, Several persons, 
when the remarkable discovery was made, contended that the planet 
actually discovered was an intruder ; and the future histories of the 
discovery must contain some account of this little after-piece. Tim 
Linkinwater^s theory that there is no place like London for coinci- 
dences, would have been utterly overthrown in favour of what they 
used to call the celestial spaces, if there had been a planet which 
by chance was put near the place assigned to Neptune at the time 
when the discovery was made. 

(To be contintied,) 



On the Value of Annuities payable Half-yearly, Qmrterly, 8fc. 
By T. B. Sprague, Esq., M.A., Actuary of the Equity and 
Law Life Assurance Society* 

IHIS subject has been so fully treated by many writers, that it 
may be thought little or nothing new can be said in reference to it. 
It may, however, be useful to bring together and to compare the 
results obtained by the standard writers on the theory of life 
contingencies, to examine how far those results agree with each 
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other, and when they diffie^, to ascertain the caoses of the 
difference. 

When an annuity of £1 is payable m times in the course of 

Ml— 1 

the year, the common rule for finding its value is to add -^ — to 

the value of the yearly annuity. This may be easily arrived at in 
the following way. The age of the life on which the annuity 
depends being k, the value of an annuity of £1, of which the first 
payment is made at once, is 1 + at; and the value of the same 
annuity when the first payment is made at the end of a year, is 
ajt ; therefore the value of the same annuity when the first pay- 
ment is made at the end of the — th part of a year, will be 

tn 

^k-i approximately. If there are m such annuities of which 

12 3 

the first payments are made at the end of the — tb, — th, — th • • • • 

'^ "^ m m m 

portions of a year respectively, the sum of their valuer will be 
approximately 

(m— l)m 



=ma4+ 



2m 



"Whence, dividing by m, the value of an annuity of £1 payable 

by instalments of — at equal intervals throughout each year, is 

Tn — 1 , 1 

«* + -^ — approximately. 

This demonstration does not enable us to judge of the closeness 

of the approximation; but this is equally true of Mr. Milne's 

demonstration, which is very much more lengthy without being more 

satisfactory. Mr. Milne begins by finding the value of an annuity 

according to De Moivre^s hypothesis — ^first, when payable annually ; 

secondly, when payable by tn equal instalments ; and proves that 

fn^~~ 1 
the latter value is greater then the former by -^ — approximately. 

He then establishes this "Lemma": — "If q and q' be any two 
quantities, known or unknown, that are nearly equal, and j?, p\ 
their respective near values, both determined by the same method 
of approximation, then will p—p' be much nearer to q—q' than 
either of the proximate values is to the true." From this it 
follows that the true value of the annuity when payable m times a 
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year exceeds the true value of the annuity payable yearly hy 

m— 1 , 
"2^ nearly. 

In reference to this rule. Professor De Morgan remarks (Com- 
pcmion to the Almanac for 1842, p. 9) : — '^ When an annuity is to 
be paid, not yearly, but half-yearly or quarterly, &c., interest heinff 
convertible into principal only once a year^ the common correctioix 

of A, the present value of a yearly annuity, is to write AH — ^ — , 

^ ^A,.^ *e .„»be, of «^.iick 1. ^^ i, 
payable yearly. This correction is strictly true when we speak of 
a perpetual annuity, on the supposition that by interest being 
convertible once a year, we mean that money may be invested at 
any one time of the year, so that the grantor of the annuity must 
be held to lose simple interest for the rest of the year on each of 
the prepaid portions/' The limitation expressed by the words 
which I have placed in italics, is, however, unnecessary; for the 
correction applies equally whether the interest be convertible only 
once a year or n times a year. 

Mr. Baily has not considered the question generally, but has 
given the exact formulse for the values of annuities payable half- 
yearly and quarterly. His formula for the value of an annuity 
payable half-yearly, which is based upon the usual supposition 
^ that the deaths are distributed uniformly over each year, is 

:^{2(n-.-)»+2+.-K+^, 

4 4 



which is equal to 

a, ( ^ 1 ) 1 



Wl-^-i 



"4 1 



1-2 z3 



2 + lH h 

^ ^2 8^16 ' 

^ 2^8 16 ^ 



I 

• • • • r 

41 2+8 16 + • • • • j 



~4r'^4~4"^ |''"4~8'*'32'~ 



= «.+ i, approximately, 
since i is usually a small fraction. 
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The above expansions enable us to estimate the closeness of the 
approximation given by the formula «*+ 1 . The errors caused by 
taking the first terms only of the series 



»* i» 



4-1- — — .^ + . . . . 

and - -« _ J 12— . . , . 

4 8 ^ 32 

will be nearly equal to the first of the neglected terms in each case, 

. f*. t 

i.e.f to 2 in the former and — o in the latter series. Assuming 

the rate of interest to be 8 per cent., «='03, and ^ ='000225 \ 

and since a^ in practice is always less than 25, the error caused by 

neglecting the terms - — - -(- . ^ . will be less than *0014, or 

4 4 

can only amount to a unit in the third decimal place. Again, 

a 

g=:*00375, so that the error caused by neglecting the terms 

t 3 
— o + oo*^"~ ... is of more importance ; and if we require the 

third decimal place to be correct, we must take «*+ j "" o for the 

4 o 

value of the annuity payable half-yearly. 

BaUy's formula for the value of an annuity payable quarterly is 

a*x^{4(l+t)«+(4+0(H-0* + 2(2 + *)(l + «>+4+3*} 

+ ^(3(1 + 0*+2(1+0*-M}, 

which may be shown to be equal to 

f, 5t2 ) 3 5 . 

M^-^64 ••••J+8-32*+ 

g 
Here, again, the ordinary approximation, a;fc+ g> is true to the 

second, but not to the third decimal place* 

In proving the above formulae, Baily assumes that if t be the 
yearly rate of interest, then the value of a sum due in six months' 
time is (1+t)"*; and of a sum due in three months, (l + t)~*. 
The propriety of this assumption is called in question by Milne, 
and considerable difierence of opinion appears to exist on the 
point. Without now discussing the question, it will suffice to say 



15 

128 



t« 
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that my 'own opinion is decidedly in favour of Baily's method. 
Some years ago there was an animated correspondence on the 
subject in the Assurance Magazine (see Vols iii. and iv.). The 
argument in favour of Baily^s method appears to me to have been 
most forcibly stated in the letter of Mr. Orchard, vol iv., p. 61, 
and I entirely endorse the reasoning of that letter. 

The problem of finding the exact value of an annuity payable 
m times in each year, has been considered by Mr. Grijffith Davies. 
He 'States the problem thus, p. 828 of his book: — "To find the 
present value of £1 annuity, payable by m equal instalments in 
each year, during the existence of a single life, A ; supposing the 
interest convertible into principal at the like intervals, and the 
annuity to cease with the last instalment becoming due prior to 
the extinction of the life proposed.'^ His solution is, 

A('-)=(P+Q)A+P, 

where A is the value of the ^1 annuity payable yearly, calculated 
at that rate of interest which makes the amount of £1 in one 

l+-j ; also P=Sg ^ (m+V ' ^^ ^~ 

When we examine closely the reasoning by which this solution 
is obtained, we find that the suppositions made are virtually the 
same as those made by Baily j and accordingly the above solution 
must admit of being transformed into the very dissimilar looking 
ones given by Baily for the particular cases of half-yearly and 
quarterly payments. 

Mr. Davies^s reasoning is as follows : — The present age being 
hy assume, as usual, that the deaths in each year are distributed 
uniformly over the year, and that each year is divided into m equal 
portions ; then the number of persons surviving the orth portion of 
the /th year will be 

tn mm 

and the probability that a person of the age k will survive the d?th 
portion of the ^th year will be 

tn tn ^ 

Also supposing interest convertible into principal m times in a 

year, the value of £1 due in a year's time is r— , =m, suppose. 

hi) 
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Then the value of the payment — to be made at the end of the arth 

tn 

portion of the fth year ^11 be 

1 tt'~* fm^x X \ 

Therefore the value of all the payments to be made in the /th year 
will be 

a? in the summation having the values 1^ 2, 3 ... m. 

.*-2 






Then the value of all the payments falling due in the tth year 
will be 

Now giving t the values 1^ 2, 3 ... ^ and adding, we get the 
total value of the annuity 

PS^«'"W-i)+Q2'(«Wr). 
But SXw'-V'iH-r-i)=H-A, 

and S,(w'j»4^.,)=A, 

where A is the value of an annuity of £1 payable yearly, calculated 
at the rate of interest which makes the value of £l in a year equal 

to [ 1 + — J . Hence, finally, the value of the annuity required is 

A<«)=:P(1 + A) + QA, or (P+Q)A + P. 

The solution is not carried beyond this point by Mr. Davies, 
but he deduces the values of the annuity when paid half-yearly and 
quarterly, viz. :— ^ 



^"=(4T2/)<*+^)+^^' 



«°d A'«'= 4(4+,-), (1+A)+ J55J A. 

It is easy, however, to perform the summation indicated in the 
foregoing expressions for P and Q. Thus — 
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p=2 C^""^)^ *"^ 



* /■ _ . • • "V J{ 



(m+«7 
= - S/f— — S^c^, putting c= 



Now, S^=c+c2+ . . . . +c- 

1— c 



m 






»» +* - »» 



and Sp?c«=c +2c2+3c3+ .... +»«.- 



(l-c)» 1- 



c 



^Y^, {1-(1 +m)c»+»M>-+«} 



m 






Hence P= - s^ ^^ 



=K-^)-r('-=^-') 

-ifl-g^*\ «(^+t) 



_1 »w+f 

= T r^ (1 — W) » 

a?m*-' 1 



"'d Q=s-:^r^=-^2. 






* 
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mi^u 
So that finally we get, substituting for F and Q their valaes, 

A(-)=, ^*(i_«).A+ i - ^'(l-u); 

( m ^ 
OTy smce 






If in this equation we make iii=2^we get for the value of the 
annuity payable half-yearly 



8«*(2+0 «■ 2»»(2+») 



"■8(2+*) ^4+2f' 

which is easily proved to be identical with Davies's result, as 
given above. The form however thus found is simpler and 
easier of calculation. The formula for the value of an annuity 
payable quarterly will be found by making fn=4. Thus — 

This is very much simpler than Davies's formula, with which it 
is identical, as may be shown by expanding the two, when each of 
them will be found equal to 

65,536+49,152t+17,408t'+3584t»+448t^+32t^+t' 

1024(4+«)« ^ ^ 

640+160t+20t'+t' 
"^ 1024 • I 

Mr. Davies finds also the value of A^""^ when m is supposed to 
become infinite. Resuming the equation, 

we have 

/ m+i Y+^_ m+i / m + A "- ^H+lfi i 1 V 
\ m J m \ m J m\ tnj ' 
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Now supposing m to become infinite, the limit of or 

971 

f . f iy* 

l-\ — is 1, and the limit of 1 H — ) is e^ e being the base of the 
m \ mj 

Naperian system of logarithms. Substituting then in the value of 

A^"*^, its limits when m becomes infinite, is 

= l(^-2+e-')A+l-Ul-e-') 

f i^ i* \ 1 « P 

which is the formula given by Davies. 

I now proceed to show that Davies^s formulae for the value of 
an annuity payable half-yearly or quarterly, are identical with 
Baily^s. We have seen that the value of the annuity payable 
half-yearly is 



8(2+0 • 4+2r 

Now lety be the true annual rate of interest, then l+j=zll-{--\^ 

whence 1=21^1 4-^—2 ; and substituting for i its value in terms 
of j, we get the value of an annuity payable half-yearly (writing 
at now for A, since A is the value of the annuity calculated at the 
rate of interest^'). 

(2+2^iq7)^ 1 

«ft+ 



i6\/i+y Wi+j 



Wi+j Wi+j 

Vu , Vu 

u being the present value of £1 due in a year at the rate of 
interest y. This is Baily^s formula. 

So again, taking the expression for the value of an annuity 
payable quarterly, 
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we shall now have l+^=(l+7)» whence t=4(l-f^)*--4, and 
the expression becomes, substituting as before ajt for A^ 

^'""^'-TTll . I 4(1+,-)* 



In order to transform this into the expression given by Baily, 
put (1 +J)^=y; then it becomes 

_yL_ fi- 1Y<, 4. _J_ _ __y_ ('i _ I"! 

16(y-l)'V y*) *"^4(y-l) 16(y-l)A y*) 

1 (t/*-i\^ i_ (,, y*-i\ 

~ 16y» vy-l / *■*" 16y»(y-l) V ^ y-l) 

__ (y*+y*+y+l)'' 4y»-(y»+y«+y+l) 
16y» "'■*■ 16/(y-l) 

y«+2y»+3y«+4y»+3y»+2y +l 8y»+2y-l 
~ .16y» "*■*" 16y» 

(i+y)S+2(i+y)*+8(i+j)+4(i+y)*+8(i+»H2(i+y)i+i „ „ 

:= — -— — X a^ 

16(1 +»* 

3(i_+y)i+2(i+y)i-i 



16(1 +y)* 



u' 



= Y^{4(l+y)'+(4+y)(l+y)*+(4+2^')(l+y)*+4+3;}a» 



3 



H-jg{3(i+y)*+2(i+y)4-i}, 



which is Baily's formula. 

Resuming now the equation 



-=r.(^r'l- fe)T^- r-3=l'-t^)l 



1 + - J ; then, since tc=iii(l +7*)-— m, the formula be- 
comes, writing a^ for A, as before, 



m+l 



l-i^l 



»»*{(i+y)=-:i}» ^"^-^ ».{(i+y)=-i} 



(i+y)= 



(-TI71 
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m-l 



:^ 

Now 



(l+y)i_ 1 Ly_ '!^p+ («>»-l)(2m-l) 



m 



Also 



And 

and substituting^ the value of the annuity becomes 

1'+(>-^.)h+---1- 

and neglecting terms involving jy the value of the annuity payable 
w times in the year is «*+ gf 1 j or «*+ -5 — , the well 

known approximation. 

As before^ if we wish to obtain the correct value to three 
decimal places^ we must take the next terms^ the approximation 
then being 
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m^ — 1 .«\ m — 1 m^ — 1 . 



/ »i2— 1 \ w— 1 



6m^ 



In all that precedes it has been supposed that the deaths occur- 
ring in any year of age are distri^)uted uniformly throughout the 
year. This supposition is very generally made by writers on the 
theory of life contingencies; but although it is very convenient 
and is very nearly accurate in uiost cases^ it is well known not to be 
strictly correct, except where the mortality for a series of years 
agrees with De Moivre's hypothesis, or the numbers dyiug in suc- 
cessive years of age are equal. If on the other hand, as is generally 
the case, the numbers dying in successive years of age according 
to a table of mortality, either increase or decrease as we pass from 
one age to another, then the supposition fails to give satisfactory 
results. For if we consider the instantaneous rate of mortality 
during successive short intervals, we shall find that according to 
the hypothesis of equal distribution of the deaths,.the instantaneous 
rate of mortality experiences sudden changes in value as we pass 
from one year to another; and while increasing in value throughout 
each year, wiU suddenly become less on entering the next year 
of age, if the total deaths in that year are less than those in the 
previous one. This has been pointed out (among other writers) 
by Mr. Gray in the Assurance Magazine^ vol. i. pp. 142, 5, 
and by Professor De Morgan in the Companion to the Almanac 
for 1842. In order to obviate this discontinuity in the value of 
the instantaneous rate of mortality, it will be necessary to suppose 
the deaths in each year to be distributed over the year in a manner 
depending on the mortality of the adjacent years. Mr. Gray in 
the paper already referred to has supposed the deaths in each year 
to proceed by constant second differences depending on the mor- 
tality of the succeeding year; and Professor De Morgan has 
adopted the still more accurate supposition that the deaths proceed 
by constant third differences in a manner depending on the mor- 
taUty both of the preceding and the following years. As an 
illustration of the extent to which the supposition of uniform 
distribution may err, 1 would quote from the Carlisle table the 
numbers dying at the ages 55 to 60, viz. 73, 76, 82, 93, 106, 
122, and again those dying at the ages 80 to 85, viz. 116, 112, 
102, 94, 84, 78. 

In the next number of the Journal, I propose to apply the 
method of third differences to find more accurately the value of 
annuities payable half-yearly, &c. 
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CORRESPONDENCE. 

ON CERTAIN FORMULJl IN MR. DAVID JONES'S WORK 

ON ANNUITIES. 
To the Editor, 

Sir, — 1 am not aware whether what seems to me to be a serious error 
in one of the expressions given in Jones's work On Annuities and Hever— 
sionary Payments^ for a deferred assurance, has ever been noticed or not. 

On page 170, vol. i., of the work referred to, the general value of a 
defeiTed assurance on any number of lives is given as 

A - =.r^^p "L- — fl— rVi ^ . (1) 

An expression correct enough : but wishing, I presume, to give this result 
in a more convenient form, the author goes on to manipulate the latter 
term of the second member of this equation, thus — 

y.\(i £_ =ri rV'o ^ a ^ ' 

f (i«,mj,«j,Ac.)-.^ ^ f -f^(«,ii.^,m^,&C.),'* (m+/,m^+<,i«g+r,&c.)* 

and in this way he deduces 

This latter expression it seems to me is quite erroneous, in conlKquence 
of a fatal error in the process that leads to it. In fact, (1 -- r)if*p . ^ ^ ^ , ^ 

. a ___ — ; '1— is not . except in the single case when t;=m-|-miH-mo-|- &c. ^ 

12'' I =::2nwm6tfr of lives / 

the equivalent of (1 — r)a7 ^. , as assumed in the work referred to. 

* V y i»i, wi^, wij, a:c.; ' 

This will at once be seen if we particularise the expression. Suppose 
two lives (m and Wi) concerned, and t?=l ; then 



(1 - 0«^~r) =(1 - 0(««-|,+ ««,"!, - «m.™,-|,) 



while 






a very different expression indeed, and giving rise to a very serious error. 

As an illustration, let us take an actual case: — Required the single 
premium for £1 payable on death of last of two parties now aged 80 and 
40 respectively, provided that event happens after 10 years (Carlisle 
3 per cent.) 

The true value, e.c., the result of equation (1) is '8118 
. while the value given by equation (2) is *2959 

a result too little by nearly 2 per cent. 

Hoping you will be good enough to inform me whether this point has 
eyer been remarked on previously, 

I am, Sir, your most obedient servant, 

JAMES R. MACFADYEN. 
City of Glasgow Life Assurance Company , 
Olasgmc, ISthJulyy 1866. 
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On the Value of Annuities payabk Half-yearly y Quarterly, 8fc. 

By T. B. Spragub, M.A., Actuary of the Equity and Law 

Life Assurance Society. {Part IL) 

[Read before the Institute, December 17tb, 1866.] 
In the last Number of this Journal I examined and compared the 
solutions of this question given by Milne, Baily, and Griffith 
Davies in their standard works. The first of these writers cannot 
be considered to have treated the question in a satisfactory manner. 
The- two latter have investigated the problem more rigorously. 
They both proceed upon the supposition commonly adopted, viz. that 
the deaths occurring in each year of age are distributed uniformly 
over the year. They differ^ however, in their views as to the 
interest to be allowed for fractions of a year, Davies throughout 
adopting Milne's view, by which the present value of £1 due in 

six months' time is r, while Baily takes the value as —==.. 

The latter, as I have already stated, appears to me the preferable 
view. Davies, however, has also given an investigation of the value of 
an annuity payable m times a year, on the supposition that interest 
is convertible into principal m times in the year ; and his solution, 
as I have shown in the last Number of the Journal, is substantially 
the same as Baily's. 

The only authors who have attempted, so far as I am aware, to 
carry the investigation of the question beyond the point at which 
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it has been left by the above writers, are Professor De Morgan, 
who gave, without demonstration, a formula in the Companion to 
the Almanac for 1842 ; and Mr. Woolhouse, who has quite recently 
given for the first time {Assurance Magazine, vol. xi. p. 327) a 
formula at once very simple and very accurate. The paper of the 
former is reprinted in the last Number of this Journal ; and it will 
be seen upon reference that the formula there given is an exact 
one — i,e. not approximate merely — obtained on the supposition 
that the deaths in each year proceed by constant third difierences, 
in a manner depending on the mortality of the preceding and 
following years.* It is, however, far too complicated to be of much 
use, and it is open to the further objection — a more serious one, 
in my opinion — ^that it is based on Milne's supposition as to the 
interest to be allowed for fractions of a year. 

I will now, therefore, proceed to obtain the formula resulting 
from the adoption of De Morgan's supposition as to the mortality, 
combined with Baily's supposition as to the interest for fractions 
of a year. Thus, 4 denoting the number living at the age A, let 
the number living at the age A + ^ (where x is less than 1) be 

4+.=44.Aa;-f.Ba;2+Ca?* .... (1) 
Here making af=— 1, 1, 2, successively, in conformity with our 
supposition that the deaths between the ages k and k-¥\ are to 
depend on the deaths of the preceding and the following years, 
we get 

4-1=4— A+ B- 

4^.1=4+ A+ B+ C 

4^.a=4+2A+4B+80. 
From these equations we find 

34-1 -gi +4+1- g 



A= — o4-i "-h4 +4+i""^4+a> 



B= 04-1 — 4+ 24+1 > 

Then^ each year being divided into m equal parts, at the end of 

* There is in Professor De Morgan^s paper wliat appears to me, if not an error, at 
least an ambiguity, of language. He says (p. 138), '* If the mortality of the table be 
increasing from year to year, it ought to be supposed that the mortality of the latter part 
of a year is greater than that of the former/* The meaning of this is not, as might be 
supposed at first sight, ''If the rate of mortality be increasing,** &c.; but from the context 
it appears that the meaning intended is, " If the number dying in a year be increasing 
from year to year, it ought to be supposed that the number dying in the latter part of 
the year is greater than the number dying in the former part.** I should be glad to leam 
whether the learned author, on reflection, considers that his words accurately ezpresi hii 
meaning. 
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each of which a payment - is to be made^ the value of the pay- 
ment so made at the end of the xth part of the (/ + l)th year 
wUl be 

m 4 

where the valae of ^^.^^^ is to be found in terms of h^t-iy h+t^ 
h+t-i-iy lk+t+29 by means of the formula (1). 

Hence the value of all the payments in the (/+ l)th year 

-ml,' I 



^*+'"^ mi f" " T +^*+'+» 6~; 









2m». 



/a? 






{x having the values 1, 2, 3 ... m,) 

And the total value of the annuity will be found by taking the sum 
of the values obtained by making t equal to 0^ 1^ 2 .... to the 
extremity of life. 
Now 

^* ^W ^w ^m ^9 Jft 

** ** '» '» 









14+1 1 /P^l o'^H-il «^^t+3 I N_ l^M-l I "* 

Therefore the value of the annuity is 

-17- +ni+«*)F + -(!+«*)+-•- + -—"-/- +3) 

(m »» mv mtr) m\ If, J tn mv 1, ^ 

R 2 
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We have now to find the values of P, Q, B^ S^ as defined by the 
equations 



1 



Put vm=c; then the following formulae may be proved for 
Sore*, Sar^c*, Sx^c*, the summation extending over values of ar= 

if Zf O • • • 971. 

"^ ''"" (l-c)8 (l-c)a 1-c ' 

^ ^■" (l-c)4 " (l-c)» ""(1-^)2 TIT' 

Then we have 






Substituting from above the values of 2(a?c*), &c., we get, 
after reductions which present no difficulty^ 

(l+4c+c^)(c-c"'+0 c(l4-c?) 2c+c"+^ 

■" 6w3(l— c)* "*" 2^3(1— c)» " 6m(l— c)2* 

Similarly 

^_ (l+4c+ca)(c— c'"-*-^) (l+g)(2c+c'"+>) c— 2c^+^ 



2»»8(1— c/ 2m\l— c)3 2»i(l— c)2^1— c' 

(1 +4c +cg)(c— 0"+') (l-hc)(g+2c'"+0 2c— c"-^> £^ 
"" 2m\l—cy "^ 2m3(l-.c)« "*" 2m(l-.c)3"" fH^* 

Put ^ g 3.^2. \4 «=H ; then, smce c*"=v, we get . 

■^ I 2w2(l-.c)3 2in(l— c)3"^l-cJ 

Tvy^ oixf 2m2(l—c)8 "*"2w(l-c)a""l— cJ 

(1-f-cW c+2c» 

-H U — 



2w2(l— c)8 6m(l— c)2 

=:n-.).H-i<i=:^„ 



1867.] payable Half-yearly, Quarterly, ^c. 205 



and 



Pt;HQt^ + R» + S _ (1 4-4c+c2)(c— cwXl— »)• c(l— r)* 



Substituting in (2)^ the value of the annuity becomes 



(¥-) 



(l-f4c-fc2)((?— w) <.H-c) 2c-|-w 



6w\l— c)* ^ 2m8(l-c)» 6m2(l-.c)«j 



(l + 4c4-c^)(c— cr) {\-\-c%2c+cv) c-^2cv c 



^ 2m^(l — c)^ 2m«( I — 1?)« 2m\l -c)^ ^ m(l -c) 






c(l+c) f^-i+^+i _2l I . .(8) 
"^2m3(l-c)»l /. J. 



6m^(l— c)* 

This result is exacts according to the suppositions we have 
made ; but it is far too complicated to be of any practical use^ in 
its present form^ being considerably more lengthy than Professor 
De Morgan's formula. 

In order to verify the formula^ let us apply it to the case of a 
perpetual annuity certain; for which purpose, we put /a-.i = 4 

=/^^i, and 0^= T ; then it will be found that the formula reduces 

to —pi r = r» which is the correct value of the annuity 

'"(^-'') m(l-p=) 

on the suppositions we have made. 



For -\ 

m 



1 3 3 



. ad inf. [ = — • r . 



The above formula (3) differs from that obtained by Professor 

De Morgan, for the reason stated above. His formula becomes 

1 «i 1 
in the case of the perpetual annuity certain t + -^ — . In order to 

ascertain how far the two results differ, we must expand the 
former by powers of t. 
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1 L -.1 

Thus since »= = — . and v"= (1 + 1) *", we have 

1 + f ^ ' 

1 r« 1 1 1 ' 1 



1 — t?*" V •• — 1 (1 + »)••— 1 

__1^ 1 

"m'l m-1 (m^l)(2m-l) 

1 1 



- m— 1 . 

1 — * 

2m 



I 2m-l (2m-lX3m-l) | 



-'^■•■■l'-^'--N^)'---] 

_ 1 m— 1 m^—l m ^—l .^ ... 

-r^"^ i:2i;i^*"^^4^* " ^^^ 

In order to obtain a practical formula from the complicated one 
above given (3), it will be necessary to expand its terms by powers 
of i. Before doing this, I propose to examine the formula given 
by Mr, Woolhouse {Assurance Magazine, vol. xi., p. 327), 

where /i is the "force of mortality ^^ or the "instantaneous rate of 

1 d 
mortality" at the age k, and is equal to the value of — j 'T'^x* 

when X is made equal to A; ; or approximately equal to *~^^. 

and 8 is the "force of discount" and is equal to — log^t?, or 
log«(l + «)• Mr* Woolhouse has arrived at this result as a simple 
case of a problem which he has investigated at great length. It 
may be readily proved by the following method, which although 
much shorter than Mr. Woolhouse^s, is less elem<entary. The 
value of an annuity of £\ payable yearly is 

and that of an annuity of £1 payable by m equal instalments in 
each year is 

Now by a well known theorem proved in the Calculus of Finite 
DiflFerences, Ug, being any function of Xy 

„ ^ , M- 1 du^ 1 d^u^ 



*±1. 

k 



1867.] 



payable Half-yearly y Quarterly^ 8fc. 



207 



which between the limits a and b, which are both integers and 
i>a, becomes 

+ «• _ 1 f ^L-U — (" — -U&c 

^2 12 V«fo y«^ 720 V <&» /» 
But the first member of this equation is equal to Ua+Ua+i+*ia+* 
+ . . . . +tij_i, so that we get 

«*«+«**ci+ • . . . + «^i=/ u^ 



We also have 



u. 



+ «.+!+ .. 



2 "^ 12\dx )t~ 720\dx» y ' ' 
■^2 12VdirA 720V«ie»>'« **'\ 



• .(5) 



/ 



/ 



We may give a geometrical interpretation to this equa- 
tion which may perhaps help to make its meaning clearer. 



/ 




Ml IMS M:3 M4 



Ml 



Mt*i 



Let OMi=a, OM^+i=i, so that OM<+i— OMi=J— a=/, sup- 
pose; and MiM2=MaM8=M8M4= .... =M|M|+i=l. 

Also PiM|=tta, P2M2=Wa+b P<+iM/+i=ttft; then wiU 

the curvilinear area PiMjM^+iP^+i be equal to / ujlx. 

* If the difference between BUccessive values of a: be A instead of 1, this formula becomeB 

tta lib 1 /*^ h Ifi 

where «'«, ««", &c., are put for ( j^j , ( "^y » **'• 

Compare the formulae given by Mr. Woolhouse, voL xL, pp. 317, 331. 
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Also the area of the rectangle P1M2 is equal to PiMj x M1M2 
=WaXl=Wa; the area of the rectangle P2M3 is Ua+i; so that 
«a + Wa+i-f .... +^6-1 is the sum of the areas-of the rectangles 
P1M2, P2M3, .... P<M<+i. 

Again the area of the triangle P1P2Q2 is equal to ^ x PiQj X P2Q2 
= ^ X 1 X (mo+1— tta) = "^^ — ~ • *^® ^^^ ^f ^^^ triangle P2P3Q3 
is ^"*"*^ — 2±i: and so on, till we come to the triangle P^P<+iQ#+i, 
the area of which is ^ ^ ^~' ; so that the sum of the areas of the 
triangles is -^-9— ^> and the area of the polygon M1P1P2P8 • . . . 

P,+iMf+i i8equalto^4-tta+i4-tia+2+ .... +tt6-i+^. 

This result may also be arrived at by observing that the areas 
of the trapeziums, PiMiM2P2, P2M2M3P3, .... P<M<M^+iP^+i, 

are^^^^, IWi+!^», . . . . !fL:^» , respectively. 

Thus we see that the sum of the areas of the curvilinear figures 
P1P2, P2P8^ .... P<P«+i, is equal to 

12\\dx)t \dx,J 120\\d^k Kdix^ja) 
Resuming the equation (5), first write h^x^ for '^xi and make 
fl=A;, and b equal to the extreme age in the table {z). Then the 
first member of the equation becomes 4 + 4+1^? + 4+2^^4- . . . . , 

which is equal to Zi(l-j-«jfc). In the second member we observe 

du d u 
that at the extremity of life, the values of Wg., -j^, -r-j .... all 

vanish, so that we get, the limits of x being and z—k, 

/* Q R 
or /*o*=P— 2 "" 12 ■+ 720 "" • * • • ' suppose. 



Next, putting 4+£.t;»» for Ma- in the equation (5), we get simi- 

larly, the limits of x being now and m{2 — h) 
J\ A 1 /*'»(«7*) t,^ Ij, I d(, V\ 

\7n J mJ ^ ^-» 2m Vzmdx\ •» /q 

1 d^ (j 1\ 
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But " 



l^^ffdx^m/ li+gV'^dx^mr 

*" "^ 



£(^*^^/Vji£(^*-d= 



(fo^V"""-" Jo" m^ dx^\''^'' Jo~m^ 



whence 



and /.^,=p_^L_^ + _|__&c 

, . , . Ij^ m— 1 Q m^— 1 R m*— 1 , ^ ... 

4(«'»-«»)= 2 • — + 12 ^;?— 720 -^ +*^- • • ('> 

It now only remains to find the values of Q, B,, &c. Thus, 
we have 

and putting ar=0 we get 

Q=log,t7.4+f^4+* 

Also 

^ («'%+*)= v'Iog»t;/*+, + 3t7log2|; ~ 4+. + 3tflog ^^ ^a ^*+- + ^ ^ ^*+' 
whence^ making ^=0, as before, 

R=log3.4+31og^.(^^+31og«(^^+ (^^ 

Substituting in (6), and dividing by /«, we get 

"*="»+ ^^- 12;;?(''+^> + 72o;;?r+^^''+ X -4]"*^ 

Here /u is approximately equal to *""' *''"^ , Its value, as 

well as those of I'Jt and /^^ may be found more exactly as follows. 
Let the tabulated values of l^ adjoining h be differenced, as is done 
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by Mr. Woolhouse {Assurance Magaziney vol. xi. p. 64), then by 
the formula which he has given on p. 68^ we have 

^\2 24^180 1120/ 

7yo 



140 



fS2 ^fl. 
V6 24 



x^+&c. 



720. 

140 



Hence (^^=-^4=a,-io + ^ ^ 

\^« *+Vo""' V2 24 ^ 180 1120/ 

^*-l^Ho V6""24 + 720J 
In order to estimate the magnitude of the various terms in the 
above expression for a^t, let us take a numerical example; and 
since the importance of the corrections introduced by the third and 
fourth terms will be greatest at advanced ages^ let us suppose 
A; =85. Then, using the "Experience^' table, we have 



Age. 


Living. 


Ai 


A2 


As 


A4 


A* 


(x) 


(U 


(-^.) 










80 


13290 


-1866 










81 


11424 


—1730 


+ 136 


+ 12 






82 


9694 


-1582 


148 


7 


-6 


+2 


83 


8112 




155 




-8 






• 


-1427 




4 




-8 


84 


6685 


-1268 


159 


- 2 


-6 


+4 


85 


5417 


• • • • 
-1111 


157 


• • a 

— 4 


-2- 


• • 




86 


4306 


- 958 


153 


- 6 


-2 


— 1 


87 


3348 


- 811 


147 


- 9 


-8 


+2 


88 


2537 


— 673 


138 


—10 


-1 




89 


1864 


- 545 


128 








90 


1319 













2^79 
Here ao=K-1^8-llll)= — -~-=— 1189*5 

*o=157 

Co=i(-2-4)=-3 
«/o=-2 
^o=i(4+0)=2 

Also supposing the rate of interest to be 8 per cent, we have 
S=log,(l + i) =log,(l-03) = -02956. 
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Hence we find 
,=•21948. ^ = lg.^ =.029014. |=_|L=_. 000646 

P + 3S^fjL+2p — ± =-000026 

+ -000575 
+ •002573 
+ -000646 



and =^ia»+382/i+ Y-^- ~j =-000005 



='003820 

!_/.•..,. . Sm Ik 
720 

We hence conclude that, omitting the term involving this 
quantity^ and the following terms, the value of a\ may be found 
correct to five decimal places from the equation 

-^^^-^^-i^r— i2^^(''+^> (^> 

Again /«+S = '21948+ -02956 

= -24905 

and ^ = 02075; 

m — 1 

whence we conclude that the common approximation Ofh -^ — 
is only true to the first decimal place in this instance. 

Lastly, if we take the approximate value of /u, viz.— 7^ (= '21958), 

m^— 1 
the error in the value of the annuity is equal to — =ro~T ^ '000105, 

and will not amount to more than a unit in the fifth decimal place. 
For any purpose that is ever likely to be required, we may there- 
fore use the formula 

For younger ages the last term of this equation will be much 
less important, but it will be found in all cases to affect the third 
place of decimals. It will also be noticed that the value of the 
third term becomes slightly greater as the rate of interest is greater. 

The preceding expression for a^t may be usefully compared with 
the one found above (4) for the value of a perpetual annuity certain. 

Thus, putting /a-i=/*+i, and ajt^-r-, it becomes 



1 m — 1 m^ — 1 



2 1/ va 



(.•-^+....} 



• "^ 2m 12m^ 
which agrees with (4) as far as the term involving t^. 
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and 



Again, at 3 per cent interest i = -03, 8= -02956 .-. i -8= -00044 
^ "^ (i— 8) < 00004, 80 that if we use the formula 



12m« 



o'jk=«*-|- 



m — 1 m^ — 1 //*_i — /j 



2m 



12m2 



^+.)....TO 



we may expect to obtain the value of a'» correct to four places of 
decimals. 

In this equation making m = 2, 4, oo , in succession, and putting 

u for its approximate value ^"^^TT ^^' , we have the value of an 

/ilk 

annuity of £1 payable half yearly equal to «* + a "" Tg (a* + *) 



quarterly 
momently 



II 



» 



8 5 , . 



Now, returning to the equation (3), our object will be to expand 
it in a series of ascending powers of t. 

We have 

L 1 -L 

(l + t)'- '^ ^ ^ 
or 

_ ,• m+l.j (m-HX2m+l) ., . (m+l)(2m-f l)(3m+l) ., 
1 1 



m(l-c) ./ m+1 . (m4-l)(2m4-l).- (mH-l)(2m-f l)(3m+ 1) . 



» 1- 



2m 



t + 



6m^ 



24m3 



• I • • • 



1 



t m+1 . 
1 — t 

2m 



2m+l .. (2m+l)(3m+l) .a 



3m 



12m' 



Hence 



__l___ir m+l.f- 2m+l .. (2m+lX3m+l) ., n "* 

m'(i-cy-i'L ,2m *v~~i;r*'^ r2;;5 ♦ "•••;J 






2m 



/ 2m+l (2m+l)(3m+l) ., ) 

r — s^*^ — ^5^ — • •••; 



+ 



1.2 4m» * 



, 2m+l . 



«. /(^+lX<+2)(m+l)». 



8m» 



«'+ . . 



•■] 



1867.] 



pat/able Half-yearly, Quarterly, 8fe. 



213 



t+1 .,f (2m+lX8w+l) (<+lX»»+lX2m+l) 
2iM» * t 12 12 

«+lX<+2Xm+l)« l . -| 

+ 24 I'*' J 



+ < 



4( 






Now making t=l, 2, 3, 4, successively 



1 



m(l — (?) » 
1 1 



1 + 



^4-1, w*— 1 .2 (m+lX5wH5m-f2). 



2;n 



» — 



i2m^ 



t' + 



3 



24m3 



— &C.I 



I 



1 



fn\l'-cy t* 



1 



,1 



m^l-'cy »* 



1 + 2!±i ,•+ (^i±l)Kti),.2 

m 12/»* 

. («n+lK3m'+4m +2),, . | 

, , Sw+l ., (w+lX»t+2).- 

1+2-;^*+ — 2^? — • 

(»t+lX16m« + 26m+ 15) , 
■•■ 16m» 

1 +2 !^ .•+ (♦»+lX7»»+ll) ,., 



^^^ » T^ • • • • 



1 



m 



6m^ 



(m+l)(llm« + 20m-|-ll).3 . ) 

* "v • • • • r 



6^8 



Also 



c(l-t?y _ tJ^jl—vY » 



,•4 



V 



2 



(i+0'+« 






=»^ 



2m+l (2m+l)(Sm+l) .^ 



m 



2w« 



(2m+lX3n^4-l)(4m+l) ,a. 1 



and 



and 



, 2. 2+m.j. 2(2+^0a+m) 
m mr omr 

4.' 2(m+l) 2 (m-HX2m+l) 
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.•.l + 4cH-c2=6 + 5— »^ ^^ — 5-^* + 



Again, 



m+l ., (m+l)(2w+l). 



1 

a_.,=,.{.-=±l.>(.=±iS=±^.-......} 



m-f 1.2m+1.8m+ l .3 
2W * 



... i + 4c+c2— m2(l— c)2=6 -;j i^ 



m mr 



(>»+l)(m'-2m-2) ,, 

"i- o * ^ . . . . 

Substituting these values, the coefficient oiau'ixi (3) becomes therefore 



% m^— 3m— 4 .„ w+l .m^— 2m— 2 .» 
1 t^-j 1« 

m 6m* Qni^ 



^~* • • • • r 



f, 2m+l . 2m+1.3m+l._ 2m+1.3m+1.4m+l ., . ) 

^1^ — ^*+— w — • 6^^ *'+•••! 

10m3— 25m*+20m+6 ., . 

=1 + ~^ -^-»^+ • • • • 

om'* 

6 m' 

Thus we see that the coefficient of a^ does not contain any 
terms involving the first and second powers of i; and it seems a 
fair inference that if we found in the same way the value of the 
annuity on the supposition that the deaths in each year were dis- 
tributed according to constant ffth differences, then the term 
involving i^ would also disappear from the coefficient of aj^i and 
that further terms would disappear from the coefficient if the 
approximation were continued further, since in the formula 
obtained by the more correct method given by Mr. Woolhouse, 
the coefficient of a* is simply unity. 

We may obtain in the same way the values of the other terms 
in (3), but the following method is more simple. Put 1 — c=y, 

then the coefficient of -y^ +w becomes, since c=l— y. 
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Now substituting these values in (3), the value of the correction 
becomes 

(4-.,, .,., .,^ )f m^-l . (m'-l)(7m«+2) . \ 






+ 



-■} 



I 24m^ ^ 860w* 

(m--l)(13m+l) ^ (m»-l)(llw^+l) • 

m— 1 m^— 1 /t_i-4+i 



2m 24m' 4 

[ m^^l K-l)(llm'+l) , (m'-l)(7m'+2) / /,,,+4^, 
24w^ 60m* ■*■ 360m* V 4 "^ 



t, approximately. 



m-\ m'^l 4-1-4.H m'-l f 2(llm»+l) 7m'+2 4,i+4f O 
2m 24m' ' 4 12m' 1 15m' "^ 30m' ' 4 

But -^=^ — ^^ =2, very nearly ; and making this substitution^ the 
value of the correction becomes 



m 



— 1 m'— 1/4-1— J 



2m 



12m' V 24 7 



which agrees with the formula (8) we have found above, and is 
substantially the same as Mr. Woolhouse's formula (7). 

The error caused by putting 2 for *"' , *^' is equal to 
h-x + lk^i _g^ h-i-h-{h-h+i) ^dt-j-dt Taking as before 

«* ** ** 

the Experience table of mortality^ and making ^=85^ the value of 

157 
this fraction is ^jj=> or '03 very nearly; and the value will be 

generally much less. This error has to be multiplied into 

-y^—r ""qTTT" ' *' ^^^ ^^^ value of this quantity^ making m= 2, 

»=-08, i.e. taking the case of an annuity payable half-yearly at 

3 80 '08 

3 per cent, interest, is th • ?iwx x '08= -^j , so that the amount of 
'^ 48 120 o4 

•0009 
the error is nearly -^t~ ^^ '000014, and is therefore quite insig- 
nificant. 

We have thus a very exact correspondence between the results 
obtained by the supposition that the deaths are distributed in each 

s 2 



t. 
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year according to constant third differences, and by the more accu- 
rate method given by Mr. Woolhouse ; and the problem of finding 
the value of a life annuity payable by m equal instalments may 
be considered as completely solved. 

I purpose considering on a future occasion several allied ques- 
tions — such as (I) the increase in the value of an annuity payable 
m times a year, when a proportionate part is paid to the day of 
death, (2) the value of an assurance payable at the instant of death, 
or at an assigned date — three or six months after death — (3) the 
value of a survivorship assurance, subject to the same modifications, 
(4) the value of a reversionary annuity which is to run from the 
date of the death of the life assured, the first payment being made 
twelve months after death instead of, as usually supposed, at the 
end of the year in which death occurs, (5) the value of the same 
annuity when payable half-yearly, quarterly, fee, or when a pro- 
portionate part is paid up to the date of death of the nominee. 
In these and other cases the usual formulae are not strictly applic- 
able to the questions which occur in practice ; and it will be satis- 
factory, and may occasionally be useful, to know how to calculate 
the values more accurately. 

For facility of reference I subjoin a list of the formulae discussed 
in the preceding paper — the formulae being first set down as given 
by the respective authors, and the modifications thereof made by 
myself being marked (*). 

Milne, «lr'=a.+ ^^ 

BaUy, a™=i^{2(l+.-)*+2+.>,+ 5^ 



/ p p \ 1*3 



« 



ff 



«»'=^{4(l+.-)»+(4 + .-)(l+t)*+2(2 + «)(l+»)*+4+3e}a» 



16 



= |l + 



+ ^{3(l+.)*+2(l+»)*+l} 

O .« I . u O . . lO ., 



|1+ jg e^-... K+ 3- 32^-+ Yi8 *'-•••* 



Griffith Davies, A^*"^ =(P + Q) A + P, 



where p=:S^L__^ Q= 1+- s — -— 
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and A is the value of an annuity of £1 payable yearly^ calculated 
at the true annual rate of interest [ 1 H — ) — 1 =j; 

or A^-J= 4 






or aj*^= 



^+(»-^0S + 



w— 1 m^ — 1 . 



« 



In the last three formulae^ but in none of the others here given, 
i is the nominal rate of interest convertible m times a year, aud'^ is 
the true annual interest. 



Woolhouse, aT^=a,+ "^ ^ W^'^'^^^ 



■■)• 



Errata in Part I. 

3 3 

Page 190, line 3 from bottom, for — *' read — i^. 



192, „ 1 9, for (m + 1 )• read (m + 1 )'. 

193, „ 1 6, for S' read S^. 
„ thronghoat, for/?*+, read/?i^,. 

9) » )> for /?*+,_! read;?t,,_i. 

„ „ line 20, for "value" read "amount". 






» 



io« ^1. K.. f 640+160i + 20i'+e» .96 + 32t + 3f» 
195, „ 6 from bottom, for -— read — ^ — - 



On Annuities and Assurances on Successive Lives. By Thomas* 

Weddle, F.R.A.S.* 

Milne, in his Treatise on Annuities, chapter vii., has discussed 
this subject with much clearness and elegance ; yet his method of 
investigation does not seem to be the best possible, nor do I think 
that his results are given in forms well adapted to numerical appli- 
cations. It may therefore be not altogether useless to consider 
the subject in a somewhat different manner, and so to exhibit the 
formulas as best to meet the wants of the computer. 

Problem I. — ^To determine the present value (a„) of an assur- 
ance of d£l payable on the failure of the last of n successive lives 

Jljl , A. • • • • A. • 

* This paper appeared in the PhUoMphiccd Magazine for January, 1 850, and is the 
one referred to by Mr. Peter Gray, at page 1, vol. ii., of this «/ottma/.—- Ed. J. I, A, 
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Let a^^) denote the value at the time of nomination of an assur- 
ance of £1 payable on the death of A^**^ ; A^^ itself denoting the 
value of an annuity of £1 during the life of A^^, so that we have 
(r being the interest of £1 for a year) 

.-. l-a^^)=-^(i+A^'>), (2) 

and 

l+AW=/'l+iVl-a<'0 W 

We have evidently a,=a'; also when A'' shall be nominated the 
value of .£1 payable at his death will be a''; but the present value 
of £1 payable when A'' shall be nominated^ that is^ at the end of 
the year in which A' shall die, is a^; hence the present value of £1 
payable at the death of A'' is 

,\ a2=a'a". 

And generally when the life A^^> shall be nominated, the then 
va]j|e of £1 payable at his death will be a^^^; but the present value 
of £1 payable at the death of A^"*), that is, at the nomination of 
A(p), is ap_i, 



• • 



a«— aj,_|.a 



Hence taking je»=1, 2, 3 .... n in succession, we have 



aj=a 
&-2— -a^a 
a8=a2a 



ft 



m 



a,=a„_i.at"\ 

Multiply these equations together and cancel the common factors 

a^— — a a a«**>a • • • • • • • v.^/ 

Hence the present value of an assurance payable on the failure 
of the last of any number of successive lives is very readily com- 
puted, provided we have a table of the present values of assurances 
on single lives ; and such tables are given in David Joneses work 
on Annuities and Reversionary Payments (Tables IX. and XXIL), 
according to both the Northampton and Carlisle tables of mortality. 
If however only a table of annuities be at hand, it will be better to 
modify (4) as follows : — 
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By (1) we have a^^>=t;(l— rA^P)), where t;=(l + r)-', the pre- 
sent value of £1, due in a year^ hence (4) becomes 

a^=tr"(l-rA').(l— rA")....(l-rA(»') (5) 

Problem II. — ^To determine («p) the present value of an an- 
nuity of £1 on the pth life mentioned in Problem I. 

At the nomination of A<» £1 will be due, and the annuity 
on his life will be worth A^> ; hence the life will then be worth 
1 + A^**) ; but £1 due at the nomination of A<^> is now worth a^.i ; 
hence the present value of the annuity on the pth life is 

Vi-O+At')), 

.-., (4X fl,=a'a"....a^-«.(l+A('>), W 

and this is the present value of £1 per annum on the pth life. 

The preceding (6) is the form that will generally be found 
best adapted to computation ; but Op may also be expressed in terms 
of a only, or of A only, as follows (see (1) and (8) ) : — 

a^=fl+^)a'a"....at'-»\l-af'0» (7) 

and 

a,=t;'-'(l-.rA')(l-rA")....(l— rAf'->)Xl+A('>) . (8) 

It may be observed too that (7) is little, if any, inferior to (6) 
in point of easy application, as it requires a reference to one table 
only, while (6) requires a reference to two. 

Note. — Unless the annuity be due — that is, unless a payment 
is to be made immediately — none of the preceding formulas will 
give fli, the value of the annuity on the first life, correctly. If 
we suppose, as usual, that the first payment will be made in a year, 
the true value of Oi will be 

ai=A'=/^H.iVl-a')— 1» W 

and not 

ai=l4-A'=(l + l)(l-a'). 

Problem III. — ^To determine (A^), the present value of an 
annuity of j61 on the n successive lives A', A'' . . . . A<^'*\ 
We evidently have 

A,,=ai +03+03. • . . +0^. 
But (7) and (9)— 

rt2= I 1 H — J (a' — aV) 
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fl3=(l-f i)(a'a"~a'aV') 



^«= ( ^ + ; ) (a'a" • ' • .a^"-'^-a'a". . . .a^"0- 



Hence by addition we have 



A,= /'l+^](l-aV....a^»0-l .... (10) 
It appears from (4) that (10) is equivalent to 

An=(l+;)(l-a„)-l; 

and, in fact, this might have been deduced immediately from (3), 
for the formula (1) which expresses the relation between an annuity 
and the corresponding assurance, is true of any status*, providing 
the status be such that the assurance on it must be paid some time 
or other. 

Problem IV. — ^A copyhold estate is held on a certain number 
of lives A, B, C . . . . and each life is renewable at the end of the 
year in which it may fail by paying a fine of/ pounds. Required 
the present value of all the fines. 

Let A', A" . . , . be the lives that succeed A ; B', B'' . . . . 
those that succeed B, &c.; also let a, a' a'' ... . be the values of 
assurances on the lives A, A', A'' .... ; b, b', b" . . . . those on 
B, B', B'^ . . . . , &c. 

By (4) it appears that the fines (each equal to /) payable at the 
deaths of A, A', A'' . . . . are now worth /a, /a a', /aaV .... 
respectively ; and similar expressions being true of the other suc- 
cessive lives, the present value of all the fines is 



a + aa' + aa'a" + 

•^^i +C+CC +cc'c" + 

+ 



(11) 



If the lives, at the time of the nomination, be all of the same 
age (which must be assumed in practice), then, P denoting the 
value at the time of nomination of an annuity of £1 on each 
renewal life, and p the assurance on the same, we shall have 

a •— ■• a -^— • • • • '— u ^— D "^^ *••••• — c ^~ c —• ••••••.. "— p, 

* " By the stcUtts of an annuity, I mean the state or condition of things during the 
continuance of which the annuity is to he paid/* — De Morgan's Essay on ProbahUities, 
p. 190. 
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and each horizontal row in (11) now constitutes a geometrical pro- 
gression of which the common ratio is p; and the sum of the 
whole is evidently 



Hence 



f a b c 

ll-p 1-p 1— p J 



is the present value of all the fines. 

The preceding expression (12) may also be exhibited in terms 
of the annuities on the lives instead of the assurances on the same. 
For 
• ,\ 1 — ^A , 1 — rB , ,^x , r .^ ^^ 

0)' *=TT7' ^=TT7' •••' «"^' (2). i-P=r:p;a+P). 

hence (12) becomes 

n (A4-B + C+ ) 

■^•~ FTP ' (•«) 

where n denotes the number of lives A, B, C . . . on which the 

estate is held, and it may be observed that- is a perpetuity of £1. 

The formulas (6), (10), (11) and (12), agree with those given 
by Mr. Milne, but they are here expressed in a way better adapted 
to computation. That these coincide with Mr. Milne^s expres- 
sions, will readily appear, if, instead of A'^ . . . , we introduce 
annuities certain of equal values ; thus let A^^ be equivalent to an 
annuity certain for tp years, so that 

r 

.-. l+At')=('l+-)(l-t?'i'+0» ^^^y (2), a^'>=tJ^+S 
hence (10) becomes 

A^=^l+^Vl-t;*^+0-l»(^=w-l+^i + ^^2....+O» 

or 

1— »'' 

r 

which is Mr. Milne's formula; and similarly, it may be shown 
that (6) and (11) coincide with the expressions given in Milne. 
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Also if F be equivalent to an annuity certain of t years^ so that 

1— t?' 

P= , and therefore p=t/+^ then (12) becomes 

r 

a+b + c+ .... 

which is Mr. Milne^s expression. 

The formula (13) is not in Milne, but is given by Professor 
De Morgan in his Essay on Probabilities {Cab. Cyclop,), Appendix 
the Second. It is very well adapted to computation, though not I 
think quite so well as (12), if Jones's tables previously alluded to be 
used. The difference between the two formulas in point of prac- 
tical application is, however, very trifling. 



Eighth Census of the United States, in 1860. By SAMtJEL 

Brown, Esq., V.P.S.S. 

IN the course of last year a very important document was published 
by the American Government, under the direction of the Secretary 
of the Interior, entitled " Statistics of the United States (including 
MortaUty, Property, &c.) in 1860; compiled from the original 
Returns, and being the final Exhibit of the Eighth Census.^' It 
contains an introduction by J. M. Edmunds, Commissioner of 
General Land Office, in charge of census, and a still fuller intro- 
duction to the mortality statistics for the year ending June 1st, 
1860, by Dr. Edward Jarvis, a very able writer, who was a delegate 
to the Statistical Congress, when it was held in London, and is a 
Corresponding Member of the Statistical Society of London. 

The former introduction gives a brief notice of the census as 
taken in different countries (commencing with the enumeration of 
the people under the Mosaic Dispensation) to the first census of 
the United States, in 1790. Since that time there has been one 
every 10 years, and a short sketch is given of the legal enactments 
by which they were carried out. The statute of 23rd May, 1850, 
by wliich the seventh census was ordered, also made provision for 
the eighth and any subsequent census, which was supplemented in 
1860 and 1862 by some Acts which required, amongst other things, 
the Secretary of War to be furnished with such war statistics 
as might be needed, and gave a credit of two millions of dollars 
=^6400,000 for the necessary expenses, including the costs of 
printing and binding. 
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It does not appear clear from this Report whether the census 
was to be taken for any single day^ or^ better stilly for any single 
night ; but merely that the schedules^ after being sent out to the 
marshals, were to be returned by some specified date. If so^ the 
results are liable to all the errors arising from many persons and 
facts being counted twice over, and some not being included at all. 
The actual population might therefore be very different, except 
under the extreme improbability that the changes of population on 
different days were exactly in the same proportion at all ages. 

The forms of sichedules comprise classifications for the produce of 
agriculture, of industry, social statistics, public libraries^ periodicals, 
newspapers, pauperism, crime, cost of labour^ religious worship^ 
and mortality statistics. 

Before giving a brief summary of the last, which are likely to 
be more especially interesting to the readers of this Journal, it may 
be well to quote the remarkable figures which form the totals of 
some of the preceding heads of classification. 

Population. — At the close of the sixteenth century, the regions 
comprised within the limits of the United States were described as 
a wilderness, untrodden by civilized man. 

A century after, in the year 1 700, the inhabi- 
tants of the Anglo-American colonies are 
stated to be 262,000 

In 1749-50, the estimated popnlation was . 1,000,000 

In 1775, estimated by Congress in view of the 

approaching rupture .... 2,389,000 

In 1790, at the first census according to law . 3,930,000 

In 1860, by the eighth census, computed to be 31,443,000 

Agriculture. — Under the Act of 1798, the number of acres 
assessed for direct taxes, independent of lands belonging to the 
United States, or exempted from taxation, and exclusive of Louisiana, 
amounted to 163,747,000 acres, and valued at 479,298,000 dollars 
= £95,859,000. In 1809, the improved l^nds in the United States, 
including pastures, embraced 63,570,000 acres. In 1860, the 
lands are thus stated — 

Improved, in Farms. Unimprored. Cash Value. 

Acres. Acres. Dollars. £ 

In the States . 162,650,000 241,944,000 6,631,520,000=1,326,304,000 
In the Territories 461,000 2,168,000 13,525,000= 2,705,000 



Total . . 163,111,000 244,102,000 6,645,045,000 = 1,329,009,000 

In 1850, the number of acres of improved lands was 113,033,000, 
and the cash value of farms, 3,271,575,000 dollars = £654,315,000, 
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showing an increase in the 10 years of 44 per cent, in improved 
lands^ and more than 50 per cent, in the values. 

Manvfactures, — As to the annual value of manufactured pro- 
ducts^ the estimates at all the periods must be somewhat more than 
vague. Up to 1790, they were mostly confined to those of the 
household class, although the manufactures of iron and its ultinaate 
products, coarse woollens, and papers, were becoming greatly ex- 
tended by means of joint stock and incorporated Companies. From 
1810 to 1860, the product is stated in the volume for manufac- 
tures to have increased from 198,613,000 dollars =£39,723,000 
in the former year to the enormous sum of 2,000,000,000 dollars 
= £400,000,000 in 1860. 

The fourth volume of the census for 1860 treats of 

Mortality., — This subject is more fully discussed in the Report 
of Dr. Jarvis, who has taken much pains to classify the deaths, 
not merely as to age and sex, and whether of the white or coloured 
population, but to give the causes of death and the diseases of the 
two races according to the subdivisions adopted in the English 
Registration Office and other continental returns. There is great 
reason, however, to doubt the accuracy of the facts collected by the 
census officers as to the deaths in the course of the preceding ye^r, 
except where they are confirmed by a previously-existing system of 
registration. The general result is stated to be that, in 1850, with 
a population of 23 millions, 323,000 persons died, or 14 per 1,000 ; 
whilst in 1860, with a population of 31J^ millions, only 394,000 
deaths occurred, or 12^ per 1,000 ; both proportions so low as to 
suggest the idea either that some serious error has been committed, 
or that some fuller explanations are required as to the causes. Yet 
the conclusion in the report is that with such a rapid increase of 
rate of population over rate of mortality, "the beginning of the 
year 1900 will find within the present limits of this Republic 
107 millions of inhabitants.^^ 

Banks. — On the 1st January, 1811, the whole number of banks 
in the United States was 88, their aggregate capital 22,700,000 
dollars = £4,500,000, and of specie 9,600,000 dollars = £1,920,000. 
In 1850 there were 872 banks, capital 227 millions of dollars 
= £45,400,000; and in 1860, 1,562, with a capital of 421 mil^ 
lions of dollars = £84,200,000. 

On the 1st January, 1866, the amount estimated was 380 mil- 
lions of dollars of National Bank notes =£76,000,000, 80 millions 
of dollars =£16,000,000 from State Banks, 129 millions of dollars 
= £25,800,000, supposed to have been issued since 1st October^ 
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1865^ to National Banks ; whilst the gold and silver products from 
mines^ for the year ending 30th June^ 1865, were 100 millions of 
dollars =£20,000,000, and the receipts into the Treasury for that 
year amounted to 929^ millions of dollars = £185,900,000. 

Insurance. — The earliest Insurance OflSces in America are 
supposed to be one established at Boston in 1724, apd one in 
Philadelphia in 1756. 

In 1860 the number of Insurance Companies in the United 
States was 294; their capitals and assets 82,170,000 dollars 
= £16,434,000; at risk, 2,605^ millions of dollars = £521,1 00,000; 
losses in marine and fire branches in 1860, 50,596,000 dollars 
= £10,119,000. 

For life assurance there were 47 OflBces, embracing 60,000 
lives, with assurances for 180 millions of dollars =£36,000,000; 
the annual premiums being stated to be 7 millions of dollars 
= £1,400,000, which, if correct, would be very much in excess of 
the average rate in this country, unless there is comprised in that 
item the interest from investments also. 

Railroads and canals* — In 1860 the commercial railroads are 
reported to have a total length of 30,794 miles, and the cost of con- 
struction to have been 1,151^ millions of dollars =£230,300,000; 
whilst the city passenger railways were equal to 403 miles, costing 
14,863,000 dollars =£2,972,600. 

The first canal completed in the United States was the Mid- 
dlesex, between Boston Harbour and Concord lliver, 27 miles in 
length, which was constructed, at a cost of 550,000 dollars 
= £110,000, by a Company incorporated in 1789. In 1860 there 
were 118 canals, having a total length of 5,462 miles; the cost of 
construction in 68 of which was 147,400,000 dollars = £29,475,000, 
the cost of the remainder not being reported. 

Value of real and personal property, — In 1789 the total pro- 
perty valuation for taxation consisted of 163,750,000 acres and 
277,000 houses, together valued at 620 millions of dollars 
= £124,000,000. In 1850 the estimate of value rose to 7,136 
millions of dollars =£1,427,160,000; whilst in 1860, according 
to the marshals' returns, the value had risen to 16,160 millions of 
dollars = £3,232,000,000. The aggregate of the individual returns 
of real and personal private property in the country is still higher, 
making the estimate 19,089 millions of dollars =£3,81 7,800,000. 

Educational establishments, — The total number of educational 
establishments in 1860, including collegiate, academies, and public 
schools was 113,000, in which were employed 149,000 teachers. 
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giving instruction to 5,418,000 persons, and possessing a total 
annual income of 33,990,000 dollars =£6,798,000. The number 
of libraries returned in 1860 was 27,730, with 13,316,000 volumes. 

Religious establishments. — The returns in 1860 gave 54,000 
churches, the value of their property being 172 millions of dollars 
=£34,400,000; being capable of affording accommodation to 
18,975,000 persons, averaging one church to every 584 individuals 
in the whole population. 

Manufactures, postal transit, and the press. — It is stated that in 
1860 there were amongst the large towns 102, which contained an 
aggregate population of 4,764,000, with a manufacturing capital 
of 417 millions of dollars =£83,400,000, employing upwards of 
557,000 persons; and the value of the manufactured produce 
realized the sum of 875 millions of dollars = £175,000,000, 

The postal service is given to a more^ecent date, the beginning 
of the fiscal year 1865, when it embraced 6,012 routes, of an 
aggregate length of 142,000 miles, at a total cost of 6,803,000 
dollars =£1,360,000; the aggregate transportation being equal to 
57,993,000 miles. 

The power of the public press is well known in America, and 
it seems to be growing with increased rapidity, for whereas in 1850 
there were reported 2,526 newspapers of all kinds, with a circula- 
tion of 426,409,000, in 1860 they amounted to 4,051 newspapers, 
with an annual circulation of 928 millions of copies. The annual 
receipts of a single leading paper are stated to be more than oae 
million of dollars, or £200,000. The first journal published in the 
Anglo-American Colonies was the Boston Newsletter, in 1704; and. 
at the opening of the revolution only 40 newspapers were in existence. 

Army and Navy, — The summary of the army and navy is not 
given according to the census year — a year of peace, but a com- 
parison is made at different war periods, in 1775, 1812, and 1865. 
At the last date, on the 10th March, the navy is stated to consist 
of 684 ships of war, with 4,477 guns, and an aggregate tonnage of 
519,000 tons. At the end of 1864 the naval service is said to have 
comprised 6,000 officers and 45,000 men. 

The number of men raised for the service of the Union armies 
during the late war is computed at nearly 2,688,000, though no 
doubt this comprises the numbers actually voted, and probably 
large deductions would have to be made for such as did not appear 
in the field. Prom the actual number returned must also be takea 
off many who enlisted and received bounty money more than once* 
Including the Confederate armies, 4,000,000 of men are computed 
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to have engaged in the civil war, or nearly one-seventh of the whole 
population. 

In all the above quoted large nambers and values the figures 
have been expressed in the nearest thousands^ as quite sufficiently 
accurate for the picture presented by this census of the remarkable 
progress and material prosperity of the great American nation. 
These results are^ of course^ only the summaries of numerous 
tables. The details are given with much minuteness, and show the 
vast variety of information as to the condition of a people which a 
census, if accurately taken, is capable of affording. The Report 
by Dr. Jarvis, on the mortality statistics, involves some points of 
such great and curious interest, especially as regards the white and 
coloured populations, that it may be worth analyzing separately on 
a future occasion. 
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No. XVIII. 1847—1849. 

Aerial Navigation; containing a description of a proposed flying machine, 
on a new principle. By Daedalas Britannlcos. London, 1847, 8vo. 

In 1842-43 a Mr. Henson had proposed what he called an 
aeronaut steam-engine, and a Bill was brought in to incorporate 
an "Aerial Transit Company." The present plan is altogether 
different, the moving power being the explosion of mixed hydrogen 
and air. Nothing came of it — not even a Bill. What the final 
destiny of the balloon may be no one knows : it may reasonably 
be suspected that difficulties will at last be overcome. Darwin, in 
his Botanic Garden (1781), has the following prophecy : — 

'* Soon shall thy arm, unconquered Steam ! afar 
Drag the slow barge, or drive the rapid car; 
Or, on wide-waving wings expanded, bear 
The flying chariot through the fields of air.** 

Darwin's contemporaries, no doubt, smiled pity on the poor man. 
It is worth note that the two true prophecies have been fulfilled 
in a sense different from that of the predictions. Darwin was 
thinking of the suggestion of Jonathan Hulls, when he spoke of 
dragging the slow barge : it is only very recently that the steam- 
tug has been employed on the canals. The car was to be driven, 
not drawn, and on the common roads. Perhaps, the flying chariot 
wiU be something of a character which we cannot imagine, even 
with the two prophecies and their fulfilments to help us. 



232 A Budget of Paradoxes. [Jan. 

A book for the public. New discovery. The causes of the circalatioa 
of the blood; and the true nature of the planetary system. London, 
1848, 8vo. 

Light is the sustainer of motion both in the earth and in the 
blood. The natural standard, the pulse of a person in health, four 
beats to one respiration, gives the natural second, which is the 
measure of the earth's progress in its daily revolution. The Greek 
fable of the Titans is an elaborate exposition of the atomic theory : 
but any attempt to convince learned, classics would only meet their 
derision ; so much does long-fostered prejudice stand in the way 
of truth. The author complains bitterly that men of science will 
not attend to him and others like him : he observes, that " in the 
time occupied in declining, a man of science might test the merits.'^ 
This is, alas ! too true ; so well do applicants of this kind know 
how to stick on. But every rule has its exception : 1 have heard 
of one. The late Lord Spencer — the Lord Althorp of the House 
of Commons — told me that a speculator once got access to him at 
the Home OflSce, and was proceeding to unfold his way of serving 
the public. " I do not understand these things,'^ said Lord 

Althorp, " but I happen to have (naming an eminent engineer) 

upstairs ; suppose you talk to him on the subject.^^ The discoverer 
went up, and in half-an-hour returned, and said, " 1 am very much 

obliged to your Lordship for introducing me to Mr. ; he has 

convinced me that I am quite wrong.^' I supposed, when I heard 
the story — but it wouM not have been seemly to say it — that 
Lord A. perspired candour and sense, which infected those who 
came within reach : he would have done so, if anybody. 

A method to trisect a series of angles having relation to each other; 
also another to trisect any given angle. By James Sabben. 1848. 
(Two quarto pages.) 

"The consequence of years of intense thought": very likely, 
and very sad. 

1848. The following was sent to me in manuscript. I give the 
whole of it: — 

Quadrature of the Circle. — ^A quadrant ii^ a curvilinear angle tra- 
versing round and at an equal distance from a given point, called a centre, 
no two points in the curve being at the same angle, but irreptitiously 
graduating from 90 to 60. It is therefore a mean angle of 90 and 60, 
which is 75, because it is more than 60, and less than 90, approximately 
from 60 to 90, and from 90 to 60, with equal generation in each irrep- 
titious approximation, therefore meeting in 75, and which is the mean 
angle of the quadrant. 
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Or, suppose a line drawn from a given point at 90, and from the same 
point a line at 60. Let each of these lines revolve on this point toward 
each other at an eqnal ratio. They will become one line at 75, and bisect 
the curve, which is one-sixth of the entire circle. The result, taking 16 
as a diameter, gives an area of 201*072400, and a circumference of 
50-2681. 

The original conception, its natural harmony, and the result, to my 
own mind is a demonstrative truth, which I presume it right to make 
known, though perhaps at the hazard of unpleasant if not uncourteous 
remarks. 

I have added punctuation : the handwriting and spelling are 
those of an educated person ; the word irreptitious is indubitable. 
The whole is a natural curiosity. 

The quadrature and exact area of the curcle demonstrated. By Wm. 

Peters. 8vo. w. d. (circa 1848). 
Suggestions as to the necessity for a revolution in philosophy; and 

prospectus for the establishment of a new quarterly, to be called the 

Physical Philosopher and Heterodox Review. By Q. E. D.' 8vo. 

1848. 

These works are by one author, who also published, as appears 
by advertisement, 

** Newton rescued from the precipitancy of his followers through a 
century and a half," and " Dangers along a coast by correcting (as it is 
called) a ship's reckoning by bearings of the land at night fall, or in a fog, 
nearly out of print. Subscriptions are requested for a new edition." 

The area of a circle is made four-fifths of the circumscribed 
square : proved on an assumption which it is purposed to explain 
in a longer essay. The author, as Q. E. D., was in controversy 
with the Athenaum journal, and criticized a correspondent, D., who 
wrote against a certain class of discoverers. He believed the 
common theories of hydrostatics to be wrong, and one of his 
questions was — 

'^ Have you ever taken into account anent gravity and gravitation the 
fact that a five grain cube of cork will of itself half sink in the water, 
whilst it will take 20 grains of brass, which will sink of itself, to pnll 
under the other half ? Fit this if you can, friend D., to your notions of 
gravity and specific gravity, as applied to the construction of a nniversal 
law of gravitation." 

This the Athenaum published — but without some Italics^ for 
which the editor was sharply reproved, as a sufficient specimen of 
the quod erat D. monstrand^m : on which the author remarks — 
"D, — Wherefore the e caret? is it D apostrophe? D', D^M, 
D'Mo, D^Monstrandum ; we cannot find the wit of it.^' This I 
conjecture to contain an allusion to the name of the supposed 

YOL. XIII. T 
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author; but whether De Mocritus, De Mosthenes, or De Moivre 
was intended^ I am not willing to decide. 

The scriptaral Calendar and Cbronological Reformer, for the statute 
year 1849. Including a review of recent publications on the Sabbath 
qnestion. London, 1849, 12mo. 

This is the almanac of a sect of Christians who keep the Jewish 
Sabbath, having a chapel at Mill Yard, Goodman^s Fields. They 
wrote controversial works, and perhaps do so still; but I never 
chanced to see one. 

Geometry versus Algebra; or the trisection of an angle geometrically 
solved. By W. Upton, B.A. Bath (circa 1849). 8vo. 

The author published two tracts under this title, containing 
diflFerent alleged proofs : but neither gives any notice of the change. 
Both contain the same preface, complaining of the British Associa- 
tion for refusing to examine the production. I suppose that the 
author, finding his first proof wrong, invented the second, of which 
the Association never had the ofier ; and feeling sure that they 
would have equally refused to examine the second, thought it 
justifiable to present that second as the one they had refused. 
Mr. Upton has discovered that the common way of finding the 
circumference is wrong, would set it right if he had leisure, and^ 
in the meantime, has solved the problem of the duplication of 
the cube. 

The trisector of an angle, if he demand attention from any 
mathematician, is bound to produce, from his construction, an 
expression for the sine or cosine of the third part of any angle, in 
terms of the sine or cosine of the angle itself, obtained by help of 
no higher than the square root. The mathematician knows that 
such a thing cannot be ; but the trisector virtually says it can be, 
and is bound to produce it, to save time. This is the misfortune 
of most of the solvers of the celebrated problems, that they have 
not knowledge enough to present those consequences of their 
results by which they can be easily judged. Sometimes they have 
the knowledge, and quibble out of the use of it. In many cases a 
person makes an honest beginning and presents what he is sure is 
a solution. By conference with others he at last feels uneasy, fears 
the light, and puts self-love in the way of it. Dishonesty some- 
times follows. The speculators are, as a class, very apt to imagine 
that the mathematicians are in fraudulent confederacy against 
them : I ought rather to say that each one of them consents to the 
mode in which the rest are treated, and fancies conspiracy against 
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himself. The mania of conspiracy is a very curious subject. I do 
not mean these remarks to apply to the author before me. 

One of Mr. Upton's trisections, if true, would prove the truth 
of the following equation : — 

3 COS - =1+^(4— sin «0), 
o 

which is certainly false. 

In 1852 I examined a terrific construction, at the request of 
the late Dr. Wallich, who was anxious to persuade a poor country- 
man of his that trisection of the angle was waste of time. One of 
the principles was, that '^ magnitude and direction determine each 
other.'' The construction was equivalent to the assertion that, 
e being>y angle, the cosme of its third part is 

sm 30. cos — 4- sin '0 sm — 
divided by the square root of 

sin *30 cos-^ + sin *0H-sin 30. sin 50. sin* '0. 

This is from my rough notes, and I beUeve it is correct. It is so 
nearly true, unless the angle be very obtuse, that common drawing, 
applied to the construction, will not detect the error. There are 
many formulae of this kind : and I have several times found a 
speculator who has discovered the corresponding construction, has 
seen the approximate success of his drawing — often as great as 
absolute truth could give in graphical practice — and has then set 
about his demonstration, in which he always succeeds to his own 
content. 

There is a trisection of which I have lost both cutting and 
reference : I think it is in the United Service Journal. I could not 
detect any error in it, though certain there must be one. At least 
I discovered that two parts of the diagram were incompatible unless 
a certain point lay in line with two others, by which the angle to 
be trisected — and which was trisected — was bound to be either OP 
or 180°. 



*No. XIX. 1849—1850. 



Notes on the Kinematic effects of Revolution and Rotation, with refer- 
ence to the Motions of the Moon and of the earth. By Henry 
Perigal, Jun., Esq. London, 1846-1849, 8vo. 

T 2 
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Oa the misuse of technical terms. Ambigaitj'of the terms Rotation and 
Revolution^ owing to the doable meauing improperly attributed to 
each of the words. (No date nor place, bat by Mr. Perigal, I have 
no donbt, and containing letters of 1849 and 1850.) 

The moon controversy. Facts v. Definitions. By H. P., Jan. London, 
1856, 8vo. (pp. 4.) 

Mr. Henry Perigal helped me twenty years ago with the dia- 
grams, direct from the lathe to the wood, for the article " Trochoidal 
Curves/' in the Penny Cyclopadia : these cuts add very greatly to 
the value of the article, which, indeed, could not have been made 
intelligible without them. He has had many years' experience^ as 
an amateur turner, in combination of double and triple circular 
motions, and has published valuable diagrams in profusion. A 
person to whom the double circular motion is familiar in the lathe 
naturally looks upon one circle moving upon another as in simple 
motion, if the second circle be fixed to the revolving radius, so that 
one and the same point of the moving circle travels upon the fixed 
circle. Mr. Perigal commenced his attack upon the moon for 
moving about her axis, in the first of the tracts above, ten years 
before Mr. Jellinger Symons ; but he did not think it necessary to 
make it a subject for the Times newspaper. His famiharity with 
combined motions enabled him to handle his arguments much 
better than Mr. J. Symons could do : in fact, he is the clearest 
assailant of the lot which turned out with Mr. J. Symons. !But 
he is as wrong as the rest. The assault is now, I suppose, aban- 
doned, until it becomes epidemic again. This it will do : it is one 
of those fallacies which are very tempting. There was a dispute 
on the subject in 1748, between James Ferguson and an anony- 
mous opponent ; and I think there have been others. 

A poet appeared in the field (July 19, 1863) who calls himself 

Cyclops, and writes four octavo pages. He makes a distinction 

between rotation and revolution ; and his doctrines and phrases are 

so like those of Mr. Perigal, that he is a follower, at least. One 

fif his arguments has so often been used that it is worth while to 

cite it : — 

Would Mathematicals — forsooth — 
If true, have failed to prove its truth? 
Would not they — if they could — submit 
Some overwhelming proofs of it? 
But still it totters proofless ! Hence 
There's strong presumptive evidence 
None do— or can — such proof propound 
Because the dogma is unsound. 
For, were there means of doing so, 
They would have proved it long ago. 
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This is only one of the alternatives. Proof requires a person who 

can give and a person who can receive. I feel inspired to add the 

following : — 

A blind man said, As to the San, 
I'll take my Bible oath there's none; 
For if there had been one to show 
They would have shown it long ago. 
How came he such a goose to be? 
Did he not know he could'nt see? 

Not he! 

The solar system truly solved; demonstrating, by the perfect harmony 
of the planets, founded on the four universal laws, the Sun to be an 
electrical space; and a source of every natural production displayed 
throughout the solar system. By James Hopkins. London, 1849, 
8vo. 

The author says : — 

** I am satisfied that I have given the true laws constituting the Sun 
to be space; and I call upon those disposed to maintain the contrary, to 
give time laics showing him to be a body : until such can be satisfactorily 
established, I have an undoubted claim to the credit of my theory, — That 
the Sun is an Electric Space, fed and governed by the planets, which have 
the property of attracting heat from it; and the means of supplying the 
necessary pabulum by their degeneiated air driven off towards the central 
space — the wonderful alembic in which it becomes transmuted to the 
revivifying necessities of continuous action; and the central space or Sun 
being perfectly electric, has the counter property of repulsing the bodies 
that attract it. How wonderful a conception! How beautiful, how mag- 
nificent an arrangement! 

" Centre! Space! Electric Space!" 

1849. Joseph Ady is entitled to a place in this list of dis- 
coverers : his great fault, like that of some others, lay in pushing 
his method too far. He began by detecting unclaimed dividends, 
and disclosing them to their right owners, exacting his fee before 
he made his communication. He then generalized into trying to 
get fees from all of the name belonging to a dividend ; and he gave 
mysterious hints of dangers impending. For instance, he woul^ 
write to a clergyman that a legal penalty was hanging over him; 
and when the alarmed divine forwarded the sum required for dis- 
closure, he was favoured with an extract from some old statute or 
canon, never repealed, forbidding a clergyman to be a member of 
a Corporation, and was reminded that he had insured his life in 

the Office, which had a royal charter. He was facetious, was 

Joseph : he described himself in his circulars as '* personally known 
to Sir Peter Laurie and all other aldermen "; which was nearly true, 
as he had been before most of them on charges of false pretence ; 
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bat I believe he was nearly always within the law. Sir James 
Dake^ when Lord Mayor^ having particularly displeased him by a 
decision^ his circulars of 1849 contain the following : — 

'' Should yon have cause to complain of any party, Sir J. Duke has 
contrived a new law of evidence, viz., write to him, he will consider your 
letter sufficient proof, and make the parties complained of pay without 
judge or jury, and will frank you from every expense." 

I strongly suspect that Joseph Ady believed in himself. 

He sometimes issued a second warnings of a Sibylline cha- 
racter : — 

" Should you find cause to complain of anybody, my voluntary referee, 
the Rt. Hon. Sir Peter Laurie, Kt., perpetual Deputy Lord Mayor, will 
see justice done you without any charge whatever: he and his toady, 

. The accursed of Moses can hang any man : thus, by 

catching him alone and swearing Naboth spake evil against God and the 
King. Therefore (!) I admit no strangers to a personal conference without 
a prepayment of 20f. each. Had you attended to my former notice you 
would have received twice as much: neglect this and yon will lose all.** 

Zadkiel's Almanac for 1849. Nineteenth number. 

Raphael's Prophetic Almanac for 1849. Twenty-ninth number. 

Reasons for belief in judicial astrology, and remarks on the dangerous 
character of popish priestcraft. London, 1849, 12mo. 

Astronomy in a nutshell: or the leading problems of the solar system 
solved by simple proportion only, on the theory of magnetic attrac- 
tion. By Lieut. Morrison, R.N. London {s, a.) 12mo. 

Lieut. Morrison is.Zadkiel Tao Sze^ and declares himself in 
real earnest an astrologer. There are a great many books on 
astrology^ but I have not felt interest enough to preserve many of 
them which have come in my way. If anything ever had a fair 
trials it was astrology. The idea itself is natural enough. A 
human beings set down on this earthy without any tradition, would 
probably suspect that the heavenly bodies had something to do 
with the guidance of affairs. I think that any one who tries will 
ascertain that the planets do not prophesy : but if he should find 
to the contrary, he will of course go on asking. A great many 
persons class together belief in astrology and belief in apparitions : 
the two things differ in precisely the way in which a science of 
observation differs from a science of experiment. Many make the 
mistake which M. le Marquis made when he came too late, and 
hoped M. Cassini would do the eclipse over again for his ladies. 
The apparition chooses its own time, and comes as seldom or as 
often as it pleases, be it departed spirit, nervous derangement^ or 
imposition. Consequently it can only be observed, and not expe- 



1867.] A Budget of Paradoxes. 239 

rimented upon. But the heavens^ if astrology be true^ are pro- 
phesyiug away day and night all the year round, and about every 
body. Experiments can be made, then, except only on rare phe- 
nomena, such as eclipses : anybody may choose his time and his 
question. This is the great difference : and experiments were 
made, century after century. If astrology had been true, it must 
have lasted in an ever-improving state. If it be true, it is a truth, 
and a useful truth, which had experience and prejudice both in its 
favour, and yet lost ground as soon as astronomy, its working tool, 
began to improve. 

1850. A letter in the handwriting of an educated man, dated 
from a street in which it must be taken that educated persons live, 
is addressed to the Secretary of the Astronomical Society about a 
matter on which the writer says " his professional pursuit will 
enable him to give a satisfactory reply ^' In a question before a 
court of law it is sworn on one side that the moon was shining at a 
certain hour of a certain night on a certain spot in London ; on 
the other side it is affirmed that she was clouded. The Secretary 
is requested to decide. This is curious, as the question is not 
astrological. Persons still send to Greenwich, now and then, to 
have their fortunes told. In one case, not very many years ago, a 
young gentleman begged to know who his wife was to be, and what 
fee he was to remit. 

Sometimes the astronomer turns conjuror for fun, and his pro- 
phecies are fulfilled. It is related of Plamsteed that an old woman 
came to know the whereabouts of a bundle of linen which had 
strayed. Flamsteed drew a circle, put a square into it, and gravely 
pointed out a ditch, near her cottage, in which he said it would be 
found. He meant to have given the woman a little good advice 
when she came back : but she came back in great delight, with the 
handle in her hand, found in the very place. The late Baron Zach 
received a letter from Pons, a successful finder of comets, com- 
plaining that for a certain period he had found no comets, though 
he had searched diligently. Zach, a man of much sly humour, 
told him that no spots had been seen on the sun for about the 
same time — which was true, — and assured him that when the 
spots came back, the comets would come with them. Some time 
after he got a letter from Pons, who informed him with great satis- 
faction that he was quite right, that very large spots had appeared 
on the sun, and that he had found a fine comet shortly after. I 
do not vouch for the first story, but I have the second in Zach^s 
handwriting. It would mend the joke exceedingly if some day a 
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real relation should be established between comets and solar spots : 
of late years good reason has been shown for advancing a con- 
nexion between these spots and the earth^s magnetism. If the two 
things had been put to Zach^ he would probably have chosen the 
comets. Here is a hint for a paradox : the solar spots are the 
dead comets^ which have parted with their light and heat to feed 
the sun, as was once suggested. I should not wonder if I were 
too late, and the thing had been actually maintained. My list 
does not contain the twentieth part of the possible ^^hole. 

April 1850, found in the letter-box, three loose leaves^ well 
printed, and over punctuated^ being 

Chapter VI. Brethren, lo I come, holdmg forth the world of life, for 
so I am commanded .... Chapter VII. Hear my prayer, geaera- 
tions ! and walk by the way, to drink the waters of the river .... 
Chapter VIII. Hearken o earth, earth, earth, and the kings of the 
earth, and their armies .... 

A very large collection might be made of such apostolic writings. 
They go on well enouglf in a misty — meant for mystical — imitation 
of St. Paul or the prophets, until at last some prodigious want of 
keeping shows the education of the writer. For example, after 
half a page which might pass for Irving^s preaching — though a 
person to whom it was presented as such would say that most 
likely the head and tail would make something more like head and 
tail of it — we are astounded by a declaration from the Holt/ Spirit, 
speaking of himself, that he is " not ashamed of the Gospel of 
Christ.'^ It would be long before we should find in educated 
rhapsody — of which there are specimens enough — such a thing as 
a person of the Trinity taking merit for moral courage enough to 
stand where St. Peter fell. The following declaration comes next 
— " I will judge between cattle and cattle, that use their tongues.'' 

The figure of the earth. By J. L. Murphy, of BirmiDgham. (London 
and Birmingham, 4 pages, 12mo.) (1850?) 

Mr. Murphy invites attention and objection to some assertions^ * 
as that the earth is prolate not oblate. " If the philosopher's con- 
clusion be right, then the pole is the centre of a valley (!) thirteen 
miles deep." Hence it would be very warm. It is answer enough 
to ask — Who knows that it is not ? 
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History of the signs + and — .* 

Sept. 9, 1864. 

I have just traced^out a curious point connected with this subject^ 

which^ so far as I have read^ is wholly unknown to mathematicians. 

I here give a slight sketchy reserving proofs and authorities for a 

more appropriate channel of publieation.t The sign + is read plus, 

which means more ; and ^ is read minus, which means less. The 

algebraical language 6 + 3, six more three, for 9, and 12—7, twelve 

less seven^ for 5, seems rather forced. It was not so at the outset ; 

+ was not a sign of junction, but a memorandum of more arrived 

at than was wanted ; and — was the corresponding memorandum 

of less. These memoranda w^ere used in the rule of false position, 

or regula falsi as it was called. In this rule a question is solved, 

if it lead to a simple equation, by assuming two numbers for the 

answer, and. trying what errors they give : the assumed numbers 

and the errors they give are made to determine the true answer. 

Sut an assumed number may give too much, or too little; and a 

slight difference of final process depends upon whether both assumed 

numbers give too much or too little, or else one too much and the 

other too little. A great many writers made their note of the cases, 

as they arose, by the letters p and 7W, some by plus and minus at 

length, or by piu and meno. Some few Germans used the marks 

+ and — , which may be conjectured to be nothing but the simplest 

way of making two marks denote more, and one mark denote less. 

To conjecture we must probably be reduced: for the first use I 

have as yet found of the signs has no explanation, and is of 1489. 

I find it again in 1525 and in 1527: and intermediate instances 

will probably turn up ; the mode of expression continued in use, 

more or less, until the end of the century. Accordingly, the first 

meaning of 7 + 5 was " The assumption of 5 gives 7 too much.^' 

The latest historical writers give the invention of + and — to 
Christopher Rudolf, whose first edition is of 1522 or 1524; some 
say 1526 : I have a suspicion that it was never printed. This 
first edition is now quite unknown. There is a Latin translation 
(MSS. 365. m. 4; another reference is No. 7,365 of the Latin 
Manuscripts, 4to.) of 1540 in the Imperial Library at Paris, about 
which those who describe it do not speak distinctly as to its con- 
taining the use of 4- and — which we make. I suppose they mean 
to imply the afiirmative: but there is this point of doubt. Michael 
Stifelius — those who wish to dclatinize him may choose between 

* Though this letter did not form part of the series, yet as it gives some account of a 
eonspicuons paradox, and also illustrates the history of algehra, we have inserted it here, 
•f See Trantaetitmt of the Cambridge Philosophical Society, toI. xi., part 1. 
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Stifel^ Stiefel, Stiffel^ and Stifels^ or may invent a fifth choice — 
published a second edition of Rudolph in 1571^ which is quite 
clear upon the point in question: I have not seen it, but there 
are gcod descriptions. This same Stifelius had published his 
own work on algebra in 1544, in which he makes large use of 
4- and — . Did he adopt the signs for himself, and then intro- 
duce them into his edition of Rudolph? Or did he take them 
into his own work from the first edition of Rudolph ? Probably 
the second; but not certainly. Editors had not our notions of 
their duty to their authors ; and it has happened that later editions 
have had editors' improvements made to pass for authors' original 
text. And Stifelius was a queer man. He has introduced into 
this very work of Rudolph his own interpretation of the number of 
the Beast He determined to fix the character on Pope Leo ; so 
he picked the numeral letters from leodecimvs, and by taking in 
X. from LEO X. and striking out m as standing for mysterium, he 
hit the number exactly. This discovery completed his conversion 
to Luther^ and his determination to throw off his monastic vows. 
Luther dealt with him as straightforwardly as with Melancthon 
about his astrology : he accepted the conclusions^ but told him to 
clear his mind of all the premises about the Beast. Stifelius did 
not take the advice, and proceeded to settle the end of the world 
out of the prophet Daniel: he fixed on October, 1533. The 
parishioners of some cure which he held, having full faith^ began 
to spend their savings in all kinds of good eating and drinking; 
we may charitably hope this was not the way of preparing for the 
event which their pastor pointed out. They succeeded in making 
themselves as fit for Heaven as Lazarus, so far as beggary went : 
but when the time came, and the world lasted on, they wanted to 
kill their deceiver, and would have done so but for the interference 
of Luther. I cannot trust so eccentric a man as an editor : I think 
it possible he may have played up old 666 with Rudolph's text. 
I should hope some one would examine the manuscript above 
described, and give me some account of the appearance of + and 
— , and of the way in which they are used. 

I lay no stress on the use of + and — , in the first manner 
above described. Either Rudolph or Stifelius is, so far as known, 
the real introducer of these signs, as at present used. That they 
had the sense to pick oUt the signs from the reguld fakiy and 
generalize their use, instead of inventing something not so good 
for the greater glory of their own originality, adds greatly to their 

merit. 

A. DE MORGAN. 



j 
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Derivation of + and — . 

Oct. 4:th, 1864. 

That 4- was the corraption of et was proposed in the Magazine 
of Popular Science, vol. i., p. 191, by the late T. S. Davies. He 
was also confident that ^ was the line drawn above the contracted 
word mns. The late Prof. Rigaud suggested for + a corruption of 
" py but did not take the old form of the letter : he also thought that 
— was but the last form of m, very often seen in the final m of 
hurried handwriting in our own day, in which a dash joined to hi 
does duty for him. The 4- being originally not a sign of addition, 
as I have shown, but of more, the et must be abandoned. I think 
the abbreviations of p and m very probable : in the old p the up- 
stroke and cross-line are prominent, and the loop is a junction. 
But with them may compete the notion that two strokes were used 
for more, and one for less, without any obligation to the alphabet. 
A great many cases are given in which simple duplication stands 
for indefinite majority : it was somewhere proposed that, in a per- 
sonification, eternity should be represented twice as large as time. 

A. DE MORGAN. 



No. XX. 1851—1854. 

1851. The following letter was written by one of a class of 

persons whom, after much experience of them, I do not pronounce 

insane. But in this case the second sentence gives a suspicion of 

actual delusion of the senses ; the third looks like that eye for the 

main chance which passes for sanity on the Stock Exchange and 

elsewhere : — 

Ihth Sept., 1851. 

Gentlemen, — I pray you take steps to make known that yesterday I 
completed my invention which will give motion to every country on the 
Earth; — to move Machinery! — the long sought in vain "Perpetual 
Motion"!! — I was supported at the time by the Queen and H.R.H. Prince 
Albert. If, Gentlemen, you can advise me how to proceed to claim tlie 
reward, if any is offered by the Government, or how to secure the Patent 
for the Machine, or in any way assist me by advice in this great work, I 
shall most graciously acknowledge your consideration. 

These are my convictions that, my several discoveries will be realised; 
and this great one can be at once acted upon: although at this moment it 
only exists in my mind, from my knowledge of certain fixed principles in 
nature: — the Machine I have not made, as I only completed the discovery 
YESTERDAY, Suuday! 

I have, &c., _— " 

To the Directors of the London University, 
Gower Street. 
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The Divine Drama of History and Civilisation. By the Rev. James 
Smith, M.A. London, 1854, 8vo. 

I have several books on that great paradox of our day, spi- 
ritualism, but I shall exclude all but three. The bibliography of 
this subject is now very large. The question is one both of evi- 
dence and speculation ; — Are the facts true ? Are they caused by 
spirits ? These I shall not enter upon : I shall merely recommend' 
this work as that of a spiritualist who does not enter on the sub- 
ject, which he takes for granted^ but applies his derived views to 
the history of mankind with learning and thought. Mr. Smith 
was a man of a very peculiar turn of thinking. He was, when 
alive, the editor, or an editor, of the Family Herald: I say when 
alive, to speak according to knowledge ; for, if his own views be 
true, he may have a hand in it still. The answers to correspon- 
dents, in his time^ were piquant and original above any I ever saw. 
I think a very readable book might be made out of them, resem- 
bling Guesses at Truth : the turn given to an inquiry about morals, 
religion, or socials, is often of the highest degree of unexpected- 
ness ; the poor querist would find himself right in a most unpalat- 
able way. 

Answers to* correspondents, in newspapers, are very often the 
fag ends of literature. I shall never forget the following. A 
person was invited to name a rule without exception, if he could : 
he answered, *' A man must be present when he is shaved.^' A 
lady — what right have ladies to decide questions about shaving ? — 
said this was not properly a rule ; and the oracle was consulted. 
The editor agreed with the lady ; he said that " a man must be 
present when he is shaved^' is not a rule, but a fact. 

I cut the following from a Sunday paper in 1849 : — 

X. Y. — The Chaldeans began the mathematics, in which the Egyptians 
excelled. Then crossing the sea, by means of Thales, the Milesian, they 
came into Greece, where they were improved very much by Pythagoras, 
Anaxagoras, and Anopides of Chios. These were followed by Briso, 
Antipho, [two circle-squarers; where is Euclid?] and Hippocrates, but 
the excellence of the algebraic art was begun by Gcber, an Arabian astro- 
nomer, and was earned on by Cardanus, Tartaglia, Clavius, Stevinus, 
Ghetaldus, Herig^nius, Fran, Van Schooten [meaning Francis Van Schooten], 
Florida de Beauwe, &c. 

Quadratura del cerchio, trisezionedeir angulo, et dnplicazione del cnbo, 
problemi geometricamente risolute e dimostrate dal Reverendo Ard- 
prete di San Vito D. Domenico Anghera. Malta, 1854, 8vo. 

Equazioni geometriche, estralle dalla lettera del Rev. Arciprete . . . . al 
Professore PuUicino sulla quadratura del cerchio. Milan, 1855 or 
1856, 8vo. 

II Mediterraneo gazetta di Malta, 26 Decembre, 1855, No. 909: also 
911, 912, 913,914, 936,939. 
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The Malta Times, Tuesday, 9th June, 1857. 

Misura esatta ilel cerchio, dal Rev. D. Angherk. Malta, 1857, 12mo. 
Quadrature of the circle .... by the Rev. D. Angherk, Archpricst of 
St. Vito. Malta, 1858, 12rao. 

I have looked for St. Vitus in catalogues of saints^ but never 
found his legend^ though he figures as a day-mark iu the oldest 
almanacs. He must be properly accredited, since he has an arch- 
priest. And I pronounce and ordain, by right accruing from the 
trouble I have taken in this subject^ that he^ St. Vitus, who leads 
his votaries a never-ending and unmeaning dance, shall hence- 
forth be held and taken to be the patron saint of the circle-squarer. 
His day is the 15th of June, which is also that of St. Modestus^ 
with whom the said circle- squarer often has nothing to do. And 
he must not put himself under the first saint with a slautendicular 
reference to the other, as is much to be feared was done by the 
Cardinal who came to govern England with a title containing 
St. Pudentiana, who shares a day with St, Dunstan, The arch- 
priest of St. Vitus will have it that the square inscribed in a semi- 
circle is half of the semicircle, or the circumference 3-^ diameters. 
He is active and able, with nothing wrong about him except his 
paradoxes. In the second tract named he has given the testimo- 
nials of crowned heads and ministers, &c., as follows. Louis 
Napoleon gives thanks. The minister at Turin refers it to the 
Academy of Sciences, and hopes so much labour will be judged 
degna di pregio. The Vice-Chancellor of Oxford — a blunt English- 
man — begs to say that the University has never proposed the 
problem, as some affirm. The Prince Regent of Baden has received 
the work with lively interest. The Academy of Vienna is not in a 
position to enter into the question. The Academy of Turin ofi\;rs 
the most distinct thanks. The Academy della Crusca attends only 
to literature, but gives thanks. The Queen of Spain has received 
the work with the highest appreciation. The University of Sala- 
manca gives infinite thanks, and feels true satisfaction in having 
the book. Lord Palmerson gives thanks, by the hand of " William 
San.^' The Viceroy of Egypt, not being yet up in Italian, will 
spend his first moments of leisure in studying the book, when it 
shall have been translated into French : in the mean time he con- 
gratulates the author upon his victory over a problem so long held 
insoluble. All this is seriously published as a rate in aid of demon- 
stration. If these royal compliments cannot make the circum- 
ference of a circle about 2 per cent, larger than geometry will have 
it — which is all that is wanted — no wonder that thrones are shaky. 

( To he continued.) 



246 [Jan. 



COERESPONDENCE. 



ON THE CONVEBSION OF ORDINARY ASSURANCES FOR THE 
WHOLE TERM OF LIFE INTO ENDOWMENT ONES BY APPLI- 
CATION OF BONUS. 

To the Editor. 

Sip, — As some Offices are in the practice of converting policies, originally 
effected for the whole of life, into endowment assurances payable on the 
life assured attaining a certain age or death, by application of the bonus, 
you may possibly deem the following not unworthy of insertion in the 
Journal,'^ 

Let us assume that a person, aged x^ effects a policy of £1 for the 
whole of life, and that at the end of every y years a reversionary bonus, B, 
is declared, the cash values of which are respectively ^by 'i, ^3, &c., where 
>3, *5, &c., represent the values of the bonus at first, second, &c., investi- 
gations. It is required to ascertain at what age the policy would become 
payable, by applying the values ^by \ &c., to convert it into an endowment 
assurance. 

A little consideration will at once show, that, at the end of the first y 
years, and assuming that the policy can be converted into an endowment 
assurance payable at the age (ar+y-f n), or ^t the end of n years from the 
present, n must be such that the whole-life premium he at present pays, 
together with the temporary annuity payable in advance for n years, which 
the surrender value of the whole-life policy at end of y years and the value 
of the bonus will purchase at the age {x+t/), will equal the premium which 
a person aged (x+y) would require to pay for an eadowment assurance 
payable at end of n years or death. 

Now- rf= premium for a whole-life policy of £1 payable at 

'^ + ^' . death of x. 

1 I - 
1 — — = surrender value of such a policy at end of y years. 

l + ««+F":n ~ ^^^^^ ^^ temporary annuity of £1, payable in ad- 
' vance, for n years to (ar+y). 

f = value of temporary annuity, payable in advance, for 

, l + a,^-r^ ^ years, which the surrender value and value of 

bonus will purchase. 

d=i premium for an endowment assurance of £1, for 

^ "^ ^'^Z:^ n years, to (x -fy). 

We shall therefore have 



l+a, l+«-f.;rT| ^+^'^^ 
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and l+a^+y^^l+o^y-^K^+a,)' 

Since, from the tables pnblished, we can readily ascertain the valae of 
1 -f «,+y — ^b(l + a,), we will get the value of 1 +«*+»-j^ > ^^^9 by referring 

to tables of temporary annuities, we will get the age corresponding to this 
value, and, in conseqrfence, the age at which the policy would become 
payable. When we have no tables of temporary annuities, we may ascer- 
tain the age by the commutation tables thus : by giving to the above formula 
the D and N values, according to the notation employed by Mr. Chbholm 
and other writers, we get 

from which we obtain the value of 

and, as the values of the right-hand side of this equation are known, we 
get N,^+„; and, by running the eye down the N column, the nearest value 
to this will represent nearly the age at which the policy would become pay-< 
able by application of the bonus for the first y years. 

. The value of N,+y+„ may be ascertained in a different manner, thus, 
B being the reversionary bonus: — 

^ .»=b[.-^-.).b(2..^). 

substituting this value of ^& in the equation 



N,4^+n — I^«+yX OX — 5 



Njt+y+n — -Dap-fyX ^^ fr* 



we get 



» 



■D,+,-rfN^\ . . N. 



Now, D,4^— c?N,^=M^p+, (see Assurance Magazine^ vol. vi. p. 347), 

.-. N.+,+„=B(l+a,)(M,+,). 

This formula will be found more convenient, for practical purposes, 
than that of Mr. Sprague in the Magazine referred to, when the values 
allowed for surrender of bonus and the premiums are calculated at the same 
rate of interest. 

At the end of another y years, an investigation takes place, at which a 
cash bonus of '5 is declared; it is required to find the age at which the 
policy would now become payable by application thereof. 

Let us assume that the policy will become payable at the age of 
{x-^2y-\' m), or at the end of m years from the present. It will be evident 
that m mast be such that the whole-life premium he at present pays, 
together with the temporary annuity payable in advance for m 3rears to 
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(or + 2v), which can be pnrchased by the value of the bonns, the surrender 
value of ihe endowment asjuurance, in the previous case, at end of y years, 
and the value of the unexpired portion of the - temporary annuity (the 
diffei*ence between the endowment assurance and whole-lite premiums) in 
the previous case, will equal the premium for an endowment assurance to 
{x+2^) for m years. This, when converted into an algebraic form, 
becomes 

J +Oj^2v^rT^ /I 1 \ 



1 



+ TTZ l+«^2,;:zril=l+«-» 

and l+o^2^_-|=l+a^2^-— ^--^^(l+a,). 
Giving these values, as before, their commutation equivalents, we get 

•^*+2y ^«+2y I^« 

It has already been shown that N^y^^=B(l+a,)M^+^ 

...b(.-^), 

.-. N^2^= B(l +a,)M^+B(l +a,)M^2,=B(l +a.XM^+M^2r)- 

The age coiTesponding to the value of N^a^.^ will be the age at which 
the policy would now become payable. 

In a precisely similar manner we may ascertain the age at which 
another y years' bonus will make policy payable. Assume that it will be 
at the eud of q years from the present, we shall therefore get 

and so on, until the difference between the ages con*esponding to the values 
of N^fy^ and Mg+ty ^ ^^^^ ^^^^ y> ^ representing the number of investiga- 
tions tluit have taken place. 
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If the bonus is declared annually, instead of at the end of every y years, 

N^4^=B(l+a,){R^i-R^+i}. 

It will be evident from the foregoing, that when we know the age at 
which the whole-life policy wonld become payable by application of the 
bonus, and the age at entry, we can ascertain the rate of reversionary 
bonus necessary for this purpose. 

Since N^,^=B(l+a.){M^+M^a^+M^8y+ M^«ir}> dividing 

both sides of the equation by (1+««)(M»4^+Mj^2y+ . . . .M«^.2y, we get 

As B represents the reversionary bonus for y years, — will represent 

y 

the rate for each year. 

The above formulae will only apply when the reversionary bonus declared 
at each investigation is the same, when it is different we get 

N,^^=(l+a.){lBM^+'BM^a,+8BM^+ . . . .'BM^^}, 

wfaere ^B, ^B, &c., represent the reversionary bonuses declared at first, 
second, &c., investigations. This formula will also enable us to find the 
age at which the policy would become payable when the premiums and cash 
values of bonus are calculated at different rates of interest, as we can readily 
find what reversionary bonus can be given, at the same rate of interest as 
that on which the premiums are based, for the cash values of the bonus. 

In this latter case, however, possibly the formula, a modification of that 
of Mr. Sprague, 

N^^=(l+fl,){»5.D,+,+'5.D^a,+ . . . .'i.D^} 

would be better, ^5, % &c., being the cash values. 

As an example of the preceding, let it be required to find the age at 
which a whole-life policy for £l on the life of a person aged 20, would be 
converted into an endowment assurance, by application of the reversionary 
bonus, declared quinquennially, at the rate of £2 per cent, per annum, 
Carlisle 4 per cent. 

At the end of the first five years we shall have 

N25+n=B(H.a2o)(M36); 

B=-l, 1+020=19-3617, and M25= 623-86064. 
.-. N25+«=-lx 19-3617 X 623-86064= 1207-9. 

On referring to the N column, we find that 69*9 is the nearest age 
corresponding to this value, which is the age at which the whole-life policy 
would become payable by application of the first five years* bonus. 

At the second investigation we shall have i 

N3o+«=B(H-a2o){M2ft+M3o}=1207-9 + l-93617x545-1327 

=2263-3705, 

from which we find that policy would now become payable at (say) 64*8. 
At the third investigation we shall have 

VOL. XIII. u 
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N85+,=B(1 +ajwXMM+M8o+M36)=2263-8705 + 1-93617 X 468-2037 

= 3169-8931, 

from which we find that policy would now become payable at (say) 61*6. 
At the fourth investigation we shall have 

N4o+c=B(l + aao)(MM + Mm + M33 + M40) 

=3169-893 + 1-93617 X 403-57=3951-2746, 

from which we find that policy would now become payable at (say) 59*3. 
At the fifth investigation we shall have 

N45+€=B(1 + flr2o)(MM + Mjo + M35 + M40 + M45) 

=3951-27 + 1-93617 X 339*12=4607*8712, 

from which we find that policy would now become payable at (say) 57*7. 
At the sixth investigation we shall have 

N50+ =B( 1 + a2o)(M26 + M30 + M35 + M40 + M45 + Moo) 

=4607*871 + 1-93617 X 288-67=5166*7987, 

from which we find that policy would now become payable at (say) 56-3. 

At the seventh and last investigation, as the difierence between the 
ages corresponding to values 1^^^^ and M55 is now less than 5, we get 

^65+.= B(l + a2o)(M25 + Mao + M35 + M40 + M45 -f Mm + M55) 

=5166-7987 + l*93617x248*22=5647-3987, 

from which we find that the whole-life policy would, on the assumptions 
stated, become payable at nearly age 55*3. 

This result may obviously be verified by ascertaining what endowments, 
payable at this age, could be purchased by the cash values of the bonus at 
each investigation, and adding thereto the surrender value of the whole-life 
policy on the life of 20 at end of 35*3 years. 

This rule is derived from the formula 

N^^=(l+a,){i3D^+23D^2,+ . . . .'iD^i.}. 

Dividing both sides of this equation by D^o-iy^^ iuid l-fff,, changing 
the signs and adding 1 to each, we get 

.'. 1 — — • ^7^^-^^ H ^^ :fr^^ ^^^-^ = 1 (the sum assured). 

D N 
Now, 1 — :j^ • -^^^^ = surrender value of policy on life of x at the 

, ^bI)^^-\'^bD,+2y-^ '^^*+<y 

age {x+ty + s), and ^^ :=;^ ^^ =endowments payable 

at the age (x-\-ti/-\-s), which the values of the bonus at each investigation 
will purchase. 

1 remain, your obedient servant, 

Olasgou'y October 2ithr 1866. T. M. 
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NEW TABLES OF ANNUITIES, ETC., BY DR. OTTO BEECK, 

OF HALLE. 
To the Editor. 

• 

Dear Sir, — Allow me to draw the attention of the readers of the 
Journal to a set of Tables just published by Dr. Otto Beeck, in Halle. 
The iirst set contains the values of annuities during the JQint duration of 
two lives, numbers and logarithms, Experience mortality, interest at 3^ per 
cent. The tables arc completely calculated, not interpolated ; they begin 
with the age of 15 years, and contain all differences of age up to 55 years. 
They are published with excellent good figures, only on one side printed, 
to be fixed on cardboard for office use. The price for the 12 tables, with 

15 columns each, is 3th. 15 gr., about \\s, sterling. The author intends 
next to publish six tables with 15 columns each, premiums of assurance ou 
two joint lives, single and annual premiums, price 2§th. (about 85.); then 

16 tables with 10 columns each, single and annual premiums for survivor- 
ship assurance, price 4f th. (about lbs,); and then five tables containing 
the values to be placed to the reserved fund for the assurance of deferred 
annuities with single and annual premiums, price 2^ th. (about 45.). 

It depends on the success which these tables meet with, whether the 
author will continue the publication of similar tables, the computation of 
which is a laborious task, as most of the readers of this Journal well know 
by their own experience. To these readers I need not add a word as to 
the value of the tables, which, even to those who have made similar com- 
putations will furnish very useful means for checking.* 

I am, dear Sir, 

Yours most truly, 

Hamburg, Mtk November, l^m, WILHELM LAZARUS. 



THE FORMULAE IN MR. DAVID JONES'S WORK, COMMENTED 

ON BY MR. MACFADYEN. 
To the Editor. 

Sir, — In the October Number of the Journal there appears a letter 
from Mr. Macfadyen, of the City of Glasgow Life Assurance Company, 
pointing out what he considers a serious error in one of the expressions 
given at p. 170 in Jones's work oil Annuities and Reversionary Payments. 
I trust the following explanation may be deemed sufficient to exonerate 
Jones's work from the charge of error. 

The value of the assurance of a sum to be received at the end of the 
year in which the life or lives shall fail, provided that event takes place 
after t years, is admitted by Mr. Macfadyen, to be correctly given as 

A, 3^ rrrr'+io, ^.-^n^r)a-, J^ . 

* Before Dr. Beeck proceeds further with his publication, it may be well to draw his 
attention to the circumstance that new and very extensive data are now being collected 
and arranged under the direction of the Council of the Instittite, as mentioned in their 
last Report, with a view to the more accurate determination of the probable duration of 
human life. — Ed. J. I. A. 

u 2 
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Aware that, by a farther transformation, a much more convenient 
expression applicable to single and joint lives could be got, Mr. Jones gives 
this in addition ; bat it woold be absurd to suppose that in doing so he was 
ignorant of the fact that it did not apply to all cases. As a proof of this, 
he has, in his recapitulation of formubB, p. 215, only referred to single and 
joint lives. 

Baily, in a Note at page 147 of hia work, says, *' Since (ABC)' is, by 

Prob. I., cor. 3, equal to A^B^C^'X ^^(1+p)"", it is obvious that the 

present value, in the case of single or joint lives, might be more conve- 

mently expressed by »x X — r" (l+P; » a^id it is from 

1 + p aoc 

this formula that I have deduced the rule in Question 28, Chap. XII. But 

that rule will not extend to all cases." 

If any blame at all attaches to Jones, it can only be for his omitting to 

state that the formula r*p, *Ar-Tz — ■r7^^ did not apply to all cases. 

I am, Sir, 

Your obedient servant, 

COLIN McCUAIG, 

Edinburgh, 47, Oeorge Street, Assistant Actuary Scottish Union 

^rd December, 1866. Insurance Company, 



INSTITUTE OF ACTUARIES. 



PROCEEDINGS OF THE INSTITUTE. 

First Ordinary Meeting. Session 1866-7. — Monday, 26th November, 1866. 

The President in the Chair. 

Read and confirmed the minutes of the anniversary meeting. 
The following gentlemen were elected Associates, viz. : — 

Alexander Gordon Brown. Frederick J. Hallow. 

William Braid. Henry F. W. Cowley. 

Mr. T. B. Sprague, M.A., read a paper '* On the value of annuities payable 
half-yearly and quarterly." 

llianks were voted to Mr. Sprague, and the meeting adjourned to Monday, 
the 17th December. 



Second Ordinary Meeting. Session 1866-7. — Monday, 17th December, 1866. 

The President in the Chair. 

Read and confirmed the minutes of the last ordinary meeting. 

The following gentlemen were elected members of the Institute, viz. :— 

FeUow. 
Heniy Gamble Hobson. 
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Associates. 

Angustus H. Browne. | Nicholas Hanhart. 

Bernard Woods. | Leycester H. Greaves. 

A communication from Mr. Meikle, " On the arrangement of the data of 
Life Assurance Offices," and a paper by Mr. Sprague, " On the limitation of 
risks" (Part II.), were read. 

Thanks were voted to Mr. Meikle and Mr. Sprague, and the meeting 
adjourned to the 28th January, 1867. 



SOLUTIONS OF THE SECOND YEAR'S EXAMINATION QUESTIONS. 

In October, 1861, we published solutions by Mr. Sprague of the 
questions proposed at the second year's examination of the Institute for 
1860, and we believe those solutions have been found useful by students 
preparing for the examination; we therefore propose to publish from time 
to time the questions for the subsequent years, with brief answers to such 
as are not taken direct from the text books, and we now accordingly sub- 
mit the papers for 1861, 1862 and 1863, with such answers, Mr. Sprague 
having again obligingly supplied the latter. We believe it will be found that 
these questions have been drawn up with great care, and that there is much 
in them which deserves the attention, not only of the student, but of all 
persons interested in the theory of life assurance. — Ed. J. I. A. 

Questions for 1861. 

1. Given — 

log. 2= -693147 

log, 3=1*098612 

^^^''^=^i3i29i 

Find the values of logjoG, logioS, logiol2. 

To how many decimal places can the results be depended upon? 

Am. Iogio6 =^^?^^^^^^ =1-791759 X -434294= -7781501 

log, 10 

log,o8 = 5^^^ =2-079441 x -434294= -9030887 
log, 10 

logiol2= ^^T^t^^^'^ =2-484906 x -434294=1-0791797 

log* 10 

These results can only be trusted to six decimal places, and an error 
of 1 may be expected in the sixth place. 

2. There are n balls in a bag, one of them black and the remainder 
white; and n persons in succession draw each one ball from the bag. 
Prove that they all have the same chance of drawing the black ball. 

3. Give expressions for the probabilities of the various contingencies 
which may arise out of the occurrences of three independent events, calling 
the events -4, B^ C, and the probabilities a, b, r, respectively. 
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Ans. The chance of ABC all happening =ahc. 

AB happening, C failing=a^l— c). 

A „ BC „ =a(l-iXl-c). 

ABC all failing =(1— a)(l-6)(l— c). 

4. An nrn contains n + 1 balls, marked with the numbers 0, 1, 2, 
3, . . . n. A ball is successively drawn and replaced in the urn, so that 
the chance of drawing any given number remains the same in each trial. 
What is the probability that in h trials the sum of the numbers di*awn 
will be equal to 5? 

Ans. The probability = the coefficient of x* in the expansion of 

l(«+l)(l-a;)J • 
Vide Jones On Annuities^ Appx. on Probs^ p. 12. 

5. Find an expression for the number of years in which any sum of 

money will double itself at compound interest, and prove that it is approxi- 

69 
mately equal to -=- : / being the rate per cent. 

log, 2 -693147 -69 69 
Ans. n= — = = —:- or -=- , approximately. 

6. Determine the fine which ought to be paid for renewing any number 
of years lapsed in a lease. 

7. Describe the ordinary form of a table of mortality. 

8. Given a table of mortality, show how to find (1) at what age it is 
most probable a person of a given age will die; (2) how many years he 
has an even chance of living? 

9. Give some account of the more recent tables of mortality, and of the 
materials from which they were constructed (including the published ex- 
perience of Life Assurance Companies); and point out the uses for which 
they are most applicable. 

10. Supposing a given number of marriages contracted between males 

of the age of 30, and females of the age of 25, find the proportion per cent 

of the original number who will survive as married couples, widowers or 

widows, at the end of 10 years; assuming the probability of dying within 

265 237 

1 years at the age of 30 to be , and at the age of 25= ' . 

Ans, The proportion of mamed couples = x - -,^ ; of widowers 

2501 2611 

2236 237 , ., 265 2374 
= 2501 ^ 26n ' ^^ ^^^^"^ = 250T ^ 26n ' 

1 1. Describe a practical method of constructing a table of the logai'ithms 
of the value of £1, receivable at the end of any number of years, from 
1 to 100. 

12. Ext)lain briefly the construction and use of the columns D, N, M. 

13. Prove that M,=vN,_,— N,. 

14. Find the annual premium for an insurance of £1 on the life of x 
provided he die within t years. 

15. Find an expression for the value of a deferred annuity on two lives 
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« and y, to commence in / years, and to continne as long as either of the 
lives is in existence. 

16. Find the single premiam for the assurance of £1, payable on the 
death of A aged or, provided he dies before B aged y, or within t years 
€ifter the death of B. 

17. Find the present value of a given sum payable on the decease of A, 
provided he be the first that fails of the three lives A, B, and C. 

18. It is commonly thought that the value of a policy which has been 
only one year in force, may be found by subtracting the term premium for 
an insurance for one year, from the net premium for the whole of life. 
What correction must be applied, in order to give an accurate result? 

1 D- 

Ans, The difference so found is to be multiplied by — , or =r — . 

19. Give a formula for constructing a descending scale of premiums, 
when the p*emium diminishes by equal decrements every five years, and 
becomes zero after 20 years. 

Ans. The premium for the first five years 



20. Find an expression for the value of an '' endowment assurance'' 
(t.6., a policy on a life x payable at age a; + n, or previous death), after it 
has been t years in force. 

Ans. 1 :; ! or 1 -- -,^tLJL-^±!LJ . -^_ . 

21. An annuity is granted on the longest of three lives, A, B, and C, 
to be equally divided between them whilst they are all living; on the 
decease of either, to be equally divided between the survivors during their 
joint lives, and then to go to the last survivor during his life. 

Give the formula for the value of A's interest therein. 

22. Find the value of a reversionary annuity, to commence on the 
death of Xj and continue for the remainder of the life of y ; but to be pay- 
able for t years, whether y is alive or dead. 

23. Find the annual premium for a deferred annuity on a life m, to 
commence at the end of t years, with the condition that if m die within t 
years, the premiums paid are to be returned with their accumulations at 
compound^ interest. 

Ans. The annual premium 

^ 

24. If the rate at which the premiums ai*e accumulated is the same as 
that at which they are calculated, show that the expression for the annual 



premium becomes jz — !! ^ ; d being equal to - — : . 
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25. A debenture for £100, bearing interest bX the rate of 6 per cent 
per annum, and redeemable in 20 years^ is purchased for £107-^. Show 
how to determine approximately the rate of interest realized — ^given that 
at 5 per cent, the debenture would be worth £112. 9^. Sc^. 

Ant^ £5. Is, Id. per cent. 

Questions for 1862. 

1. Show that in all systems the log. of unity is nothing. 

2. Having given the log., to find the corresponding number; or, in 
other words, expand a* in a series proceeding by powers of x, 

3. If the chance of any one of n persons dying in the course of a year 
be represented by jo, then the chance of exactly r of them dying in the course 
of a year will be equal to 

I'* 



in— r 



iri!». 



— r 



4. On the suppositions in the previous question, prove that the most 
probable number of deaths in the year is the greatest integer contained in 
(n + l>. 

5. If two joint proprietors have an equal interest in a freehold estate 
worth £p per annum, but one of them purchase the whole to himself by 
allowing the other an equivalent annuity of £q for n years; find the relation 
of p to q. 

Ana. q^iz ■„. 

6. If P represent the population of any place at a certain time, and every 

year the number of deaths is — th, and the number of births -th, of the 

p q 

whole population at the be^nning of that year, required the population at 
the end of n years from that time. 

7. Given a table of annual premiums; show how to construct a corre- 
sponding table of mortality. 

Ana. If P, be the annual premium at the age x^ p^ the chance of living 
a year, then p^=( 1 + i) (p-q:^ - 1 j (Ps+i + d). 

8. Give some account of the Northampton table of mortality, and point 
out the fundamental error in its construction. 

9. The annual mortality at each age being given, show how to construct 
therefrom a table of the mean duration (or expectation) of life. 

10. To which of the ordinary tables of premium published in a pros- 
pectus is the Carlisle table of mortality inapplicable as a basis of calculation, 
and why? 

11. Find (by the old method) the value of an annuity on a single life, 
and show how the annuity at any age may be given in terms of the next 
higher age. 

12. Explain the several columns of a single life commutation table. 

13. Describe the actual construction of column D, and point out how 
the results may be verified. 

14. Find the value of an annuity on the survivor of any number of 
lives — that is, to continue so long as any one of them exist. 
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15. Pi^)ye that if ^ be added to the value of a life annuity of £1 payable 
yearly, the sum will be very nearly equal to the value of the same annuity 
payable half yearly. 

1 6. Investigate a formula for the annual premium for a deferred annuity, 
with a return of all the premiums in the event of previous death. 

17. Explain the method of calculating a table of ascending premiums, 
giving the proper formula. 

What precaution must always be observed in pnustice with regard to 
the magnitude of these premiums, and how would you fix the premium to 
be charged during the first term of years? 

Am. The premium charged for the first term vaust not be less than 
the premium for a term insurance of that duration, and should be taken 
equal to the teim premium for, say, three years older. 

18. Prove that the value of £l to be received on the decease of a 
person of a given age is greater than that of £l receivable at the expiration 
of a number of years certain equal to the expectation of life at that age. 

19. Required the present value of a sum of money to be received at 
the end of the year in which A dies, provided he die while 6 is living. 

20. Give an expression for the value of a contingent reversion expec* 
tant on the decease of A, provided B be then living and C dead. 

21. Find the value of a contingent life interest for the lives of A and 
B and the survivor, after the death of C; subject to the condition that A 
shall survive C. 

22. Find an expression for the value of a reversionary annuity of £l 
to commence on the death of a person now aged x, and continue payable 
till the expiration of t years from the present time, and as much longer as 
a person now aged y shall survive. 

Am. — : 71^* + ^rV ""^'yp"' 

. 28. Find the amount of an annuity of £1 payable quarterly in advance 
foi n years certain, supposing that the investments made at the beginning 
of each year are at the rate of £t per £1 per annum payable yearly, and 
those made in the interval are at the rate of £j per £1 per annum payable 
quarterly. 

24. If the rate of mortality in one table be throughout greater than 
that in another table, should you expect the values of policies obtained in 
the ordinary way from the first table to be greater or less than those 
obtained from the second? State your reasons. 

Am. No conclusion can be drawn from the simple &ct of the rate of 
mortality being greater. 

Prove that, under certain conditions, the values of all policies as given 
by two different tables of mortality will be equal 

Ans. This will be the case if - — -^ is constant, or has the same value 

for all values of x, a, and d, being the annuities in the two tables of 
mortality. 

25. Find the annual premium for an assurance of £1 payable at the 
expiration of m + n years if A be then alive, or at the death of A if that 
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take place after the expiration of m years bat before the expiration of 
m + w; with the farther condition, that if A die within m years from the 
present time the premiums paid are to be retarned, with the exception of 
the first. 



Ans, 



^x-\-m — -^^jf+w-hi "^ ^«-H»+ii 



N,.i-.N^„+,_i-K^i + R^ + (m-l)M,+„ 



Questions for 1863. 

1. Explain what is meant by the common logarithm of a nnmber; and 
show that if several nnmbers differ only in the position of the decimal 
point, their common logarithms have all the same decimal part. 

2. Prove the principle of proportional parts in common logarithms; and 
show that with tables of loganthms extending to seven figures, we may 
expect to find the number corresponding to a given logarithm correct to 
seven figures, but not more. 

3. From a bag containing 2 guineas, 3 sovereigns, and 4 shillings, a 
person draws three coins: what is the previous value of his expectation? 

Ans, £1. 15^. 4:d. 

4. A halfpenny being tossed one hundred times, what is the chance 
that it will turn up head exactly fifty times? 

If head should turn up fifty times running, is it more likely that head 
or tail will occur in the next trial? 

. ,,, 100x99x98. ..x51 1 ,«x ,. , . , ., 
^"^^ ^^) 1X2X3. ..x50 '2^' (2) If head and tail are 

equally probable, no conclusion can be drawn from head turning ap fifty 
times running; but if it is not known beforehand that head and tail are 
equally probable, then it is a fair conclusion that head is more likely to 
turn up than tail. 

5. Compare the chances of throwing a single ace in one tnal with two 
dice, and in two trials with three dice. 

Afis. The chances are -77 and -rTTrr . 

18 5184 

6. Find the amount at compound interest in n years, of an annuity 
certain of £1 payable in advance. 

Explain how the amount of such an annuity is to be obtained readily 
from the ordinary tables of annuities certain. 

Ans. (1) (1+0 ^ : . (2) The tables usually give the value 

of an annuity payable at the end of each year, and the yalue in question is 
found by subtracting 1 from the tabular value of an annuity for w + 1 years. 

7. The rate of interest being 5 per cent., payable half-yearly, and the 
income tax 7d. in the pound, find the sum which in two years will amount 
to £1,000. Given that 

log 9-08534 =-9583408 
log l-0242708=-01041479. 

Am. £908. 10*. Sd, 

8. Explain what is meant by a table of mortality, and describe its most 
usual and convenient form. 
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9. Jfpx\n denote the probability that a person of the age as will liye for 
n years, and j?,^^ the probability that a person of the age x-^r will live a 
year, prove that 

10. Describe very briefly the methods by which the tables of mortality 
known as the *' Northampton ** and the '^Experience" were formed; and 
the materials on which they are based. 

11. Point out the chief sonrce of error in the formation of the North- 
ampton Table, and state what has been its effect on the table. 

How does this affect the valaes of policies as found by the Northampton 
Table? 

Ans. Dr. Price assumed that the population was stationary, neglecting 
the increase of the youuger lives by immigration; and the table therefore 
represents the mortality in the first half of the table as much higher than it 
really is. The result is that the values of policies found by this table are 
generally too small. 

12. What is the principal objection to the use of the Experience Table 
of Mortality? Is it of any practical importance? 

Ans. That it was based on the observation of policies instead of lives, 
but this is probably of little consequence. 

13. Prove the formulae — 






X 



14. By means of the formulas in the last question, show that 

A,=»— (1— v)«,. 

15. Describe a practical method of computing a table of annuities 
certain at any assumed integi*al rate of interest; explaining how the calcu- 
lations are to be verified as they proceed. 

16. Prove the formula for a contingent assurance — 

r \ Px^\ P,-i 

What supposition is made in obtaining this formula, as to the deaths 
which take place in the course of any year? 

Ans, That they are distributed uniformly over the year, or take place 
at equal intervals therein. 

17. Show that the value of £1 to be received on the failure of the 
successive lives x and y is A,A,. When is the second life supposed to 
be nominated? 

Ans. At the end of the year in which the first life dies. 

18. Prove the formula for the value of a policy 

and point out the advantage of constructing a table of the values of policies 
from this formula. 

19. Show that if r^ is the annual premium for an assurance of £1 at 
the age Xj then 

'- <i+ ' 



'"'x-l ^x-J 
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20. A policy is taken ont, at the age x^ for £1 payable at the age 
x-hm or previous death. When it has been t years in force, the assnred 
wishes the terms of the policy to be altered, so that the sum assured shall 
be payable at the age x + m-\-n,OT previous death. What premium should 
be paid for the remainder of the extended term? 



Ans. 



^x+t- 1 ^«+m- 1 



a 



-(^. 



21. Find the annual premium for an insurance on the life 2; of £1, 
together with a return of all the premiums paid; the premiums being pay- 
able for t years only. 

^^Mg -I 

22. A policy being taken out at the age x for the whole of life, what 
portion of the nth annual premium is required for payment of the current 
claims, assuming that the rate of interest realized, and the mortality ex- 
perienced, are the same as those on which the premiums are based? 



An9. I • 



— l)(P*-hc?)«#+n-i, or t<l— /)^+„-iXl— V^iJ. 



23. A sum of money (S) is to be applied in the purchase of an annuity 
on three lives, x, y, z, such that the annual payment while all three are 
alive shall be A; when one has died, f A; and when only one survives, f A 
Find the value of A. 

Ans. A=: — r . 

24. A debenture for £100, bearing interest at the rate of 4 J per cent., 
and redeemable in 25 years, is purchased for £96. What rate of interest 
is obtained on the investment? N.B. — The value of the debenture, calcu- 
lated SLt^ve per cent., is £92. 19^. Id. 

25. I'here are three Insurance Companies, A, B, C. In A there are 
1,000 members, each insured for £100; in B there are 100 members, each 
insured for 1,000; and in C 10 members, each insured for £10,000. 
Assuming all the assured to be of the same age, and the tabular rate of 
mortality among persons of that age to be 1^ per cent, per annum, show 
how to find the probabilities in the three Companies that claims will arise 
for £10,000 or upwards, in the course of a year. 

Ans. The probabilities are — 

T A 1^^^^ f3i<>0x 1979<» 3^0^X197899 S^^xl97^^ S^^ 

' 2001000 t" jT00|900 ' "*" 1 101 [899 

1 100 ^ ( 3^0X19790 3" X 19789 3^^x197^8 
2001^1 [10190" "^ [11 |89 '^ |12|88 
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On the Arrangement of the Data furnished by certain Life Assurance 
Companies in Scotland, and on the formation of Tables, 8^c,, 
therefrom ; being Contributions towards the ascertainment of the 
Rate of Mortality of Assured Lives. By James Meikle, Esq,, 
Actuary of the Scottish Provident Institution. 

[Bead before the Institute, 17th December, 1866.] 

JLHE mortality statistics of the Scottish Assurance Offices^ whose 
experience it is proposed to develop before combining it with that 
of the English contributing Offices^ have^ after passing through 
various committees^ and receiving the benefit of their consideration, 
eventually passed into my hands for final adjustment and develop- 
ment. Having accordingly considered the subject thus confided 
to my professional care, I venture to lay before the Institute 
a brief statement of the views which have occurred to me in 
regard to the processes which it is proposed to adopt for the 
arrangement of these data and transforming them into that shape 
which it is necessary they should assume before becoming the 
subject of comparison or of calculation. 

The data of each Scottish contributing Company have, it is 
well known, been furnished upon cards, and consist of the name 
of the life and the amount assured, the date of birth, the date 
and age of entry, and the date and age at exit — that is, at the 
termination of the risk, which may either be that of cancelmentj 
death, or that of the date of investigation, viz., 31st December, 

VOL, XIII. X 
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1863.* The cards of deaths were marked by a D^ on a special 
part of the card; and the cancelled by either an S (the initial 
letter of surrendered) or an L (lapsed) ; and those which were in 
existence at Slst December, 1863, were marked by a hght stroke, 
thus . White cards were used for males, and pink for females. 

Under the impression that experience in this matter was of the 
greatest importance, I made several experiments with the cards of 
my own OflSce, and with those of the Offices which were earliest 
placed in my hands. The result of these experiments was such as 
I have every reason to believe, that the process followed with the 
smaller number of cards of one Office might with at least equal 
advantage be applied to the entire cards of the ten Scottish con- 
tributing Offices. On examining the processes which had been 
followed in similar investigations based upon the card system, 
it occurred to me that considerable difficulty would attend the 
counting and balancing the cards for so large a number as 120,000 
lives, when in the first place arranged according to ages at entry, 
and in the second rearranged according to ages at exit. I have, 
however, fallen upon a plan for classifying the cards in small num- 
bers which suits admirably ; and not only does it suit in regard 
to the mere matter of counting the cards, but it afibrds the means 
of checking the accuracy of the calculations, and it also afibrds the 
means of showing the effects of selection, and the depreciation of 
life after the benefits of selection have worn off. All of these I 
shall now try to explain. 

It was at first thought that one card, representing the con- 
tinuous experience for each life, would be sufficient, and printed 
instructions were issued to that effect. I perceived, however, that 
it was quite possible for one life to embody the facts of many expe- 
riences, each of which would be represented by each of the policies. 
These earliest instructions were accordingly altered, and I asked 
from the Offices a card for each policy except in those cases where 
they were opened at the same date and were in other matters 
identical. It was customary, previous to the change in the stamp 
laws, for one life to open two policies for half the sum assured, for 
the purpose of saving the difference between the stamp for the full 
amount and the two stamps for the two halves. In any such case 
one card would sufficiently represent the experience. And in other 

* If there had been any intention of continuing the experience of the same number 
of entrants, and the opportunity seems an excellent one, it would only have been neces- 
sary to have noted the issue of those policies which had terminated by cancelment or by 
death. Each of the contributing Offices would thereafter only be required to give a note 
on slips of paper of the policies which had, out of the entrants previous to 1864, become 
cancelled or dead. 
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cases^ nearly similar perhaps^ one card would be sufficient. At all 
events the Offices have not been requested to curtail the number 
of cards ; I have rather asked a card for each policy. Each Office 
was further asked to note the numbers of all the policies on the same 
life on each card^ so as to act as a guide and check in collecting 
the total number of cards issued on each life. This has been 
very carefully done by one or two Offices^ but others have made 
no attempt in the matter^ and have thereby greatly increased the 
consequent labour. 

When put in possession of the cards of any Office my first step 
was to classify them according to the first letter of the name. When 
the cards were thus sorted they were carefully banded and laid aside. 
Each letter was then taken up by itself^ and classed according to 
the second letter^ and also to the third letter ; any error in the 
first or second arrangements being checked in the second or third. 
Each of these small sections was then taken up and the cards clas- 
sified according to surnames and to christian names^ and thereby 
the cards belonging to each life were brought together. The date 
of birth being given in the Scotch cards^ I judged it to be quite 
conclusive when the names and the dates of birth were the same^ 
that they referred to the same life. There have been curious 
instances of approaching similarity^ but of different identity^ which^ 
if I had had time^ it would have been interesting to hav^ noted. 
It is also most important that a lady^s maiden name should be 
given along with her husband's. There are other modes of recog- 
nising the identity than the date of birth. The date of deaths or 
the cause of death ; or one policy may be opened on the same date 
as the lapsing of a former policy^ or the same kind of climate 
extra^ or other points which occur to the mind of the classifier. 
When it was suspected that two or more cards referred to the 
same life, but which differed in some essential point, they were 
taken to the Office for adjustment or correction. In place of 
writing out a new card for each life, I instituted an envelope 
capable of containing the cards referring to the same life, and 
printed in the same way as the cards. On the envelope the facts 
of the continuous experience of the life were noted. When the 
risks on the life were not continuous, the cards were dismissed 
with a jotting referring to each other, thus — 

Previous risk, — ; 

45 
and Risk repeated, - ; 

X 2 
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in case it might be necessary to collect these cards again. The 
flap of the envelope was carefully laid inside^ so as to be but of the 
way m sortmg, and at same time so as to afford access to the 
separate cards. 

When the whole cards were gone over they were redistributed 
according to the ages at entry, and it is the distinguishing feature 
of my process to retain them in this form for all further use. In 
the first place it is important to make sure that the cards of each 
of these lots refer to the same age at entry. A check on this is 
obtained in the second distribution — ^by making the distributor 
look at two things — ^^that is, in distributing them according to 
— (existing), L (lapsed), or D (dead), to see that they are all 

35 — , 
35 L, 
or 35 D. 

I even recommend that the figures be spoken, which I imagine 
adds to the security of the check, although it is not an infallible 
safeguard. But as the process of classification of the same lot of 
cards has to be performed so frequently, there is no risk of any 
continued error. The cards of the entrants at each age are now in 
three divisions — ^the living, the dead, and the discontinued, the 
sum of which is the number of the entrants at that age. Each 
parcel is banded, and the three are again banded in one with a 
stronger band. 

The next part of the process is that which may be called 
^^ tabulating the facts.'^ The parcel of cards belonging to each 
age at entry is taken up, and each of its parts classified separately 
and tabulated in the following form. (See next page.) 

The classification is checked thus : — 

The first arrangement is in accordance with the age at exit. 
The cards of each parcel are gone over, counted, and tabulated. 
The same lot are gone over again while lying on the desk, but while 
counting their number with the Ups the eye this time rests on the 
fact whether all those who exit at ^ + have for the years of dura- 
tion, and those who exit at ^ + 1 have all I for years of duration, 
&;c. &c. I have found this check a very valuable one, measuring 
its value by the number of errors discovered. The same process 
is gone over for the existing, discontinued, and the dead of each 
age at entry, and the number of entrants — m^--(S£?a.+„-hSrfa.+,, 
+ 24+n) is ^^^ result of a summation of figures in ink, which is much 
more to be relied on than the more ethereal one of counting cards 
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in the air. The materials have thus been obtained for ascertaining 
the number exposed to risk of mortality out of all those who entered 
at each age. This is worked up from the formula — 



Number exposed to mortality 
at completed age (x + n — 1 ) 



= m.— S^,_i(c^, + c?,+ii + 4+«) + 



^M+n — ^a 



deaths (a?+n — 1) ^ ( Rate of mortality from 
^ No.expo8ed(a?+n-l)~ jageay+w-l to age a: +n. 

The summation of the number exposed for each age at entry is 
checked from the totals of the other columns^ as shown in the 
foregoing example. 

The tables in their present shape appear to me to be most 
valuable. They exhibit the light mortality following selection^ and 
also the heavier mortality of lives long exposed — two points which 
I have had very great anxiety to see developed. I imagine^ how- 
ever^ that for both objects these partial tables are incomplete^ as 
afterwards referred to ; and that at their present stage they are 
only parts of an entire average table of mortality for all ages^ such 
as it has hitherto been the practice to develop. I do not doubt 
that it is possible to deduce one table which shall fairly represent 
assured-life experience based upon an average rate of mortality for 
each age of life^ but I intend to be sceptical upon the pointy and 
to observe how widely the actual progressive rate of mortality 
deviates on either side of the average^ and then to make up my 
mind whether it would be prudent to frame tables of annuities, &c., 
applicable to each age of entry. Hitherto I have not seen any 
grounds for beUeving that the rate of mortality is to be considered 
as constant at each age. It is exceedingly convenient to make 
that assumption, but I think it is doubtful whether it is safe to do 
so, especially when taken in connection with some of the present 
modes of withdrawing profit. However, this doubt, it will be 
understood, is, in the meantime, a crochet of mine, as well as, I 
believe, of some others. 

I have now to explain how I propose to frame a mortality table 
from these minor or partial tables. The numbers entering at each 
age in the partial tables are the same as those entering in the com- 
plete or average table ; but for the number discontinued, died, or 
living in the average table, the items of these classes are, on three 
large sheets of paper ruled conveniently for the purpose, recast 
according to the ages attained in year of cancelment, year of death, 
or at 31st December, 1863, if surviving; the form of 'which is 
obvious, but I annex one as a specimen : — 
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Cmrent 

Age 

at 

Entry. 


No. 
Cancelled. 


Current Age at Exit 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 




• 
■ 

20 


• 

127 


1 


• 
• 

38 


* 
• 

59 


• 
• 
• 

9 


• 
• 

6 


• 

8 


• 
• 
• 

2 


• 
• 

4 






I • 














21 


169 




7 


112 


17 


8 


11 


5 


3 


8 




1 














22 


170 






4 


56 


34 


28 


13 


11 


10 


8 


3 




1 




1 






23 


168 








7 


55 


40 


26 


14 


7 


4 


6 


2 


3 


3 


• • 


1 




24 


210 










4 


86 


33 


28 


23 


13 


8 


4 


5 


2 


■ ■ 


3 




25 


222 












6 


67 


37 


32 


21 


20 


13 


13 


4 


6 


2 




26 


226 














4 


83 


39 


34 


10 


18 


7 


12 


6 


3 




27 


266 
















7 


86 


48 


27 


26 


19 


16 


16 


7 




28 


263 


















8 


90 


49 


30 


18 


12 


20 


16 




29 


282 




















1 


81 


60 


38 


18 


16 


18 




30 


289 






















5 


88 


54 


45 


26 


18 




31 


275 
























2 


86 


65 


34 


18 




32 


283 
























• • 


4 


73 


48 


43 




33 


276 
























■ •. 




5 


89 


52 




34 


290 
























• • 


• • 


• • 


7 


85 




35 


276 








• • 
















• • 


• • 


• • 


• • 


5 




36 


271 




































37 


277 




































38 


264 
















188 


212 


219 


210 


243 










— 


No. diacontinaed) 
at each AgQ > 








102 


119 


184 


158 


248 


255 


269 


271 



These are summed up^ and the totals made to agree with the 
totals of the partial tables. The same process having been gone 
over with the deaths and the living, the materials are obtained for 
working up the average or entire table of mortality after the same 
formula — 



Number exposed at age a:— l=2,_im^— S,_i(c,+(4-f /,) + 



nig — Cg 



which may be further checked by recasting the number exposed to 
risk for each of the minor tables. This completes the labour^ and 
it may with confidence be maintained that the average table^ as 
well as set of minor tables, are correct. 

Some interesting checks may be obtained by preparing tables 
based upon the totals of the average or complete table and the 
totals of the partial or minor tables, which will prove eminently 
satisfactory and complete. 



then 



Thus, by forming the products of xm. 
* = average age at entry of all. 



'SS 



xc^. xd,. and xl. 



'xy 



"xy 



xy 



^X.Cx 



= average age at entry of the policies ; 



and other results which are quite apparent to the ordinary computer. 
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l.'-^Extraet Jrom complete TahUy deduced directly from the Entrants^ 
Dtscontinuedj Diedy and Existing at each Age, 



Carrent 
Age at 
Entry. 


fihf 


c» 


dm. 


Im, 


Cz-^rdx 


2.-1 


2*-im^ 


Differ- 


m«-e« 


Kumber 


•**• 


*•• 


+/«. 


(c,+rf,+y. 


ence. 


2 • 


e]q[x»ed. 


• 
• 

26 


• 
• 

710 


• 
• 

168 


• 
• 

V 

i4 


• 
■ 

181 


• 
• 
• 

353 


• 
• 
• 

1,970 


• 

3,629 


• 
• 

1,559 


• 
• 
• 

276- 


• 
* 

1836- 


27 


878 


188 


16 


266 


470 


2,323 


4,239 


1,916 


345- 


2261- 


28 


910 


212 


28 


286 


526 


2,793 


5,117 


2,324 


349- 


2673- 


29 


1,000 


219 


24 


332 


575 


3,319 


6,027 


2,708 


390-5 


3098-5 


30 


1,083 


210 


22 


339 


571 


3,894 


7,027 


3,133 


436-5 


3569-5 


31 


1,059 


243 


31 


379 


653 


4,465 


8,110 


3,645 


408- 


4053- 


32 


1,073 


218 


41 


428 


717 


6,118 


9,169 


4,051 


412-5 


4463-5 


33 


1,123 


255 


27 


489 


771 


5,835 


10,242 


4,407 


434- 


4841- 



II. — ^Extractfrom complete Table, deduced from the minor Tables recast. 



Tears 


Pamino thbouoh Aob 


27. 


28. 


29. 




30. 


31. 


of 






















Assnr- 




. 








. 


^ 






.• 


anee. 


Na 


^ 


Na :i 


3 


No. 


^ 


No. i 




No. 


q 




Exposed. 


S 


Exposed. 


' 


Exposed. 


^ 


Exposed. 1 


5 


Exposed. 


& 





435-6 


1 


451- 


• 


499-5 


5 


539- 


3 


528-5 


2 


1 


618-5 


5 


765- 


9 


775- 


4 


885-5 


5 


953- 


2 


2 


511-6 


6 


499-5 


6 


635- 


7 


631-5 


4 


767- 


8 


3 


256- 


• ■ 


411- 


4 


412- 


4 


540-5 


4 


528- 


7 


4 


169- 


1 


205-5 


J 


342-5 


2 


344- 


3 


455- 


9 


5 


128-5 


1 


133-5 


4 


171-5 


1 


281- 


• 


301- 




6 


49-5 


1 


99- 


1 


104- 




139- 


1 


237-5 


1 


7 


29- 


1 


33-5 


1 


75- 




87- 


1 


119- 


1 


8 


19- 




25- 


2 


30- 




67-5 


1 


69- 




9 


11- 




18- 




20- 




26-5 




49- 


1 


10 


8-5 




7- 




12- 


1 


16- 




21- 




11 


16- 




8- 




6' 




9- 




13- 




12 


6- 




14- 


» • 


7- 




4- 




7- 




13 


3- 




1- 




8- 




4- 




1- 




14 


■ • 




2- 




1- 




3- 




2- 




15 


• • 




• • 




1- 




1- 




1- 




16 


• • 




« • 




• • 




1- 




1- 




TotalR 


2261- 


16 


2673- 2 


8 


3098-6 


24 


3569-6 2 


2 


4053- 


31 



It will thus be observed that little risk has been incurred in 
counting the cards. Being divided into comparatively small sec- 
tions^ the risk of error at first was not great : and after the counting 
had been repeated with reference to the years of duration, the risk 
almost disappears ; and it will further be observed that I do not 
require to count the cards specially for the entrants. There is 
also, in many of the minor checks, and especially in the check 
obtained by the recasting of the tabulated facts of the minor tables^ 

^ * The complete table, of which No. 2 is an extract, is in poBsession of the Institate. 
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a charm imparted to the calculation which excites the computer 
and carries him on with his work ; and if the value of the minor 
tables be taken into consideration^ I believe there is no increase 
of the labour; at all events it has appeared to me so insignificant 
as not to give me one moment^s consideration. 

I shall now point out the use I intend to make of the separate 
cards in the envelopes. As before referred to, I intend preparing 
a table of mortality for each age at entry, so far as the facts will 
avail, and thereafter, by means of some general assumption, 
to carry them on to the end of life. The minor tables before 
alluded to represent the experience of lives arising out of their 
first policies ; and in that light they may be accepted by some 
actuaries as suitable for some kinds of assurance purposes. But I 
imagine that if any person, who assured at age ^, assures again at 
^ + 5, that person is again a selected life at ^ + 5, and ought also 
to appear among entrants of .2; + 5, and the issue of each selection 
or entry appear in its own class ; and so on at each of the ages at 
entry, so long as the same Ufe does not appear twice in the same 
class. The separate cards in the envelopes will be taken out and 
placed each among entrants of the same age, and the facts retabu- 
lated, for the special purpose of showing the rate of mortality of 
entrants of each age. These tables are in themselves final. They 
cannot be recast for any average table except as a matter of fancy, 
or as showing the mortality among policies. They may, however, 
be recast according to years of assurance, either in decennial, 
quinquennial, or triennial periods, or the whole tables thrown toge- 
ther in one, and would, I imagine, present some very important 
features of mortality risks. 

I annex two specimens, based upon the Ai, A^, A^, and A5 of 
Experience Tables. The first shows the number exposed to mor- 
tality in each year of assurance, passing through the two quiilquen- 
niums 35—40 and 40 — 45, together with the computed and the 
actual deaths in the same period of life. The second specimen 
throws the whole number (31,380) into years of assurance. The 
computed mortality is based upon the ratio of the number dying 
to the number exposed in each year of life in the usual way. Both 
tables- illustrate very forcibly that the excess of the computed 
deaths in the early years of assurance (profitable) is balanced by 
the deficiency of the computed deaths in after years (unprofitable), 
and appear to me to possess great interest. They seem to indicate 
that life assurance valuations based upon an average table of mor- 
tality would require to be " corrected for selection.'* 
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Calen- 
dar 
Tears of 
Assur- 


35-40. 






40-45. 






Nnmber 


Actual 
No of 


Com- 
puted 


Com- 
puted 


Actual 

Nn in 


Numher 


Actual 
No of 


Com- 
puted 


Com- 
puted 


Actual 
Nol in 


ance. 


exposed. 


Deaths. 


No. of 
Deaths. 


No. in 
excess. 


excess. 


exposed. 


Deaths. 


No. of 
Deaths. 


No. in 
excess. 


excess. 





2626-5 


17 


26-4 


9-4 


• • 


2159-5 


7 


25-1 


18-1 




1 


4717-5 


39 


47-8 


8-8 


• • 


4036-5 


37 


46-9 


9-9 




2 


4142- 


39 


420 


3-0 


• • 


3462- 


36 


40-2 


4-2 




3 


3573- 


27 


361 


9-1 


• • 


3023- 


33 


350 


2-0 




4 


3033-5 


33 


30-6 




2-4 


2699- 


37 


31-5 




6-5 


5 


2622- 


33 


26-4 




66 


2438-5 


29 


28-3 


• • 


•7 


6 


2194- 


32 


220 




10- 


2136- 


34 


24-8 




9-2 


7 


1796- 


23 


18-1 




4-9 


1889-5 


30 


220 




8- 


8 


1417- 


16 


14-3 




1-7 


1540-5 


20 


17-8 


• a 


2-2 


9 


.1124-5 


12 


11-3 




•7 


1-269-5 


19 


14-7 


• • 


4-3 


10 


840- 


10 1 


8-4 




1-6 


1080-6 


15 


12-6 


• ■ 


2-4 


11 


605- 


6 


60 




• • 


880-5 


11 


10-2 


• • 


•8 


12 


389-5 


4 


3-8 




•2 


774-5 


13 


7-8 


• • 


5-2 


13 


178- 


2 


1-7 




-3 


416-5 


1 


4-8 


3-8 




14 


71- 


2 


-7 




1-3 


210-5 


2 


2-4 


•4 , 




15 


29-5 


1 


•3 




•7 


95- 


1 


1-1 


•1 




16 


9- 





•1 


•1 


■ • 


38- 


1 


-4 


• • 


•6 


17 


2- 





-0 


-0 


■ • 


15- 





•2 


•2 




18 


• • 


• • 


• • 


• ■ 


• • 


9- 





•1 


•1 




19 


• • 


• • 


• • 


• • 


• • 


4- 





•1 


•1 




20 


• • 


• 


■ • 


• • 


• ■« 


3- 





-0 






21 


• • 

• • 


• • 


• • 


• • 


• • 


2- 

• ■ 





•0 






TotalB 


296 


296- 


30-4 


30-4 


326 


326- 


38-9 


38-9 



















DiflFerence. 


Calen- 
dar 
Tears of 
Assur- 
ance. 








DimiBiNox. 




Total 


The ftitnre 


Number 
Exposed. 


Actual 
Deaths. 


Com- 
puted 
Deaths. 






Total 
fhture 
actual 
Deaths. 


future 

Deatlis 

provided 

for. 
Computed. 


actual 
Deaths 
being in 
excess of 
the com- 
puted b7 


Computed 

Deaths 

in excess 

of actual 


Computed 
Deaths 

short of the 
actual. 





16605-6 


108 


189 


81 


• • 


2,482 


2,482 





1 


27300- 


302 


342 


40 


• • 


2,374 


^293 


81 


2 


22819- 


307 


296 


• • 


11 


2,072 


1,951 


121 


3 


19147-5 


256 


258 


2 


• • 


1,765 


1,655 


110 


4 


16155- 


225 


229 


4 


• • 


1,509 


1,397 


112 


6 


13860-5 


232 


206 . 




27 


1,284 


1,168 


116 


6 


11719-5 


198 


180 




18 


1,052 


963 


89 


7 


9778- 


182 


167 




26 


854 


782 


72 


8 


7944- 


144 


134 




10 


672 


625 


47 


9 


6648- 


124 


116 




9 


628 


491 


37 


10 


5485- 


100 


102 


2 


• • 


404 


376 


28 


11 


4445-6 


86 


86 




• • 


304 


275 


29 


12 


3638-5 


90 


72 




18 


218 


189 


29 


13 


2291- 


42 


60 


8 


• • 


128 


117 


11 


14 


1244-6 


34 


29 




6 


86 


67 


19 


16 


653- 


22 


16 




6 


62 


38 


14 


16 


292-6 


15 


7 




8 


30 


22 


8 


17 


173- 


6 


5 







15 


15 





18 


107- 


4 


3 




1 


10 


10 





19 


79- 


2 


2 




• • 


6 


7 


- 1 


20 


57- 


3 


2 




1 


4 


5 


- 1 


^21 


43- 


• M 


1 


1 


• • 


1 


3 


- 2 


22 


33- 


1 


1 


• • 


• • 


1 


2 


- 1 


23 


21- 


• • 


1 


1 


• • 


• • 


1 


- 1 


TotAlfl 


169440- 


2,482 


2,482 


139 


139 
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With reference to the number of classifications of the cards, 1 
should like to see the following, but it is feared that I have pro- 
posed more labour than I shall conveniently be able to overtake : — 

1. The entire cards. 



2. TJe healthy ) ^^^ ^^ 

3. The diseased J 



4. The males 
6. The females 



> entire cards. 

6. With profits ) ^^^^^ ^^^^g^ 

7. Without profits J 

8. Those who have incurred risk of foreign climates. 

9. Those who have not. 

10. Above £1,000. 

11. Under £1,000. 

12. First year of assurance. 

13. Experience of each age at entry. 

14. Classification of the partial risks, in envelopes. 

I should mention, however, that I have seen it necessary to 
make a separate class of earls, honourables, or peers' sons, or 
others who are likely to change their names in the course of the 
statistical period ; and in the case of females it would be right to 
reclassify the cards according to the date of birth, although even 
that is not altogether a fixed point in a lady's history, but it may 
operate as a check against the double name to the same risk. 
Further, I would propose that the deaths be reclassified according 
to date of death, so as to make sure that no death has been 
counted twice — a matter of more importance than an open risk 
counted twice. 

There are other matters to which I might allude, but in the 
meantime I confine myself to one point, viz., the desirableness of 
making no comparisons with tables calculated by methods which 
might, in the mere matter of calculation, give different results. 
That the comparison of mortality be complete, every other point 
ought to be the same — method of reckoning the ages> method of 
tabulating the facts, method of interpolation, &c Overlooking 
these differences, a comparison may, of course, be made with any 
table, but it would be better if the tables were deduced by the same 
process. 
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On the Mortality in the United States of America, as deduced from 
the last Census, in 1860. By Samuel Brown, V.P.S.S., Vice- 
President of the Institute of Actuaries, 

[Read before the Institute, 26th February, 1867.] 

JlHERE is no country in which, from a combination of circum- 
stances, a census, if accurately taken, is more likely to afford novel 
and interesting materials than the United States of America. The 
marvellous progress of the nation, which, in the last 70 years, has 
increased in numbers from less than 4 millions to nearly 31J mil- 
lions in 1860, is alone sufficient to suggest changes in population^ 
in wealth, commerce, cultivation of land, means of transport and 
circulation, growth of towns, &c., which, if the facts were care- 
fully examined, would throw light upon many obscure questions 
in social and political economy, and even by the disturbance of 
their ordinary laws modify and correct the theories which have 
been mooted. 

But the question of population is more than sufficient for our 
present inquiry, whilst at the same time it stands at the head of 
all others for its importance and interest. I have, therefore, taken 
some pains to examine and analyze the volume showing the final 
exhibit of the Eighth Census of the United States, which was pub- 
lished last year at Washington, under the direction of the Secretary 
of the Interior. ' 

As far as regards the population and mortality, the preparation 
of the returns was committed to the care of Dr. Edward Jarvis, a 
distinguished writer on statistics, of great ability, and a Corre- 
sponding Member of the Statistical Society of London. Consider- 
ing the difficulties of his task, and the imperfections of his data^ 
which I shall have to point out, he has made the most of the mate- 
rials at his command, and suggested at least reflections on many 
novel topics worthy of further research. 

Population returns. — The schedules of population were obtained 
by 4,414 marshals, in the summer of 1860, at the houses of the 
families in the whole country. They were digested and put in 
order in the Census Office, and the tables then referred to Dr. 
Jarvis for his Report thereon. By him the facts were analyzed 
and new combinations formed. We conclude from this general 
description that the schedules were not filled up with the state- 
ments of the existing population on any given day or night ; but 
that the inquiries were conducted from house to house^ as was most 
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convenient to the officers^ in the course of the summer. This is 

a primary and important defect in the collection of the returns, 

for in a population so shifting and changeable^ very great differences 

might be found, even in the course of a few weeks, in the various 

States. It would be impossible to prevent individuals, and even 

Tvhole families in some cases, being enumerated twice or more 

times by different officials; and others, who may, move into a 

locality which has been already visited, being wholly omitted. It 

is possible that the omissions may balance the duplicate returns ; 

but a census should be a collection of facts, not conjectures. No 

doubt the difficulty would be very great of obtaining a simultaneous 

numbering of the people of a country of such vast extent and in 

many districts so thinly peopled, requiring often many miles to be 

traversed for a few isolated facts. But this is a mere question of 

expense, and of increasing the number of marshals; and the 

Government seems by no means niggardly in carrying out this 

great work, since the appropriation for the purpose, in 1860, was 

no less than two millions of dollars. 

Division into districts. — In order the better to compare the 
results, the whole country has been divided into nine large dis- 
tricts, arranged according to their geographical position and climatic 
character. They are as follows : — 

District I. Maine, New Hampshire, Vermont, Massachussets, Rhode 

Island, Connecticut, and New York. 

„ II. Michigan, Wisconsin, Minnesota, and Nebraska. 

„ III. New Jersey and Pennsylvania. 

„ rV. Ohio, Indiana, Illinois, Iowa, and Kansas. 

„ V. Delaware, Maryland, District of Colombia, Virginia, and 
North Carolina. 

„ VI, Kentucky, Tennessee, and Missouri. 

„ VII. South Carolina, Georgia, Florida, and Alabama. 

„ VIII. Mississippi, Louisiana, Arkansas, and Texas. 

„ IX. California, Oregon, Washington, New Mexico, Utah, 
Dacota, and Nevada. 

The United States extend from 25° to 49° north almost as far 
south as the torrid zone. In this vast extent of territory, with 
low-lying swampy lands on the coast and mountains thousands of 
feet high in the interior, in regions cultivated or in a state of wild 
nature, drained or moist, in plains exposed to winds or in sheltered 
valleys, under the burning sun of the south to the mild and some- 
times severe temperature of the north, every variety of climate, 
and, as regards the mortality, every disease that afflicts human 
nature may be expected to be found. In this arrangement of 
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districts the object has been to bring together such States as most 
nearly accord in their climates. Even then the range is great. 
In J,, Maine and New York, the range in the mean temperature 
is 75°; from 6° in January to 81° in July. In V., Maryland, 60°; 
from 24° in January to 84° in July. And in VII., South Carolina 
and Georgia, 50°; from 87° in December to 87° in July. 

Papulation in districts. — The following table shows the white 
and coloured population in the nine districts according to the 
Census 1860. (See next page.) 

By the last three columns will be seen the proportion which 
the coloured population (including in that term, as I understand 
it, blacks and mulattoes) bears to the white population in each 
district, the numbers given being the proportion to 10,000 males, 
10,000 females, and 10,000 of both sexes in each district. The 
smallest proportion is in II., Michigan, &c. ; and the larger pro- 
portion in VII., South Carolina, Georgia, Florida, and Alabama, 
where the coloured are not far short of equalling the white popu- 
lation in number, and in VIII., Mississippi, Louisiana, Arkansas 
and Texas, where they amount in number to nearly three-fourths of 
the whites. 

Increase of population in districts. — The districts, of course, 
differ very much in other respects in the nature of their respective 
populations, especially as to the ages into which the inhabitants are 
distributed. Some have been inhabited for more than 200 years, 
others have scarcely been settled for a few years, quite within the 
present generation. It is only in the fornier that we can look for 
the due proportion of people at all ages which are found in the old 
States of Europe, and then only if they do not continue to be 
disturbed by the admission of immigrants from Europe or from the 
other American States. If the immigration is numerous, there is 
naturally an excess of population in the manhood period of life. 
There the proportion of young children is small, and of aged per- 
sons, compared with the totals, smaller still. After a time, if the 
immigration ceases or diminishes, the early marriages of men in . 
the prime of life lead to a great and unusual proportion of infants 
and young children to the whole population; whilst the parents 
having entered the population not at birth but in advanced life, 
tend to increase the proportion of the older ages sooner than they 
would in the old populations of Europe. 

Some of the States have increased with extraordinary rapidity 
in the last ten years, both by immigration and by births from 
recent marriages, thus showing a great preponderance of numbers 
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in the early and middle periods of life. In others^ the youthful 
and middle-aged have emigrated to more promising fields of enter- 
prise^ leaving their children and parents behind^ and consequently 
exhibiting the very young and the older ages in relatively larger 
proportions. 

Again^ in what may be called immigration districts^ it is natural 
to expect that there should be found a greater proportion of males^ 
at any rate until the cultivation of his land, or the obtaining steady 
employment, allows the unmarried emigrant to feel that he is settled 
enough to support a wife and family, or, if he is already married, 
to bring them over from abroad. On the other hand, more females 
may be expected in proportion to the total inhabitants where the 
younger portion of the males emigrate from the district to cultivate 
new lands, or to push their fortunes in newly-rising localities. 

In a table which is given of the growth of population in each 
district in each decennial period of years since 1790, the numbers 
somewhat differ in 1860 from Table A, which I have given above, 
but not so as materially to affect the results ; and as the relative 
growth is more interesting than the actual numbers, the following 
table will suffice to show the rate per cent, at which each district 
has increased in the last 70 years : — 

B. — Hate per Cent, of Increase of Population of the United States, in 

Districts^ in each Decennial Period, 



Decennial 


I. 


II. 


m. 


rv. 


v. 


VL 


VII. 


vin. 


IX. 


Period. 




















To 1800 


34 


■ « 


31 




16 


199 


63 






„ 1810 


33 


• • 


29 


432 


12 


111 


31 


1,220 




„ 1820 


24 


• • 


25 


192 


10 


63 


45 


107 




„ 1830 


27 


255 


26 


83 


13 


43 


48 


57 




„ 1840 


20 


668 


26 


79 


2 


31 


33 


64 




„ 1860 


24 


191 


23 


47 


16 


33 


26 


120 




„ 1860 


20 


130 


27 


44 


14 


29 

1 


17 


83 


225 



This table affords the most singular results. We remark not 
only the rapid growth of population in the first 10 years after the set- 
tlement of some of the districts — as VIII., principally slave States, 
and lY., which commenced in the same period ; IL, which increased 
with two-and-a-half-fold greater rapidity in its second 10 years ; 
and IX., California, &c., which 20 years ago was not included in 
the census as possessing any inhabitants — but we also see the 
varying rate of progress of the different States in the last 10 years, 
from v., containing some of the oldest settled States, which has 



1867.] as deduced from the last Census. 277 

increased only 14 per cent., to IX., California and the new States, 
which in the same period has increased 225 per cent. District II. 
has continued at a very high rate throughout the whole period of 
40 years. 

The total white population at the census in 1850 was stated to 
be 19,553,068 ; in 1860, 26,956,962, an increase of 37-9 per cent. 
The coloured, including free and slaves, in 1850 was 3,638,808; in 
1860, 4,442,728, showing an increase of 22*1 per cent.; and on 
the total, from 23,191,876 to 31,399,690, the rate of increase was 
35'4 per cent. 

Population classed under ages. — ^The next most important in- 
quiry is as to the distribution of the population under ages. All 
the conditions of age, sex, colour, and periods of settlement, affect 
the diseases and. the mortality of different classes, so that it is 
necessary to distinguish them. But as the comparison can only be 
usefully made by reducing the relative proportions to a common 
standard, say 10,000, which Dr. Jarvis has taken, I have not 
thought it necessary to give the numbers at each period of age, 
except for the whole of the United States, distinguishing males 
and females, and white and coloured populations. 

The total number is given as 31,425,480, which differs from 
the number under districts, 31,399,690, by 28,790, and also in 
all the districts, and by a much larger number, from the table 
in which the increase -of population is shown, 30,705,290. In 
this table District IV. alone differs by more than 674,000, and 
District IX. by nearly 10,000. Table N also, which shows the 
growth of population in all the nine districts for the last 10 years 
only, differs from both these tables. There may be reasons for 
these discrepancies, but they do not appear in the Report. 

I have given the table as printed in the Report, to 10,000 of 
each sex, though I think the better proportion would have been 
for 10,000 of both sexes, as the ratio of males to females at each 
age would then be more easily seen. But I have added the actual 
total numbers from which these relative proportions can be deduced, 
as well as the actual numbers living at each age and of each sex, 
by anyone who desires to extend this inquiry and has not the 
original Report to refer to. (Table C.) 

This is a table which allows of several points of comparison of 
great interest. The district which shows the largest proportion of 
white children under 15 is VIII. (Mississippi, Louisiana, Arkansas), 
being 4,471 in 10,000. The one which shows the least, with the 
exception of IX., is District I., being only in the proportion of 
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3^446 in 10,000 of the whole population. District IX., California, 
New Mexico, &c., is wholly exceptional, comprising so many new 
scarcely-settled territories. Here the proportion of children under 
15 is only 2,792 in 10,000 of both sexes, but the number of female 
children is so greatly in excess of the males, that whilst the former 
show a proportion of 4,333 the latter are only 2,088 in 10,000. 
But in this district, in the middle periods of life, the males vastly 
predominate in numbers, being from 20 to 50 — 6,925 males to 
4,264 females in 10,000 total population of each sex. 

In none of the other districts is there any such material 
difference in the numbers of the sexes at any of the periods of 
life. Under 15 the largest proportion of female children is in 
District VIIL, 4,666, where the male children under the same age 
are 4,301 in 10,000 ; and the smallest proportion of females under 
15 is in District I., 3,382, where the males under the same age 
exceed them in numbers, being 3,517 in 10,000. 

The same remark with regard to the District IX. may be made 
of the coloured population. The females under 15 are 3,105, 
whilst the male children are only 1,426, in 10,000 of each sex; 
whilst from 20 to 50 the males exceed the females in the propor- 
tion of 7,196 to 5,485 in every 10,000 of each sex. In actual 
numbers the disproportion is greater still, as there were only 1,402 
females to 3,077 males in the whole district. 

The total number of white males in the United States was given 
as 13,844,028, of females 13,112,934, showing an excess of males 
731,094, or 105-6 males to 100 females. 

In England and Wales only, at the census in 1861, the males 
were found to be 9,825,246, the females 10,380,258, an excess of 
555,012 females, or 94*65 males to 100 females. The total popu- 
lation of Great Britain was then found to be 29,031,164. 

The total males of the coloured population of the United 
States is given as 2,216,738, and females 2,225,990, showing the 
small excess of 9,252 females. 
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G (continnecl). — Population in 1860, classed undff 



WHin. 



Ages. 



Under 1 

1 to 5 

5 „ 10 

10 „ 15 

15 „ 20 

20 „ 30 

30 „ 40 

40 ^ 50 

50 „ 60 

60 „ 70 

70 „ 80 

80 „ 90 

90 „ 100 

100 & upwds. 



Actual No8. 



DUTBICT I. 



Hales. 



259 

1,062 

1,155 

1,041 

994 

1,777 

1,425 

1,021 

652 

388 

170 

44 

4 



3,441,151 



Females. 



258 

1,019 

1,113 

992 

1,050 

1,962 

1,395 

939 

630 

398 

184 

54 

6 



3,500,919 



n. 



Males. 



303 

1,310 

1,294 

1,080 

944 

1,748 

1,466 

943 

543 

262 

82 

15 

1 



902,708 



Females. 



331 

1,429 

1,402 

1,146 

1,053 

1,764 

1,303 

788 

454 

227 

72 

14 

1 



805,218 



IIL 



Males. 



304 

1,224 

1,316 

1,161 

1,024 

1,703 

1,311 

918 

561 

316 

124 

29 

2 



1,750,676 



Females. 



295 

1,204 

1,296 

1,134 

1,096 

1,830 

1,265 

844 

535 

320 

136 

35 

4 



1,745,282 



IV. 



Males. 



320 

1,308 

1,350 

1,190 

1,061 

1,796 

1,286 

816 

500 

254 

88 

19 

2 



Females. 



. 



3,176,693 



336 

1,365 

1,418 

1,218 

1,150 

1,796 

1,181 

743 

445 

235 

84 

19 

2 



2,949,285 



COLOUBBD. 



Under 1 
1 to 5 
5 „ 10 
10 „ 15 
15 „ 20 
20 „ 30 
30 „ 40 
40 „ 50 
50 „ 60 
60 „ 70 
70 „ 80 
80 „ 90 
90 „ 100 
100 & upwds. 



Actual Nos. 



224 

897 

1,087 

1,152 

992 

1,764 

1,490 

1,147 

664 

369 

152 

37 

13 

4 



34,897 



210 

839 

1,022 

1,023 

1,060 

1,922 

1,499 

1,087 

673 

385 

178 

67 

20 

6 



38,819 



291 

1,148 

1,269 

1,089 

884 

1,930 

1,607 

966 

521 

209 

61 

9 

4 

4 



4,387 



346 

1,333 

1,450 

1,213 

1,104 

1,961 

1,282 

732 

300 

155 

76 

35 



3,930 



259 

1,036 

1,238 

1,255 

1,074 

1,731 

1,266 

988 

614 

333 

139 

48 

10 

2 



38,785 



240 

986 

1,151 

1,145 

1,128 

1,931 

1,312 

959 

571 

328 

152 

61 

20 

8 



43,482 



281 

1,185 

1,360 

1,312 

1,078 

1,811 

1,196 

791 

533 

280 

110 

35 

13 

7 



28,894 



292 

1,180 

1,396 

1,304 

1,218 

1,843 

1,122 

780 

443 

246 

107 

45 

10 

6 



28,531 
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<i.ges, in Districts. — Proportion to 10,000 of aU Ages. 



White. 


V 


• 


VI. 


VII. 


vnL 


IX. 


Hales. 


Femalea. 


Males. 


Females. 


Males. 


Fexoales. 


Males. 


Females. 


Males. 


Females. 


301 


289 


327 


338 


316 


315 


299 


327 


199 


421 


1,248 


1,212 


1,318 


1,359 


1,290 


1,285 


1,311 


1,425 


751 


1,575 


1,381 


1,336 


1,407 


1,468 


1,463 


1,471 


1,438 


1,564 


648 


1,368 


1,269 


1,220 


1,263 


1,300 


1,373 


1,364 


1,253 


1,350 


490 


969 


1,066 


1,111 


1,059 


1,166 


1,100 


1,200 


983 


1,162 


489 


903 


1,694 


1,791 


1,837 


1,805 


1,742 


1,768 


1,881 


1,801 


3,232 


2,169 


1,203 


1,189 


1,233 


1,125 


1,113 


1,085 


1,318 


1,136 


2,736 


1,450 


850 


829 


767 


702 


750 


702 


832 


664 


957 


645 


629 


525 


452 


408 


464 


433 


429 


346 


346 


309 


298 


312 


226 


217 


261 


244 


186 


158 


113 


130 


117 


130 


81 


83 


93 


95 


50 


48 


25 


.38 


30 


38 


21 


22 


24 


27 


10 


12 


7 


12 


4 


5 


2 


3 


3 


5 


1 


2 


1 


3 


• -• 


• • 


• • 


• • 


• • 


• • 


• • 


• • 


• • 


» • 


1,174,875 


1,169,636 


1,460,103 


1,349,592 


758,544 


728,324 


775,983 


680,406 


403,295 


184,272 


COIOUBBD. 


273 


286 


313 


319 


284 


295 


262 


289 


130 


314 


1,319 


1,335 


1,421 


1,436 


1,389 


1,394 


1,283 


1,341 


549 


1,192 


1,472 


1,465 


1,569 


1,567 


1,463 


1,457 


1,362 


1,392 


442 


864 


1,465 


1,379 


1,492 


1,434 


1,420 


1,344 


1,270 


1,236 


305 


735 


1,117 


1,131 


1,163 


1,175 


1,116 


1,151 


1,091 


1,197 


377 


807 


1,662 


1,632 


1,725 


1,645 


N 1,760 


1,743 


1,996 


1,954 


2,504 


2,250 


1,047 


1,092 


1,013 


1,059 


1,101 


1,142 


1,241 


1,209 


2,920 


2,128 


711 


723 


622 


647 


716 


729 


800 


754 


1,772 


1,107 


473 


470 


385 


384 


390 


389 


393 


350 


760 


500 


294 


293 


197 


208 


238 


228 


212 


189 


165 


78 


113 


121 


66 


78 


80 


81 


58 


57 


61 


14 


34 


44 


20 


27 


24 


27 


17 


18 


9 


• • 


9 


14 


5 


8 


7 


8 


5 


5 


• « 


• • 


3 


6 


1 


4 


4 


4 


3 


4 


• • 


7 


559,275 


558,228 


317,075 


320,524 


682,803 


695,662 


547,545 


534,412 


3,077 


1,402 
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Dependent and productive ages, — One of the most important 
questions connected with the census is to ascertain what part of the 
population is to be found at ages dependent upon the exertions of 
others for support^ aud what part may be considered as adding by 
their labour or educated skill to the productiveness and wealth of 
the whole country. It is generally understood that in the United 
States, amongst the native population, the age at which children 
begin to be independent of the exertions of their parents is much 
earlier than in the old countries of Europe. This may be due to a 
variety of causes, but principally to the wide field opened for enter- 
prise, either in bringing uncultivated lands into use, and the early 
profits with which a rapidly-increasing population rewards such 
exertions, or in commercial and industrial pursuits, which for the 
same reasons raise the value of labour, whether skilled or natural, 
in the market, and tempt youth earlier into the active pursuits 
of life. 

We shall not be far wrong in assuming that from birth to 15 
may be called dependent ages, and though from 15 to 20 may be 
spent in acquiring the preliminary knowledge of a business or 
profession, it is only from 20 to 60 that on an average labour or 
skill will be found to produce an excess so as to contribute to the 
support of others, such as is implied in the maintenance and edu- 
cation of a growing family. No doubt there are individuals and 
whole professions and occupations which afford an excess of pro- 
ductive power after the latter age, but for the purpose of inquiry 
into the averages of a whole nation these limits of age are suffi- 
ciently wide for examining the distribution of the population. 

p. — Ratio in 10,000 of Poptdation of the United States in 1860 under 
20, 20 to 60, 60 to 80, and above 80 Years of Age. 



District. 


White. 


COLOUBSD. 




















Under 20. 


20 to 60. 


60 to 80. 


Over 80. 


Under 20. 


20 to 60. 


60 to 80. 


Orersa 


I. 


4,468 


4,901 


670 


54 


4,248 


6,125 


544 


76 


II. 


6,133 


4,526 


322 


16 


6,044 


4,670 


251 


28 


III. 


6,027 


4,483 


448 


36 


4,750 


4,691 


476 


76 


IV. 


6,354 


4,286 


331 


21 


6,303 


4,260 


372 


58 


V. 


6,218 


4,306 


428 


38 


6,623 


3,906 


410 


66 


VI. 


5,496 


4,168 


304 


26 


5,944 


3,739 


274 


34 


VII. 


6,668 


4,030 


347 


29 


5,668 


3,985 


313 


38 


VIII. 


6,538 


4,221 


222 


12 


6,360 


4,349 


259 


26 


IX. 


3,412 


6,426 


148 


10 


2,462 


7,339 


184 


8 


England .... 


4,504 


4,759 


679 


65 


France .... 


3,318 


6,623 


990 


67 










Belgium 


4,131 


4,973 


817 


76 










Sweden 


4,491 


4,723 


733 


62 
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In the older States on the Atlantic coast the proportion under 
20 is the smallest^ and between 20 and 60 the largest^ of all the 
States, except District IX. Here, as we have constantly remarked, 
the newness of immigration throws the greatest proportion into 
the middle and active periods of life. The largest proportion under 
30, and the smallest from 20 to 60, is found in Districts VI. and 
VII., in which likewise the coloured population gives similar 
results, but to a still greater degree, they being principally slave 
States. The inference we draw is, that the unhealthiness of climate 
and other social causes tell in these districts unfavourably upon the 
constitution at an earlier period of life, leaving a much smaller 
number to attain the productive and advanced ages of life. 

In the comparison added of some of the European populations, 
it will be seen that England and Sweden, with nearly the same 
proportion imder 20, both show a smaller proportion between 20 
and 60 than District I., the old Atlantic States of America, but 
a much larger proportion in the old-age periods. France, on the 
other hand, having a much smaller proportion under 20 than either 
any of the European nations or American States, shows a higher 
proportion than any between 20 and 60, and a still higher relative 
proportion at the advanced ages. 

In the whole of the United States the proportion of the people 
under 15 is given as 40*5 per cent., in England 35*4 per cent., in 
France only 28*7 per cent. ; and between 15 and 70, in the United 
States 58 per cent., in England 61*9 per cent., in France 67*5 
per cent. 

Military ages. — For the purpose of considering the defensive 
(we trust the term will always be more appropriate than the aggres- 
sive) strength of a nation, the proportion of the male population 
constantly living between 20 and 40 must be taken, not as imply- 
ing that all could be abstracted from labour to engage even for a 
time in military service, since even warriors must at least be fed 
and clothed, but as showing the usual limits within which the 
military strength of a nation is confined. It indicates, in com- 
parison with other countries, what are its reserves of force, and its 
power of sustaining prolonged wars. 

In the United States the actual numbers between 20 and 40 
were stated to be 5,030,981, or 8,137 in 10,000 of the whole 

16,060,666 
male population; but this includes the coloured population, of 
whites only it would be 4,390,418 =3,171 in 10,000. 

13,844,028 
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In England at the same ages, 4,686,667, or 4,703 in 10,000 

9,963,425 
males. In France, 6,450,561= 3,062 in 10,000 males. 

17,800,219 

Dr. Jarvis gives the numbers of the male population between 
20 and 40 in the late wars of the loyal States as 3,606,147, against 
825,400 of the disloyal States ; in which I presume he does not 
count the black population, though they are included in the first 
estimate of numbers at the miUtary ages. 

Foreigners. — One of the most striking peculiarities of the popu- 
lation of America is the large proportion of foreigners to be found 
at every census. This, in fact, and not the fertility or healthiness 
of the native population, is the cause of the extraordinarily rapid 
growth of the nation. In one sense the portion of population 
which comes from a foreign country may rather be considered as 
the sign of the growth and rapid increase of the country from 
which it comes, than of the newly-adopted country, since they 
spring from the former, and by their secession leave room for 
the labour and sustenance of a new population, by whom the void 
caused by emigration is rapidly fiUed. 

Almost every nation in Europe, and Asia too in great part, 
sends its representatives to the United States. In 1860 no less 
than 4,136,175 foreigners were found by the census in the different 
States, and there was scarcely a State which did not contain one at 
least of the natives of almost every country in Europe. There was 
no Russian in New Hampshire, no Spaniard in Arkansas, no 
Belgian and no Austrian in Delaware, no Wirtemberger nor Nor- 
wegian in Vermont ; but with these exceptions there were some of 
all classes of foreigners in each State. 

Migration. — ^There is also a constant migration from one State 
to another, not absolutely caused by want of means of subsistence, 
but by ambition to rise in life, and take advantage of the constant 
new openings which may be found in a country which, whether in 
agriculture, industry, or commerce, presents such incessant move- 
ment, progress, and change. In Colorado territory there were but 
312 in 100,000 persons born in the territory; 91,040 were bom 
in other States, 77,777 were born in foreign countries, 2 at sea, 
and 866 unknown. On the other hand, in North Carolina 95,866 
in every 100,000 were born in the territory, 3,604 in other States, 
only 498 in foreign countries, 1 at sea, and 29 unknown. 

In the whole of the United States in 1850 the number of the 
white population living in their native States was 13,540,832, or 
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76-6 per cent., leaving 28'4 per cent living out of them. In 
I860, 17,527,069, or 75*2 per cent., in their native States, and 
24*8 per cent, out of them. In England the proportion living in 
the counties in which they were bom, in 1851 was 75*1, and in 1861 
75*4 per cent. But there is a great difference between an English 
county and an American State. If the counties in each State of 
America were similarly examined, the proportions of those who had 
emigrated from one part to another would be found vastly increased. 

The migration of the native population is generally from the 
east to the west, from the older States to the new, as is easily seen 
by the rate of increase shown in Table B. 

Irish emigrants. — It is a singular result of emigration, that 
both the Irish and the Germans, who form together by far the 
largest proportion of foreigners seeking a new home in the United 
States, and who are, in their own country, generally small farmers 
or of the agricultural class of labourers, seem on their arrival gene- 
rally to change their occupation, and settle as labourers in com- 
mercial and manufacturing cities and towns. This may arise from 
want of sufficient capital to take and cultivate land, or from the 
high wages by which they are tempted where manufacturing labour 
is so scarce. The Irish emigration returns showed that 84*5 per 
cent, of Irish male emigrants above 15 years of age, and 92*1 per 
cent, of those under 15, and of the females 79*4 per cent, over 15, 
and 88*3 per cent, of those under 15, were connected with agri- 
culture. But on examining a table showing the ratio of American, 
foreign, Irish and Germans, in city populations and in the rest of 
the State, it is found that in the city of New York the Irish con- 
stituted 23 per cent, of the population, but only 12 per cent, of 
the population in the rest of the State ; 16 per cent of the town 
populations of Philadelphia, Alleghany, Pittsburg and B.eading, 
and only 4 per cent, of the rest of the State. 

Foreign immigrants. — The records of foreign emigration are not 

very complete from 1800 to 1820; but since 1819 the numbers 

have been officially published, and from that date to 1st June, 

1860, they are stated to be — 

Males 2,918,619 

Females 1,993,162 

Sex not stated . . . 48,408 

Total . . 4,960,189 

Of the foreign arrivals some, of course, proceed through the 
States to the British possessions in America and other parts ; but 
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it is only since 1854 that it has been ascertained that about 2*3 
per cent, of the males^ and 1 '3 per cent, of the females^ intended 
to proceed beyond the United States. 

Males. Females. Total. 

On 1st June, 1850, the number of 
foreign emigrants living in the 
States was found to be . . 1,239,434 1,001,101 2,240,535 

On 1st June, 1860, they had in- 
creased to .... 2,225,379 1,906,307 4,131,686 

From 1st October, 1819, to 31st May, 1860, upwards of 
5,000,000 of foreigners arrived in the United States ; and as almost 
every country in Europe, Asia, and Africa, contribute to swell this 
multitude, I subjoin the following interesting table of the nativity 
of the emigrants : — 

E., shoynng the Nativity of Foreign Emigrants to the United States from 

1819 to 1860. 



Goantry. 


Number. 


Cotuxtry. 


Number. 


Country. 


Number. 


England 

Ireland 

Scotland 

Wales 

GlBritain and ) 
Ireland . . . ( 

Total 

Germany 

France 

British America 

Prussia 

China 

West Indies . . 
Switzerland .... 
Norway and 
Sweden ... J 

Holland 

Mexico ...... 

Spain 


302,665 

967,366 

47,890 

7,936 

1,425,018 


Italy 

Belgium 

Sonth America. . 

Denmark 

Azores 

Portugal ...... 

Sardinia 

Poland 

Russia 

Central America 

Sicily 

Europe 

Madeira Islands 
Canary Islands . 

Africa 

Turkey 

East India .... 

Malta 

Greece 

Australia 

South Sea Islands 


11,202 

9,862 

6,201 

5,640 

3,242 

2,614 

2,030 

1,669 

1,374 

968 

660 

626 

314 

286 

279 

170 

127 

119 

116 

109 

79 


Sandwich Islands 
Cape Verde Is- ) 
lands ... .\ 
Asia 


79 

29 

27 

22 

19 

17 

10 

9 

7 

6 

4 

4 

4 

3 

2 

2 
180,864 


Persia 

Liberia 

St. Helena .... 

Iceland 

Corsica 

Society Islands. 

Morocco 

Egypt 

Barbary States . 
New Zealand . . 
Isle of France . . 
Cape of Good ) 

Hope ) 

Algiers 

Not stated .... 

Total aliens 


2,760,874 

1,486,044 
208,063 
117,142 
60,432 
41,443 
40,487 
37,733 

36,129 

21,679 
17,766 
16,248 


5,062,414 



Dr. Jarvis states the number of emigrants who arrived in the 
ports of the United States from 1st June, 1850, to 1860, with the 
intention of remaining, as — 



Males 
Females 



Total 



1,526,848 
1,107,092 

2,633,940 



In the English Census, 1861, the number of emigrants who left 
Great Britain in the 10 preceding years is stated to be 2,249,355 ; 
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of whom 194,532 were foreigners, and 1,230,986 Irish. But these 
were not all destined to the United States. 

Defects in registration of mortality. — However defective the 
collection of facts made by the marshals was as to the living popu- 
lation in 1860, it was greater still as to the registration of deaths, 
which it was intended to perfect for the year ending 1st June, 
1860. Mr. De Bow, the Superintendent of the Census for 1850, 
in his excellent summary of the larger Report, admitted that in 
that year the schedules were wholly unreliable, and could not fur- 
nish the materials for comparing the deaths with the living. Con- 
sequently no mortality table could be computed direct from the 
facts. In 1860 no greater success seems to have attended the 
effort. The Reports given in by the marshals are deficient on the 
very fi^ce of them. Some even appear to have thought the matter 
of no consequence as compared with the schedules of the living ; 
and whole counties and towns, both in 1850 and 1860, were 
returned without any death in the year. Some of the marshals 
were not intelligent enough to carry out their instructions. Others 
appear to have trusted to their memories, and recorded the facts at 
leisure. Even where they were honest, faithful, and painstaking, 
the difficulties were great enough. Some families might have been 
dissolved as households by the death of the father or mother, or 
both, and no one was there to record the family events. If the 
parents were living, but away, a boarder or visitor, or servant or 
neighbour, might be called upon to answer, and what accuracy 
could be expected in reports so obtained ? Who, also, would take 
the trouble to respond for the deaths of strangers, or for those 
which had taken place in taverns, boarding houses, or on ship- 
board ? 

Again, we have the treachery of memory to add to the other 
liabilities to error. Except in the case of parents answering for 
their children, the deaths that took place from 3 to 6, 9, or 12 
months before might be wholly omitted, or placed in the wrong 
month, or attributed to the wrong cause. Thus the whole Reports 
appear to be totally unreliable, so far as it is desired to form an 
accurate table of mortality from them direct. 

The deficiencies vary much in different States. Those in which 
the largest number of stationary families are found naturally afford 
their returns most complete. But the mortality differs from 1 in 
228 in Washington territory to 1 in 48 in Arkansas. In Massa- 
chussets, where a proper registration has been in force for 17 years, 
the reported deaths do not differ very much from those furnished 
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by the local authorities. But even here it is admitted that in 
some localities the officials report only such births and deaths as 
they happen to hear of. Mr. E. J3. Elliott^ a very able writer on 
these subjects^ thinks that only 166 out of 331 towns^ just one- 
half the number^ gave reliable accounts of the mortality. The 
registers^ however^ seem increasing in accuracy by degrees. In 
1855, 1-84 per cent., in 1860, 1-96 per cent., and in 1863, 2-22 
per cent, of the calculated population in that State were returned 
as deaths, an increase which, it is argued, is not an increase in the 
actual mortality, but only in the accuracy and care with which the 
records are kept. 

Comparative mortality. — In 1850 the deaths amongst the white 
and coloured population were distinguished ; but in the present 
census no distinction of race, colour, or nativity has been made ; 
but the causes of death, the sex and age, are recorded for each 
district. The deaths are accordingly shown as returned, in a series 
of elaborate tables — the nomenclature of the diseases being reduced 
in the Census Office to 124 names, and classified under the same 
heads as Dr. Earr has used in his Reports of the English Census. 
This system, which is now extensively used on the continent of 
Europe, was introduced into America by the American Medical 
Association, in 1846, and forms the basis of classification of 
diseases for the Census Jleports of 1850 and 1860. 

Dr. Jarvis concludes that, however defective the actual returns 
of mortality may be, the omissions may fairly be considered as 
bearing in most particulars the same proportion as those that are 
known. Consequently he infers, that, out of a given number of 
reported deaths, the proportion occurring by certain diseases under 
or above certain ages in some localities may be compared with 
similarly-ascertained proportions in other places. Likewise that 
the proportions in months will allow of a similar safe comparison. 

But this manifestly depends on the living population of the 
compared districts being somewhat alike as to proportions existing 
at different ages. The diseases which afflict childhood, manhood, 
or old age, are markedly different. There cannot be a better 
exemplification of this fact than the records of the Gotha Life 
Office in Germany, in which the deaths and diseases at all ages 
have been so carefully analyzed by Mr. Neison, in the Statistical 
Journal, vol. xiii. Unless, therefore, the compared populations 
have nearly similar proportions of numbers living in childhood, 
youth, manhood and old age, and also the due ratio of the sexes to 
each other, an excess of mortality by one class of diseases may 
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depend, not upon an unusual rate of death, but to there being a 
^eater number living liable to such cause of mortality. 

We have already, in Table C, seen how widely the proportions 
living at di£Eerent ages differ in the enumerated districts, and I 
-will, therefore, only briefly refer the reader, and especially the 
medical reader, to the comparisons and conclusions which Dr. 
Jarvis draws from the tables, and proceed to examine the table 
which he finally gives as the only one showing the actual rate of 
mortality in the United States of America during the last decennial 
census period to 1860. 

Rate of mortality, 1850 to 1860. — The table from which alone, 
out of all the elaborate and carefully-prepared tables given in the 
Beport, the actual mortality in the whole of the United States 
during the decennial period to 1860 can be approximated, is not 
taken direct from the numbers of deaths reported by the marshals, 
but has been obtained by certain calculations and deductions from 
the two Censuses of 1850 and 1860. Assuming that the returns 
of the living are in both cases accurate, that there was no increase 
of the population by immigration, and no diminution of it by emi- 
gration, but only by death, in the two periods, the survivors of the 
population between each ten ages at one census will at the next 
decennial census be living between the ages respectively ten years 
older. The diminution from one period to the other would then 
be the deaths which have occurred in the interval, and thus an 
approximate rate of mortality may be obtained for the ten years. 

The white populations of the different States have been much 
influenced by emigration and by migration from one to another 
during the period in question. As between the North and the 
South the interchange of the native population is considered to 
have been so nearly equal, and the compensation so far complete, 
that, for the purpose of this deduction, each section may be 
reckoned upon having retained all its own children and received 
none from the other. Then with regard to the foreign immigrants, 
a careful analysis was made of those who arrived between 1850 
and 1860; their rate of mortality has been computed, and the sur- 
vivors separated from the total whites at the corresponding ages, 
thus reducing the numbers by the Census of 1860 to the survivors 
of those in 1850. 

But the Census of 1850 was manifestly incomplete at the early 
ages of life, as the computations by this process would actually 
show no deaths amongst those who were under 5 in 1850, and 
should be between 10 and 15 in 1860. Consequently, under 10 
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the ages in the table are whoUy omitted, and no comparison caii 
be made. 

Dr. Jarvis does not give the computations on the ages of the 
emigrants by which he arrived at the rate of decrement in the ten 
years, though he gives the final results, showing a mortality of 
2*815 per cent, amongst the male emigrants, and 1*453 per cent, 
amongst the females. With these explanations we must take it on 
trust, based on his experience in the comparison of facts, and on 
the earnest fidelity with which he has endeavoured to arrive at the 
truth. But we should have been glad of some information as to 
the ages and actual rate of mortality amongst the emigrants in the 
decennial period, so as to see by what process the number of 
survivors in 1860 was ascertained. The table used was the English 
Life Table, checked by further computations by the Irish Life 
Table. 

In regard to the coloured population these computations are 
unnecessary. None are amongst them, except those who were 
bom in the land, and very few indeed are stated to have left it, so 
that the comparisou of the coloured poptilations at each census 
suffices for the table on the principle explained. 

By taking the mean age of entering on the decennial period, 
and dividing Dr. Jarvis' numbers by 10, the average annual mor- 
taUty will be obtained in a form to compare with the mortaUty in 
England for nearly the same period. 

F., shomng the Annttal Rate of Mortality per Cent, in the White and 
Coloured Populations of the United States on the Average of the 
10 Years 1850 to 1860. 



Mean Ages. 


White. 


COLOUKXD. 


EMGLAHD, 10 YXAIB 

1851 TO 186a 


North. 


Soath. 


North. 


Sonth. 


Annual Ratx of 

MOBTAUTT VBB CT. 


Malea. 


Females. 


Males. 


Females. 


Males. 


Female& 


Males. 


Females. 


Male& 


Females. 


15-25 


•560 


•620 


1-007 


1-375 


• • 


• • 


1-169 


1-335 


-766 


•796 


25-35 


2-169 


2-470 


2-077 


2-455 


1-645 


2-143 


2-116 


2-197 


•957 


•993 


35^5 


1-330 


1-445 


1-883 


1-783 


1-828 


1-777 


1-905 


2-202 


1-248 


1-215 


45-55 


2-202 


2-001 


2-544 


2-556 


2-710 


2-718 


2-687 


3084 


1-796 


1-520 


55-65 


2-120 


1-866 


3117 


2-886 


3-541 


3-199 


2-955 


2-908 


3-086 


2-701 


65-76 


4080 


3-730 


5-014 


4-787 


5-081 


4-416 


5-891 


6-629 


6533 


5-866 


75-85 


6-480 


6-010 


6-862 


6-513 


6-288 


5-171 


6-503 


6039 


14-667 


13-434 


85-95 


8-730 


8*400 


8-660 


8-213 


7-118 


6-598 


7-044 


6-396 


31-008 


28-956 


95&upw^». 


9-100 


9-140 


8-591 


5-789 


5-789 


5-829 


4-696 


4167 







The most remarkable part of this table is, the much smaller 
decrement in each decade after 75 years of age amongst the 
coloured, both male and female, and both in the North and the 
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Souths than amongst the whites. Indeed^ in the original returns^ 
the proportion of blacks living to whites above 80 is so great^ 
whilst from 70 to 80 the relative number sinks suddenly^ that it is 
manifest the latter ages have been favoured at the expense of the 
decade after 70. The blacks living at 80 to 90 are given as nearly 
equal to the whites ; but at 90 to 100 the males are 2^ times as 
numerous^ and the females If timSs; and above 100 they are 
actually 11 or 12 times the number of the whites. 

In the Census Returns^ 1860^ the whites above 100 are given 
as 385 males and 542 females^ and the coloured with one-sixth of 
the same population as 799 males and 1^140 females above 100 
years of age. No doubt the marshals^ in their strict recording of 
facts stated to them^ have^ without further inquiry^ taken the com- 
mon phrase of the negroes, " most a 100'^ or " more than a 100/* 
as literally true. The common tendency of very old people to 
exaggerate their age expands to still wider dimensions amongst the 
imaginative blacks. 

The table above given is now, as far as the approximation, 
can be relied on, in the form in which it can be compared with 
European tables. Dr. Jarvis^s table showed, for instance, that of 
1,299,299 white males in the Northern States between 20 and 30 
in 1860, there were 1,041,191 between 30 and 40 in 1860 ; the 
difference or decrement being 258,108, or 19*86 per cent. 'in ten 
years on the former number. The rate of decrement given against 
these ages in his table is 21*69. The actual decrement on the 
mean of those two numbers living would be 22*06, whence we 
infer that, with some slight corrections, which have probably been 
carefully made, the numbers in this table divided by 10 would give 
the average annual mortality on 100 living at the mean ages 
between the two periods — that is, at 20, 30, 40, 50, 60, 70, 80, 
90, 100, or between 15-25, 25-35, &c. I have accordingly added, 
from the Registrar-General's 25th Report, the average annual 
mortality in England for the ten years 1851 to 1860, between the 
ages 15-25-35, &c., of males and females, above assumed, for 
comparison with the rate of mortality in America during nearly 
the same period of years. 

It will be remarked, that for the male whites in the North the 
rate in America is much above the English rate up to the age of 
55, whilst above that age it is so very materially less as to give rise 
to great suspicion of the real truthfulness of the results. For the 
female white population of the North the same observation applies, 
but even in a more marked degree, in the higher rate shown at the 
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ages of 25--85 ; and above the age of 55 the low rate of mortality 
is still more remarkable when compared with English female life. 

Amongst the whites in the South the rate at ages 25-35 in 
America is somewhat lower^ both amongst males and females^ than 
in the Norths but above that age considerably higher up to 85 ; 
'^ though it st3|j[ presents^ both amongst males and females above 65^ 
the remarkable feature of sh'owing a very much less rate of mor- 
tality at those ages than in England. 

In the coloured population of the North the rate of mortality 
amongst females is much less than amongst males in the North at 
the ages 55 and upwards; but it approximates much more nearly 
in the Souths whilst under 55 it is considerably in excess of the 
rate amongst the coloured male population of the South. But 
even in this class, though the rate of mortality is nearly double the 
rate of the female population of England at the ages below 55, it 
actually shows considerably less at the ages above 65. 

Considering the composition of the American population, and 

, the new conditions under which the laws of vitality prevail there, 

we might expect some anomalies in and some differences from the 

European rates of mortality. But these features of the table are 

too singular not to require more elucidation on another occasion. 

Many other important conclusions might be drawn from a 
minute examination and careful correction of the details furnished 
in the Report ; but I regret to think that the great bulk of the 
elaborate tables therein given are, in their present form, too defec- 
tive to afford safe grounds for argument of any kind. The attcQipt 
to collect the statistics of mortality even for a single year, by the 
census marshals, is clearly a failure, and probably under no circum- 
stances would be trustworthy. Perhaps if their inquiry was con- 
fined to the deaths within a month, and they were strictly enjoined 
to obtain the reports from every family or household, they might 
be sufficiently accurate for that brief period ; but the period itself 
would be too small for an average if converted into the corre- 
sponding rates for a year. The only resource is a much more 
minute and general registration, in all cases compulsory, of births, 
deaths, and marriages, as to age, sex, colour, and districts, and 
whether native or foreign, and especially as to emigrants arrived 
since the last census. 

If, then, the marshals at a future census were required to 
complete the enumeration in a single night, under the present 
heads of inquiry, the copies of the registration books would afford 
the means of elucidating some of the most striking problems in 
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population and in political and social economy on which at present 
we are almost wholly in the dark. The mortality amongst emi- 
grants and in the white and coloured populations, the effects of 
change of climate and occupation, of the quiet cultivation of land, 
of fevered life in cities, of the excitement of gold-mining or qA 
speculations, of early or late marriages, of people fleeing from 
poverty and misery to competence and sometimes sudden wealth, 
might all find some light thrown on them by a census so carefully 
conducted. It would be worthy of the wealth and enlightenment 
of the American nation to make the attempt, and it is not to be 
expected but that such a country would triumph over all the diffi- 
culties which would naturally attend it. These difficulties, we 
imagine, will stimulate rather than discourage them in effecting 
the improvements suggested, and in giving to their census the 
character which it ought to bear amongst the nations of the world. 



On the Construction of Tables by the Method of Differences. By 
Peter Gray, F.B..A.S., Honorary Member of the Institute of 

Actuaries. 

[Read before the Institute, 25th March, 1867.] 

Section III. — On the Construction of Tables in which the 
Characteristic Function is Rational and Integral, 

(85). We have now to apply the principles laid down in the 
previous sections to the construction of tables, first of rational, 
and secondly of irrational, functions. It is only formations of the 
class last mentioned that are of real importance. A little previous 
attention to the class first mentioned, however, is desirable, as 
affording an opportunity of elucidating, under elementary con- 
ditions, the arrangement of the work which is found most con- 
venient in practice. The present section will, therefore, be devoted 
to the formation of successive values of rational functions. 

(86). The operation by which successive values of a function 
are formed, when an initial value and its differences are given, is 
simply a reverting of that by which, when the requisite number of 
successive values is given, we thence deduce the differences. The 
differences being formed by subtraction, the successive values are 
built up, so to speak, by addition. Thus, take the example in 
(65), or rather its converse, and let the data be 

M,=1438, Aw,=541, AX=120, A»w,= 12, constant; 
then, arranging them in a line, we ascend to successive values of 
tta; as follows : — 

VOL. XIII. z 
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A3 


A» 


A> 


u 


12 


120 


541 


1438 




132 


661 


1979 




144 


793 


2640 




156 


937 


3433 




168 


109S 


4370 




180 


1261 


5463 



The first colamn is not filled up^ as it would consist of a mere 
repetition of the value at the top. The second is formed by con- 
tinuous addition to the initial term of the constant third difference; 
and the third and fourth are formed in like manner by continuous 
addition to their initial terms of the successive terms in the pre- 
ceding columns respectively. 

(87). From the manner of formation just described it is easy 
to show that the nth term in 
The first colamn is A^ 

second „ A^+wA^ 

third „ A^ + n A» + !^^2lll) A^ 

i. _x,- . , w(n— 1) , , n(«— l)(n— 2) , , 
fourth „ n, + w A» + A_^ a' + -^^ ^ J ^ A^, 

which (70) is equal to t^a;+». 

(88). The above may be generalized as follows : — If Uj, be a 
function of m dimensions in Xy then bH^x being constant, (60) we 
shall have — 

bTu^ =AX 



.o w(»— 1) ,, n(n — V){n — 2) ^ 
A^e/,+« =A1m, -t-nA^w, + Jl_J a3m,+ J^ -J^ -^A^w,+ ... 

that is, 

n(n— 1) , w(w— l)(w— 2) ,, 
^nb>u, +-i_JA»«,4---^— "2^1 -^A3w,+ ... 

or, more generally, 

the series being continued till the differences of u^ vanish. 
We shall have occasion for these results hereafter, 
(89). The operation in (86) may obviously be continued to any 
required extent. In its present form, however, it would soon 
become very irksome, and it is found expedient to arrange the 



W,r+« = W, 
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work in a different manner. The arrangement adopted is in- 
fluenced, of course, by the number of differences that have to be 
taken account of; and therefore, in exemplifying it, a commence- 
ment will be made with functions of the second degree, ascending, 
in this section, to those of the third. 

(90). -B^am/jfe 1.— Given f/-p=17^* + 22a?— 15; it is required 
to form a series of successive values of Ug^ when the initial value of 
X is 100. 

The following are the preliminary operations :— 

17 22 -15(1 17 22 —15(100 

89 24 1722 172185=Wioo 

56 



84 



89(1 
73 



,34 39(100 

3439=A«ioo 



34=AX=A'wioo 
On the left, using the operation in (62), we form the first and. 
second differences of Uj^y viz., Awa?=34ja?4-39, and A^Wa.= 34, con- 
stant j and on the right, 100, the initial value of ^, is substituted 
in Ug. and Aw^?^ giving Mioo= 172185, and Awioo=3439. (9). With 
these elements the required formation is effected, as follows : — 



100 



172185 
8439 



175624 
3473 



179097 
3507 



182604 
8541 



8 



186145 
8575 



110 



208105 
3779 



211884 
3813 



215697 
3847 



219544 
3881 



189720 
3609 



193329 
8643 



196972 
3677 



110 



200649 
3711 



223425 
8915 



227340 
3949 



231289 
3983 



204360 
3745 



208105 

3779 



8 



120 



235272 

4017 



239289 
4051 



243340 
4085 



247425 
4119 



120 


247425 
4119 


1 


251544 
4153 


.2 


255697 
4187 


3 


259884 
4221 


4 


264105 
4255 


5 


268360 
4289 


6 


272649 
4323 


7 


276972 
4357 


8 


281329 
4391 


9 


285720 
4425 


130 


290145 
4459 
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(91). Paper being prepared^ and suitably ruled in columns^ the 
successive values of the variable^ 100, 101, &c., are filled in as shown. 
The first di£ference, 3439, is then inserted on the second line, and 
the successive terms of this series are formed on the alternate lines 
by continuous addition of the constant second difierence, 34. 

(92). This addition is best performed by aid of a card of the 
form here shown : — 









: 34 







It may be made of thin card or thick cartridge paper ; and a slight 
degree of spring is communicated to the tongue by bending it back 
_at the dotted line, to allow the card to be slidden down, after each 
addition, without smearing the newly-written figures. The tongue 
is pressed down with the fore finger of the left hand, to bring the 
figures to be added into apposition ; and on its withdrawal after 
the addition is made, the tongue rises from the paper^ and the 
card is slidden down for a new addition. Many applications of 
the blotting paper are thus saved. 

(93). In using the card it is not necessary to form, by actual 
addition, more than the terminal portion of each term of the series 
of first difierences : the formation in this manner may be restricted 
to the number of figures that there are on the card. In the present 
example this number is two ; so that the operation with the card is 
simply the continuous addition of 34, neglecting carriages. We 
thus produce successively 73, 07, 41, 75, &c These are then, by 
the information derived from the first term, 3439, rapidly and 
unerringly expanded, first into 473, 507, 541, &c., and finally into 
3473, 3507, 3541, &c. 

(94). It seems hardly necessary to point out how the additions 
are carried forward from one column to the next. An extra differ- 
ence is formed, in pencil, at the bottom of each column, and is then 
transferred, in ink, to its place at the top of the next column. See 
the several columns in the example. 

(95). The series of first differences having been completed to the 
extent required, the first term of the principal series, t<ioo= 172185, 
is inserted in its place, and the remaining terms are formed by 
continuous addition. 

(96). Now as to verification. In consequence of the mutual 
dependence of the terms, it will suffice to check the several series 
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at intervals, by comparison of a term at each of the points selected 
for this purpose with the value of the same term formed by an 
independent process. The agreement of the terms so compared 
will afford sufficient presumption of the accuracy of the interme- 
diate terms. 

(97). If the series to be constructed be of no great extent, the 
verification values may be formed by Horner^s process, (9). The 
following is the operation for the principal series when the verifica- 
tion values are ten terms apart : — 



17 


22 
1722 
3422 


— 15(100 
172185=wioo 


17 


3422 
3592 
3762 


172185(10 
208105=Wno 




17 


8762 
3932 


208105(10 
247425=«,2o 



and so on. 

(98). But if the table to be formed is of considerable extent, it 
will be well to have recourse at once, for the construction of the 
verification values, to an operation analogous to that by which the 
series to be verified is formed. The operation now in view may be 
described as follows : — 

(99). In differencing an algebraical function we arrive at a 
constant difference, the order of which depends on the dimensions 
of the function. This has been proved (60), and we have seen it 
to hold, in the case in which the constant difference of the variable 
is unit ; but it is true also when the difference of the variable is 
any integer whatsoever. In this case we likewise arrive at a 
constant difference, and of the same order as in the first case. 
Hence it appears that we shall be able, by a process analogous to 
that in (90), to form a series the terms of which shall be equidis- 
tant terms of the series to be verified. The common interval 
between the terms will, of course, depend on the increment given 
to the variable. 

(100). A slight extension of our notation will now be necessary. 
When the increment of x is unity, the successive differences of u^ 
are denoted by A^i^a., A^M-p^ &c. ; and when the increment is other 
than unity, this will be indicated by attaching the increment to the 
symbol A. Thus, if the increment of x be «, the successive 
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differences will be denoted by Aj^w^, ^l^x> &c, ; and so also if the 
increment be 10, that is, if n=10, the differences will be denoted 
by A\^u^, A>;„ &c. 

(101). We will now verify the operation in (90) by forming 
the series whose terms shall be values of Ug corresponding to 100, 
J 10, 120, &c. The requisite differences are formed as follows: — 



17 



22 

192 
362 



-15(10 
1905 



340 1920(100 

35920 =AloWioo 



340 



1920(10 
5320 



3400=A?oWioo 

The above operations correspond with the preliminary opera- 
tions in (90). On the left, changing x into ^-f 10, we form 
A}ott^=840^4-1920, and AV=3400;* and on the right, by the 
substitution of 100 for x in A}oWa., we form 
AJottioo=35920. (9). The differences thus 
formed being used as in (90), we have the 
operation in the margin, and the terms 
formed are terms situated at intervals of 
ten in the series to be verified. 

(102). This series may itself be verified 
as follows : — 



17 



22 
1722 
3422 



-15(100 
172185=wioo 



17 3422 172185(100 
5122 684385=tt2oo 



(103). The series of first differences in 
the operation of (90) may be verified, ere 
commencing the final additions, by aid of 
the formula in (88), 

but it is unnecessary to exhibit the process. 

* The last step here may well be omitted, since it consists in adding 340 x 10 to 
1920, and then subtracting 1920 from the sum. The difference of a function of one 
dimension is, of course, the product of the first coefficient by the increment of «, 



100 


172185 
35920 


10 


208105 
39320 


20 


247425 
42720 


30 


290145 
46120 


40 

• 


336265 
49520 


50 


385785 
52920 


60 


438705 
56320 


70 


495025 
59720 


80 


554745 
63120 


90 


617865 
66520 


200 


684385 
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(104). In all cases the verification values ought to be formed 
first of all, and inserted in their places, so as to avoid interruption 
to the continuity of the main operations. 

(105). Example 2. — To form a series of successive values of 
tt^=486298 + 32060ar— 12j?^ the initial value of ^ being 10. 

-12 



-12 32060 486298(1 
32048 518346 
32036 



-24 



32048 
-24=A2m, 



10 


805698 
31808 


1 


837506 
31784 


2 


869290 
31760 


3 


901050 
31736 


4 


932786 
31712 


5 


964498 
31688 


6 


996186 
31664 


7 


1027850 
31640 


8 


1059490 
31616 


9 


1091106 
31592 


20 


1122698 



20 



8 



32060 
31940 



-24 

1122698 
31568 



486298(10 
805698=?/io 



32048(10 
31808=A»Wio 



1154266 
31544 



1185810 
31520 



1217330 
31496 



1248826 
31472 



1280298 
31448 



1311746 
31424 



1343170 
. 31400 



1374570 
31376 



30 



1405946 
31352 



1437298 



In this example A^m^. is negative, and in consequence the 
formation of the series of first difierences seems to consist of a 
succession of subtractions of 24. The series is more conveniently 
formed, however (the last two figures of it, at least), by successive 
addition of 76, the complement of 24 to a unit of the next higher 
denomination, and the preceding figures are easily filled in by 
inspection. 

(106), It is worth while to remark that A^w^p being in a state 
of diminution, it will ultimately become negative. At the same 
point Uj^ will begin to decrease, and will also ultimately become 
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negative. The first of these changes marks the passage of x through 
a valae which renders u^ a maximum^ and the second marks the 
passage of a through a root of w,=0. 

(107). Example 8. — To form a series of successive values of 
u,=zQa!^ + l^-^22x + l7, the initial value of x being 10. 



18 -22 

19 - 3 
25 22 
31 



17(1 
14 



13 
73 



18 



18 



44 
62 
80 



-3(1 
69 



36 



—22 17(10 

708 7097=ti,o 



44 —3(10 
224 2237=A»w,o 



36 62(10 

422=A5^Mio 



62(1 
36=A8«, 

A1m,= 18*2 + 44a?— 3 
A2tf,= 36X+62 

A»w.= 86 

(108). The above is the preliminary work for the formation of 
the differences^ Sec; and the following shows the construction of 
the first thirty terms : — 



10 

1 

2 
3 
4 
5 

6 
7 
8 

20 


2237 


20 
1 
2 
8 
4 
5 
6 
7 
8 
9 

30 


8077 


30 
1 
2 
3 
4 
5 
6 
7 
8 
9 

40 


17517 




10 
1 
2 
3 
4 
5 
6 
7 
8 
9 

20 


7097 
2237 


20 
1 
2 
3 
4 
5 
6 
7 
8 
9 

30 


52777 
8077 


30 
1 
2 
3 
4 
5 
6 
7 
8 
9 

40 


173057 
17517 


422 

2659 


782 
8859 


1 142 
18659 


9334 
^659 


60854 
8859 


190574 
18659 


458 
3117 


818 
9677 


1178 
19837 


11993 
3117 


69713 
9677 


209233 
19837 


494 
3611 


854 
10531 


1214 
21051 


15110 
3611 


79390 
10531 


229070 
21051 


530 
4141 


890 
11421 


1250 
22301 


18721 
4141 


89921 
11421 


250121 
22301 


566 
4707 


926 
12347 


1286 
23587 


22862 
4707 


101342 
12347 


272422 
23587 


602 
5309 


962 
13309 


1322 
24909 


27569 
5309 


113689 
13309 


296009 
24909 


638 
5947 


998 
14307 


1358 
26267 


32878 
5947 


126998 
14307 


320918 
26267 


674 
6621 


1034 
15341 


1394 
27661 


38825 
6621 


141305 
15341 


347185 
27661 


710 
7331 


1070 
16411 


1430 
29091 


45446 
7331 


156646 
16411 


374846 
29091 


746 
8077 


1 106 

17517 


1466 
30557 


52777 


173057 


403937 



The work consists of two portions^ of which the second is a 
repetition of the first (with certain changes), not necessary in 
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practice. On the line corresponding to «n^ A^io=422 is set 
down ; and the succeeding terms of the series of second differences^ 
458^ 494^ &c.j are formed^ in pencil^ by continuous addition (by 
aid of a card) of the constant third difference^ 36^ the last term 
being A^89=1466^ as may be easily verified by aid of the proper 
formula of (88). The first difference, A^Uio=2237, is now inserted, 
and by continuous addition, in ink, the entire series of first differ- 
ences is formed, down to A^U4o=80557, which may be verified as 
before. The pencilled second differences, for which there is no 
further occasion, are now to be rubbed out,* and t«io=7097 being 
inserted in its place, tin, Ui^y &c., are formed in succession by con- 
tinuous addition. The completed operation is shown on the right, 
it being understood that in practice this is all that is exhibited. 
It is formed upon the first skeleton, the successive values of ti^ 
occupying the lines left vacant by the erasure of the second 
differences. 

(109). The operation may be verified by the formation of 
selected terms, either in series, in the manner of (101), or by 
Homer's process, thus : — 

6 13 -22 17(40 . 

253 10098 403937=^40 

(110). Example 4. — Given four consecutive values of a func- 
tion of the third degree, as below. It is required to continue the 
series. 

It will be perceived that this example differs from those that 
precede in that here the data are the requisite number of consecu- 
tive values, and the form of the function is not given. 

Ai+ A*- A3+ 

Uq = 3289586 289674 9246 18 
«i = 3579260 280428 9228 
«2 = 3859688 271200 
«a = 4130888 

The elements for the construction then are — 

Wo = 3289586 
AS = 289674 
A^wo = —9246 
A^wo = 18 

in regard to which it is to be observed that A^ is negative. This 

* I may mention here that I find the best way of removing extensiye pencil writing 
is to rub it, both before and after using the India-rubber, with a piece of flannel or other 
woollen doth. The first application of the woollen, supposing the pencil used to be a 
good one, leaves little for the India-rubber to do, and the second most effectually 
removes the greasy feel that always remains more or less after the use of India-rubber, 
and restores the paper to its pristine state. 
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gives rise, of course^ to a modification in the working, 
tion of the first twenty terms is as follows : — 



[April 
The forma- 






289674 


1 


9246 
280428 


2 


9228 
271200 


3 


9210 
261990 


4 


9192 
252798 


5 


9'74 
243624 


6 


9156 
234468 


7 


9138 
225330 


8 


9120 
216210 


9 


9102 
207108 


10 


9084 
198024 



10 


198024 


1 


9066 
188958 


2 


9048 
179910 


3 


9030 
170880 


4 


9012 
161868 


5 


8994 
152874 


6 


8976 
143898 


7 


8958 
134940 


8 


8940 
126000 


9 


8922 
117078 


20 


8904 
108174 






3289586 
289674 


1 


3579260 
280428 


2 


3859688 
271200 


3 


4130888 
261990 


4 


4392878 
252798 


5 


4645676 
243624 


6 


4889300 
234468 


7 


5123768 
225330 


8 


5349098 
216210 


9 


5565308 
207108 


10 


5772416 



10 


5772416 
198024 


1 


5970440 
188958 


2 


6159398 
179910 


3 


6339308 
170880 


4 


6510188 
161868 


5 


6672056 
152874 


6 


6824930 
143898 


7 


6968828 
134940 


8 


7103768 
126000 


9 


7229768 
117078 


20 


7346846 



(111). Here A^Wo= —9246 is first inserted, in pencil, in the 

place to be finally occupied by Ui, and the succeeding second 

difibrences^ may then be formed by the continuous subtraction of 

A^Mo=18, A^Mo aJicl A^Mo having opposite signs. But a preferable 

mode of formation is by the continuous addition, by means of a 

card (92), of 82, the complement of 18 to 100, attending only to 

the last two figures, 28, 10, 92, &c. The preceding figures can 

then be filled in by inspection. And verification is obtained by 

(88), thus :— 

A2wi9=A2wo+19A3i/o 

= -9246 + 19x1 8= -8904. 

The first difference of Uq, 289674, is now inserted in its place, 
and, the signs being again opposite, the remaining terms of this 
series would seem to require to be formed by subtraction. This 
inconvenience (for such most, if not all, computers would feel it) 
may, however, be avoided, as follows : — Form, by the proper formula 
of (88), a remote term of the series, say A^M2o> thus : — 

Aiw20= AS + 20 A^wo +1 90 A^wo 

=289674-20x9246 + 3420x18 
= 108174. 
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This term will fall to be inserted immediately under A^^i9=8904; 
and, commendng^ at the bottom, the first differences may now be 
formed by addition. After a very little practice it will be found 
nearly as easy to add upwards as downwards. It is convenient in 
this operation to place a piece of blotting paper under the hand, 
moving it upwards after the formation of every two or three 
terms. The pencilled second differences are now to be erased, and 
1^0=3289586 being inserted in its place, the required formation is 
completed by continuous addition. Verification is obtained as 
follows (88) :— 

W20=t<o+20A»t/o+ 190A2mo+ 1140A»tto 

=3289586 + 20x289674-190x9246 + 1140x18 
=7346846. 

As in Example 8, I repeat the scheme of the operation, to 
show the appearance it assumes when the work is finished. 

(112). I have now gone as far as is necessary in regard to the 
construction of rational functions. I have entered on the subject 
only on account of the opportunity it affords for illustrating the 
arrangement of the materials operated upon which is found most 
conducive to facility and perspicuity; and I have gone as far as 
three orders of differences, which are as many as can be conve- 
niently dealt with in a single column. The mode of dealing 
with four and five orders will receive ample illustration in the 
concluding section, which will be occupied with the subject of 
irrational functions. 

(113). To avoid misconception, I desire here to say, that in 
the actual construction of tables of rational functions it will seldom, 
if ever, be necessary to have recourse to the formal methods I have 
exemplified. By careful investigation relations will generally be 
found to subsist, which will enable the desired construction to be 
effected by the expenditure of much less time and labour than 
would be requisite if the methods in question were made use of. 
Illustration of this remark is afforded by Mr. Laundy's Table of 
(Quarter Squares, the methods employed in the construction of 
which are described by the author in his Introduction, pp. ix, to xiv. 

(114). Further illustration is afforded by the specimen hereto 
appended, which I extract from the Mechanics^ Magazine, vol. xxii., 
p. 104. It is one of two pages there given as a specimen of a 
Table of Squares, by Mr. David Booth, who dates his communica- 
tion, ^^ Charlotte Street, Bloomsbury, Nov. 5, 1834.'^ It is well 
deserving of further publicity, on account of the ingenuity of its 
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[Afbii. 




Roots. 


0. 


1. 


2. 


3. 


4. 


5. 


6. 


7. 


8. 


9. 


TeiiDi 


3600 


1296 


18 496 


55 696 


112 896 


190 096 


287 296 


404 496 


541 696 


698 896 


876 096 


0000 


01 


296 


498 


700 


902 


104 


306 


508 


710 


912 


114 


7201 


02 


297 


501 


705 


909 


113 


317 


521 


725 


929 


133 


4404 


03 


298 


504 


710 


916 


122 


328 


534 


740 


946 


152 


1609 


04 


298 


506 


714 


922 


130 


338 


646 


754 


962 


170 


8816 


05 


299 


509 


719 


929 


139 


349 


559 


769 


979 


189 


6025 


06 


300 


512 


724 


936 


148 


360 


572 


784 


996 


206 


3236 


07 


301 


515 


729 


943 


167 


371 


685 


799 


699 013 


227 


0449 


08 


301 


517 


733 


949 


165 


381 


597 


813 


029 


245 


7664 


09 


302 


520 


738 


956 


174 


392 


610 


828 


046 


264 


4881 


3610 


1303 


18 523 


65 743 


112 963 


190 183 


287 403 


404 623 


541 843 


699 063 


876 283 


2100 


11 


303 


525 


747 


969 


191 


413 


635 


857 


079 


301 


9321 


12 


304 


528 


752 


976 


200 


424 


648 


872 


096 


320 


6544 


13 


305 


531 


757 


983 


209 


435 


661 


887 


113 


339 


3769 


14 


306 


534 


762 


990 


218 


446 


674 


902 


130 


358 


0996 


15 


306 


536 


766 


996 


226 


456 


686 


916 


146 


376 


8225 


16 


307 


539 


771 


113 003 


235 


467 


699 


931 


163 


395 


5456 


17 


308 


542 


776 


010 


244 


478 


712 


946 


180 


414 


2689 


18 


308 


544 


780 


016 


252 


488 


724 


960 


196 


432 


9924 


19 


309 


647 


785 


023 


261 


499 


737 


976 


213 


461 


7161 


3620 


1310 


18 550 


56 790 


113 030 


190 270 


287 510 


404 750 


541 990 


699 230 


876 470 


4400 


21 


311 


553 


795 


037 


279 


621 


763 


542 005 


247 


489 


1641 


22 


311 


555 


799 


043 


287 


631 


776 


019 


263 


607 


8884 


23 


312 


558 


804 


050 


296 


542 


788 


034 


280 


526 


6129 


24 


313 


561 


809 


057 


305 


663 


801 


049 


297 


645 


3376 


25 


314 


564 


814 


064 


314 


564 


814 


064 


314 


564 


0625 


26 


314 


566 


818 


070 


322 


574 


826 


078 


330 


582 


7876 


27 


315 


569 


823 


077 


331 


585 


839 


093 


347 


601 


5129 


28 


316 


672 


828 


084 


340 


596 


852 


108 


364 


620 


2384 


29 


316 


674 


832 


090 


348 


606 


864 


122 


380 


638 


9641 


3630 


1317 


18 577 


55 837 


113 097 


190 357 


287 617 


404 877 


542 137 


699 397 


876 657 


6900 


31 


318 


680 


842 


104 


366 


628 


890 


152 


414 


676 


4161 


32 


319 


583 


847 


111 


375 


639 


903 


167 


431 


695 


1424 


33 


319 


585 


851 


117 


383 


649 


915 


181 


447 


713 


8689 


34 


320 


588 


856 


124 


392 


660 


928 


196 


464 


732 


5956 


35 


321 


591 


861 


131 


401 


671 


941 


211 


481 


751 


3225 


36 


322 


594 


866 


138 


410 


682 


954 


226 


498 


770 


0496 


37 


322 


696 


870 


144 


418 


692 


966 


240 


614 


788 


7769 


38 


323 


699 


875 


151 


427 


703 


979 


255 


631 


807 


5044 


39 


324 


602 


880 


158 


436 


714 


992 


270 


548 


826 


2321 j 


3640 


1324 


18 604 


55 884 


113164 


190 444 


287 724 


405 004 


642 284 


699 564 


876 844 


9600 


41 


325 


607 


889 


171 


453 


735 


017 


299 


581 


863 


6881 


42 


326 


610 


894 


178 


462 


746 


030 


314 


598 


882 


4164 


43 


327 


613 


899 


185 


471 


757 


043 


329 


615 


901 


1449 


44 


327 


615 


903 


191 


479 


767 


056 


343 


631 


919 


8736 


45 


328 


618 


908 


198 


488 


778 


068 


358 


648 


938 


6025 


46 


329 


621 


913 


205 


497 


789 


081 


373 


665 


957 


3316 


47 


330 


624 


918 


212 


506 


800 


094 


388 


682 


976 


0609 


48 


330 


626 


922 


218 


514 


810 


106 


402 


698 


994 


7904 


49 


331 


629 


927 


225 


523 


821 


119 


417 


715 


877 013 


5201 
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arrangement, and the facility thereby afforded for the construction 
of the table, and its continuation to any extent that may be desired. 

(115). The page given contains 500 squares. The last column, 
headed Terms, (contraction for Terminations), contains on each 
line the four figures which are the common termination of all the 
squares upon that line. With this understanding the column 
headed contains the fifty squares (8600)^ to (8649)^, the column 
headed 1 contains the squares (18600)^ to (18649)^, the column 
headed 2 the squares (28600)^ to (28649)^ and so on. 

(116). Now as to the mode of construction, which is conducted 
in the present form. The first difference of x^ being 2a + 1, when x 
is 8600 this is 7201 ; and the constant second difference being 2, 
the terminal figures of column are formed by continuous addition 
to 0000, the terminal figures of (8600)^, of the terms of the series 
7201, 7208, 7205, &c. (neglecting carriages). The series thus 
formed, occupying the last column, each term of it belongs equally 
to all the squares on the same line ; for, the roots of each two 
adjoining squares differing from each other by 10,000, it is obvious 
that x^ and (a: + 10,000)^ have the last four figures common. Now 
mark the progression in the vertical columns. In column the 
increase is by and 1, according as there is an increase or a decrease 
in the leading figures of the last column. In column 1 the increase 
is by 2 and 8, subject to the same condition ; in column 2 the 
increase is by 4 and 5 ; and so on up to column 9, in which the 
increase is by 18 and 19. 

(117). It thus appears that a table of squares admits of being 
formed in this manner with great facility. It would, however, 
require verification. This would be obtained by addition of the 
several columns, the expression for the sum of a number of con- 
secutive squares being well known. 



On the Value of Annuities payable Half -yearly, Quarterly, Sfc. By 
Thomas Bond Sfbague, M.A., Actuary of the Equity and 
Law Life Assurance Society. {Part III.) 

IN order to complete the consideration of this question as far as 
it relates to a single life, I will now give some numerical examples 
showing the magnitude of the corrections, or the additions to the 
value of annuities when' payable half-yearly, as found from the 
formulse of Mr. Baily and Mr. Woolhouse. Those formulse will 
also be exhibited under some new aspects. 
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I will commence with the following demonstration of Baily^s 
formula. The difference between the values of an annuity^ when 
payable yearly and haK-yearly respectively, consists of two ele- 
ments : — the first being the interest gained on the sums paid in 
the middle of each year in which the life continues in beings in- 
stead of at the end thereof; and the second being the value of the 
chance of receiving an extra payment in the middle of the year in 
which the Ufe drops^ in consequence of the life dropping in the 
second and not in the first half. The annuity beings as usual^ 
supposed to be £1, when the annuity is payable half-yearly there 
is '5 paid in the middle instead of at the end of each year which 
the life survives ; and this payment at the end of the year amounts 
to '51/1 + i, and the excess of the value of this over the same pay- 

VTTt— 1 
ment made at the end of the year is ^ • The value of all 

such differences^ supposed to be payable at the end of each year 

t/I+7— 1 
which the life survives, is therefore a^ x 5 . The second 

element in the difference is the chance of receiving an extra '5 in 
the middle of the year in which the life drops. Now the deaths 
being supposed to be distributed uniformly, the chance of the life 
dropping in the second half of the year is exactly equal to the 
chance of its dropping in the first half: hence the value of this ele- 
ment is one-half that of '5 to be received in the middle of the year in 

which the life drops, i, e. = J • — ^ — • A^p. 

Hence the difference between the values of an annuity of £1 
when payable yearly and half-yearly is 



s «*H 1 — 'A.- 



It is easily shown that this agrees with Baily's formula ; for 

TTT 



since Aa.= -:; — r^, the above becomes 



/s/l+ 1 — 1 1 — ta, 
r a,+ 



Wl+i 



t \a. 



\n/1 + » 74 4N/l+t 
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V s/L + i /4 Wl + « 



=,^;+4-.)^^ 



Adding fl^. to this, we get Baily^s formula for the value of an 
annuity payable half-yearly. 

In the same way, the excess of the value of an annuity payable 
quarterly over one payable yearly, or the correction for an annuity 
payable quarterly, is seen to be 

{(i+0*+CH-0^+(i+0*~3}J' 



+ 



f3 (1+0* 2(l + e)i 1(1 +0* 



2(]-H0!a.^ii±!i:lA 

+ 4— J— ■*'i~T"P" 



A .4 

since if death occurs in the fourth quarter of the year, of which 
the chance is |, there is payable at the end of each of the first 
three quarters, £^, which payments together amount at the end of 
the year to 

j{(l+*)i+(l + t)4+(l + 0*} • • • • (0 

So, if death occurs in the third or in the second quarters, the 
chance of each of which is also J, there are payable sums which 
respectively amount at the end of the year to 

i{(i+0*+Ci+0^} (2) 

and j-(l + 0* (3) 

Multiplying each of these quantities (1), (2), (3), by the chance 
of receiving it (J), we get the value of the correction for the quar- 
terly annuity as stated above. This may, as before, be shown to 
be equivalent to Baily's formula, for it becomes 



{(l+0*+(l + 0*+(l+0*-3} j' 



l—ia„ 



+ {3(l+0*+2(l +.•)*+(! + «•)*} Y^^^ 
= {4(l+."Xl+t)*+4(l+»)(l + »)*+4(l + »)(l +»')*— 12-12» 

_3,-(i +.-)*-2.-(i +»)*-.•(! +•■)*} le^) 

= {(4+,-)(H-«)*+(*+2»Xl +0*+(*+3»)(l +0*-12-12i} 16^^ 
+ {3(l+.-)*+2(l+i)i+l}^ 



- 1 
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ji 



= ^ {(4+.-Xl+»)*+(4 + 2tXl + 0*+4 + 8.--.12(H-0*}o. 
lb 

I 
+ {3(H-O*+2(l+0^+l}^. 

Adding a^ to this^ we get Baily's formula for the value of an 
annuity payable quarterly. 

I have now to ^raw the reader's attention to the following 
table^ in which are exhibited the values of the correction for a 
half-yearly annuity^ as calculated by the formulae of Baily and 
Woolhouse, for the three rates of interest^ 3, 4, and 5 per cent.^ 
according to the " Experience^' table of mortality. 

Table showing the Addition to the Value of an Annuity when payable 
Half 'y early y according to the " Experienced^ Table of Mortality . 





• 








3 PSB Cnrr. 




Age. 


B. 


W. 


W-B. 


20 


•24752 


•24770 


•00018 


30 


•24741 


•24763 


•00022 


40 


•24726 


•24751 


•00025 


50 


•24709 


•24718 


•00009 


60 


•24689 


•24630 


-•00059 


70 


•24670 


•24412 


-•00258 


80 


•24654 


•23909 


- ^00745 


90 


•24640 


•22512 


-•02128 




4 n 


EB Cinr. 




Age. 


B. 


W. 


W-B. 


20 


•24692 


•24710 


•00018 


30 


•24678 


•24703 


•00025 


40 


•24660 


•24691 


•00031 


50 


•24634 


•24657 


•00023 


60 


•24605 


•24669 


- ^00036 


70 


•24576 


•24352 


- ^00223 


80 


•24550 


•23849 


-•00701 


90 


•24529 


•22452 


- ^02077 




6 PI 


EB CbMT. 




Age. 


B. 


W. 


W-B. 


20 


•24634 


•24650 


•00016 


30 


•24619 


•24643 


•00023 


40 


•24598 


•24631 


•00033 


60 


•24566 


•24597 


•00031 


60 


•24528 


•24508 


- -00020 


70 


•24487 


•24292 


-•00195 


80 


•24450 


•23789 


- -00661 


90 


•24419 


•22392 


- ^02027 
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Here the valae of the correction as found from Mr. Baily^s 
formula is put under the heading B^ and as found from Mr. Wool- 
house's formula under W; the difference^ or the error in Baily's 
approximation, being put in the last column under the heading 

W— B. The formulae used are B*= (v'v + -^ ^^)z "^ ^'' 

We might have foreseen that Baily's formula would give the 
values of the correction too lajpge for ages over 70. For it assumes 
that the chance of dying in the second half of the year is equal 
to the chance of dying in the first half, each being ^. But from 
the age of 72 upwards, the number dying in a year according to the 
Experience table of mortality continually decreases ; so that when 
the number dying in a portion of a year is calculated more accurately 
than by constant first differences, we shall have the number dying 
in the first half of each year after the age of 72, greater than the 
number dying in the second half. It will follow that the chance 
of dying in the second half is less than ^, or the chance of receiving 
the extra £^ is less than Baily's formula supposes. For ages below 
72, the contrary is the case; or the number dying in the first 
half of each year is less than the number dying in the second half; 
and the chance of receiving the extra £^ is greater than ^. As 
we consider successively younger ages, the influence of the latter 
portion of the table of mortality is felt less and less; until we 
reach an age between 50 and 60, when it is neutralized by the 
opposite influence of the portion of the table relating to the ages 
under 72. For that age, Baily's formula will be accurately true. 
We see also that in the case of a temporary annuity which does 
not relate to any age over 72, the value as formed by Baily's 
formula will always be too small. 

The values above given as deduced from Mr. Woolhouse's 
formula may be trusted, as I have shown already (p. 211), to the 
fifth decimal place — at all events, for ages not exceeding 80. From 
a consideration of these values we conclude that the common 
approximation, *25, is in no case correct to three decimal places, 
and at advanced ages is not true even in the second decimal place. 
We also see that Baily's formula, deduced upon the supposition of 
uniform decrements, gives values scarcely ever correct to more than 
three decimal places, and at advanced ages is almost as erroneous 
as the common approximation. 

We thus see what a great advance Mr. Woolhouse's simple 

VOL. XIII. 2 A 
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formula te on all that has been previoaily written oo tlie aubject 
Of 80 much importance does that formula appear to me, that I will 
endeavour still further to elucidate ita meaning before passing on 
to the consideration of the other problems aug^ested at the close 
of the second part of this paper (p. 228). 



Let a curve F Q R S . . . . Z be drawn, of which the i 
represents the age {x), and the ordinate represents v*/, , {i.e.H^, 
according to the usual notation]. 

Let Qp=it, pq=qr=r»= . . . =1, and let pq, qr, . . . be 
bisected in the points j),, $i, . . . Then 

Pp=D;, Qj=D,+i, Er=Di+„&c. 

Also Pii'i=I'M-lf Qi?i=D.+j. &C. 

The value of the annuity at age k is equal to -^ yt — ~—~ 
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or, au^-^ 

But since /^=1, the area of the quadrilateral PpQ? is equal to 

and that of the polygon P Q R . . • Zp is equal to 

Pp + Qy Q^ + Br Rr + S* 

2 + 2^2 ^"•* 






whence we see that 



polygon PQR.. , .Zp . 

«*= p^ i 

Again, the value of the annuity payable half-yearly is equal to 

2iy 

_ PijPj-f Qy+Qiyi+Rr+ 

2Pj9 

But the area of the quadrilateral F/jpiFi is equal to ppi 
X ^E±I}El = ^^^^ , and that of the polygon PPiQQ,R...Zp 
Py + P,;ii ViPi-hQq ■ 

_ ^ PiPi-fQy4-Qiyi-f.... 
"" 4 "^ 2 

whence the value of the annuity payable half-yearly is 

af»)= polygon PPiQQi ■ ♦ . > Zp _ 

P/> . 

Comparing these expressions for Ok and a^^\ we see that the 
common approximation of adding '25 for the value of the half- 
yearly annuity is equivalent to assuming that the polygon 
FQR . . . . Zp is equal to PP|QQi . • • . Zp ; t.^. the polygon 
PQR . • • • Zp is substituted for the curvilinear area. 

The problem of finding the value of an annuity payable half- 
yearly, quarterly^ &c., is thus seen to be essentially one of inter- 
polation. The ordinates Vp, Qq, Rr . . . . are known quantities; 
{ue. the values of D^, Dk^i, J)i^2 .... are tabulated); but the 

2 A 2 
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intermediate ordinates^ Fi/>i> Qi9ii • • • • (ai^d the intermediate 
values J)k-\-if Dit+|> &c) are not known^ and can only be deter- 
mined by some process of interpolation^ more or less accurate. 
The common approximation by which *25 is added to the value 

of the annuity^ is equivalent to supposing that Pij»i=-^-^ — -, 

Qi?i= ^ti — y Sec, or substituting the chords PQ, QR, • • • • for 

the curvilinear arcs. The various other methods of approximation^ 
— ^those^ for example^ by which the formulae of Mr. Baily and Mr. 
Woolhouse are obtained^ and that employed by myself in the second 
part of this paper (p. 202)^ — are all equivalent to substituting 
for the arcs PQ^ QR^ RS .... some other curve lines whose 
equations are known^ and the ordinates of which can be calculated 
with any required degree of accuracy. 

According to Baily's method^ we suppose the number alive at 
the age k-\-a!, where x is less than unity^ to be 

80 that 

The curve indicated by this equation passes through the points 
P and Q ; but does not otherwise coincide with PQ. It may be 
shown to be always convex to the axis of absciss^^ or to lie below 
the straight line PQ. For the ordinate of the straight line corre- 
sponding to the age k+xis 

and the curve fixed by Baily's method will lie above or below the 
straight line according as 

r*+'{ ( 1 - x)l, + xl,^i } > or < ( 1 - xyi^ + xv'^H.+i 
as <^{ ( 1 — *)^* + ^^*+i } > or < ( 1 —x)lj, + xvl^^i 

as (»*— rH+i > of < ( 1 — v')( 1 — a?)4 

> or <(l-tf)(l-a:X^*+,4-c4) 
as (l-a:-tr' + arvy»+i4-(l-t;'Xl— ^K< <>' >^ 

Now r»=e-«'=i— a^+ -^ ^ + 
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l^v'^hx" 






X* 

T 

2 






6 

6 
Px 






=t(^ 



f S ^ 



which is always poeitive, since x and S are both less than unity. 
Also (1— t;')(l— a?) is always positive. 

.-. (1— «— r'+art;)44.i + (l— f;*)(l— a?>4>0, 

and it follows that Baily's curve lies always below the straight line 
PQ^ or is convex to the axis of x. 

The figures given above show two forms which the curve may 
assume. In the firsts the curve is throughout convex to the axis. 
In the second, the curve is originally concave to the axis, and there 
is a point of contrary flexure, W, where the curve becomes convex 
to the axis. 

When money is supposed to bear no interest the curve will 
have the second of the above forms, the point of flexure occurring 
in the Experience table, at the age 72, when the number dying in 
a year is a maximum. In that table, the number dying in a year 
steadily increases from the age of 15 to that of 72; and from the 
latter age, steadily decreases. In the Carlisle table, on the con- 
trary, the number dying in a year increases and decreases several 
times ; and to each maximum and minimum corresponds a point 
of contrary flexure in the curve. 

But this will not necessarily be the case when we introduce the 
element of interest. In order that the curve may have a point of 
contrary flexure, we must have the second difference of xflgc change 
sign. Take the differences of vi'lgg, as follows : — 



ffl. 






tr^i/.+i— 2t/'t + t;-i/^i 



In order that the second difference may change sign, we must 
have /;r+ 1 "" 2(1 +t)(p + (! + ») ^4. -1 change sign, t.«.. 



or 
or 
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So long as d^Kd^^i this will always be positive, and cannot 
change sign. The first condition, therefore, necessary for a 
change of sign, is that d^ shall be ></«.i, or that the number 
dying in a year shall increase as we take higher ages. Hence in 
the Experience table, the point of flexure, if there is any, will be at 
an age less than 73. Now in the Experience table, dg---dg^i 
is a maximum for d?=62. At that age 

rf,-c?,.i=74, /.. 1=54,275, J^i=1770. 

If now we take a low rate of interest, say 1 per cent., so that 
f=01, wehave 

iVi + 2/cf,. I =5-4275 + 35 •40=40-8275, 

and is therefore less than d^^dg^i. In thia case, then, the func- 
tion changes sign, and there is a point of contrary flexure at some 
age between 62 and 72. But if we take a higher rate of interest, 
as 2 per cent., 

t«t.i + 2idL+i=21 -7100 + 70-8=92-51, 

and is now greater than dg—dgg^x. In this case we may therefore 
expect, although the reasoning is not quite conclusive, that there 
is no point of contrary flexure. In fact, an examination of the 
"D column'' as given by Jenkin Jones for the three rates of 
interest 2^, 3, and 3^ per cent., shows that to be the case, inas- 
much as D^.i— D^ continually diminishes as x is increased. 

In the Carlisle 3 per cent, table, on the contrary, D,.|— D^^ is 
a maximum at the ages 73 and 61 ; and a minimum at the ages 
71 and 58 ; and there is therefore at each of those ages a point of 
contrary flexure. 

In the demonstration of the formula for the value of a half- 
yearly annuity given by Mr. Woolhouse (vol. xi. p. 320) and by 
myself (vol. xiii. p. 208) it is assumed that the curve touches the 
axis of X at the point Z. This is implied in Mr. Woolhouse's 

'd\\ du 

assumption that ( -^ ) =0; and in mine that the values of ^, 

^-j , &c., vanish at the extremity of life. 

But this is not necessarily the case. For example, take 
De Moivre's law of mortality : and let the number (y) living at 
any age or, be C(N— a?) ; or C(85— -«). Then 

y=C(N-^) .-. J«-C. 



18670 
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In this case then, neglecting interest, the mortality curve 

reduces to a straight line, cutting the axis in the point Z, at an 

angle whose tangent is C, 

Also, 

\dv C 1 



Idy 
y dx 



C(N-4r) N— X 



As X increases up to N— 1, this increases to 1 : then as x fur- 
ther increases from N— 1 to N, /ic increases from 1 to oo. This 
at first sight appears an anomalous result, since the chance of dying 
in any assigned time can only be unity ; but when we approach the 
extremity of life, we can take an age as close as we like to the 
extreme age which none of the lives actually attain, and the pro- 
bability of dying in the following small interval is certainty. This 
being true, however small we take that interval, fi must increase 
without limit and ultimately become infinite ; for, /uSr being the 
proportion which die in the small time So?, and the limit of this 
being unity when So? vanishes, the limit of fi must be oo. 

In the general case we have 

where 8=loge(l-f i)=— loget?. At the extreme age in the table 

(^), /,=0, and (^j =:t?'/i ; which w^ill not vanish unless 5=0. 

It will be found that this is not generally the case ; but its value 
will almost always be very small. Taking as before the Experience 
table, difference as follows the numbers living at successive ages. 



X 

100 
99 
98 
97 
96 
95 
94 
93 
92 
91 
90 
89 



4 



1 

\ 

13 

37 

89 

184 

389 

570 

892 

1319 

1864 



^1 

1 

3 

9 

24 

52 

95 

loo 

231 

322 

427 

545 



Afi Ae 



2 

6 
15 
28 
43 
60 
76 
91 
105 
118 



4 
9 

13 
15 
17 
16 
15 
14 
13 



5 
4 
2 
2 
-1 

— 1 

— 1 
-1 



— 1 
-2 

-3 






-1 

2 

-3 

+ 3 







A? As 



-3 
—5 
+ 6 
-3 




- 2 

+ 11 

- 9 

-f 3 



Denote the leading differences here by e?i, d^y d^, &c«, so that 
di^l, <^=2j &c. ; then if ^ be measured from the extreme age 
(100) we have by the ordinary formula of interpolation 
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*joo-»=*ioo+«Oi+ — 2 — ^"^ 0"3 

We proceed as follows in order to determine the angle at 
which the curve representing the number living at any age cuts 

the axis of a, ue. to find the value of I -^ Ixw-x ) o^ "^loo* 
We have 

hw^M— lm _ . 4. izl^ (a?— lXa?-2) . 
X * 2 ^ 2.3 ^ 

. (a;^lX^-2X^-8) , . 

-^ 2Xi ^4+...- 

and making a?=0, the limit of ^^^''^""^'^% t.^., -/{oo, 

--^1-2+3 "4 "^6 "6 ■*"•••' 

In the case of the Experience table, taking the first six differences 
as found above, 

7'-l 1_L.^ ^ 1 1 

""12 30 ""20' 

If we took two more differences, we should get a positive value 

of /loo* 'I^his indicates that the curve of mortality cuts the axis of 

a; at a point between the ages of 99 and 100; or that all the lives 

die. before attaining an age which lies between 99 and 100. In 

consequence of /« not being generally zero at the extremity of life, 

the formula ^ 

m*— 1 «t^ — 1, ^. 

will not be accurately true. The amount of the error is however 
very small, except at very advanced ages. Its value will be con- 
sidered more fully presently. 

I now pass on to consider the nature of the curve which is sub- 
stituted for PQ when we employ Mr. Woolhouse's formula; and I 
shall be able to show that the use of that formula is equivalent to 
substituting for each arc FQ of the true curve, the arc of a curve 
which touches PQ at the points P and Q, and of which the third 
differences are constant. 
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For this purpose^ it will be convenient to review the steps of 
the demonstration by which that formula was arrived at.' We 
start with the following formula^ u^ being any function of x (see 
p. 207) :— 



«« 



+ «Wl + W|,+2 + 



a+a 



I • . • 



+ w»-i + 



2 =/. "^ 



dx 



+ 12 



1 f/rf«x\ f^'i 



\dx 










(4) 



The formula will be more symmetrical if we put l^tf for u^ 
instead of 4+1^^ as is done in the passage referred to. And Igif 
being the quantity tabulated for integral values of x under the 
heading D^^ it will be convenient to adopt the latter notatioft ; also 

for brevity put D; for (4, Da;) , and Di'' for (^D^) , &c. 

Putting then l^if, or P^^, for u^ in the above equation ; and 
making a equal to k, and b equal to z, — the extreme age in the 
table of mortality which none of the lives actually attain — {e,ff. in 
the Experience table^ ;2;=100) — ^the first member of the equation 
becomes ^D^ + D^+i 4- D*+3+ . . . +D,_i or D*(J 4- «*), and we get 



D*(H«*)=/'d^+ ^(^'-^i) - T^^^'"-^*") + • • • • 



(5) 



Next put /a-.v*" for u^ iii the equation (4), and make a 



m 



equal to mk, and b to mz, then tlie first member Becomes 
iD* + D4+L + D;fc.!^4- +D^-L or 'DiCk + ma^'^^) ; and we get 

"" 720 [[d^ ^'JfnT (^ ^=Lj 



+ 



ssm f D^ 



and dividing by m, 






720m» 



(d:-d';) 
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ML-'^'^^'y/j'^^ 



12m» 720m* 

Now subtracting (5) from thin, we have 



+ ... 



and 



720m* 

+ . . 



"^ =''»+"2;;r+-iw-*-i5: — 720^'— dT""^ •••• 

It will be shown presently how the values of D'jt, D'i' • . . may 
be found from the tabulated values of D^. 

Mr. Woolhouse's approximation is equivalent to 

For D'* = (~/,r'^^=/,logr.r* + /'*t;*5 and ^* = logi?+^ 
= —(S +/!*). But a more correct approximation will be 

since, as already stated, D'« is not zero generally, although its 
value is very small. This formula would be strictly correct if 
D'i'-D7=0, DI-D;=0, &c.: i.e. if the third differences of D^, 
were constant from the age k to the end of the table. But this is 
not an admissible supposition, since it will not be generally pos- 
sible so to fix the differences that over a long series of years the 
third differences may be constant. It will almost always be found 
that if the differences are so fixed as to make the substituted curve 
coincide closely with the original at certain points, it will at other 
points depart widely from it. But this may be done for a short 
distance without material error, as for example between any two 
consecutive ages x and ^+ 1 ; and we will now consider the effect 
of that supposition. 

Instead of commencing with the equation (4) we take the fol- 
lowing more general one : — 

w« t'» 1 /•* , A , , , . 

+ 7^(".-«.) 

"l . • • • 
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Here let us make a= A:, £= A + 1. A= — ; and ti«=D- as before : 
then 

MM M ^ Jl 

■*" 12m 
TV" n'" 

720m« 

J • • ■ • . 

Now Mr. Woolhouse's approximation is equivalent to neglect- 

ing the term — 7^0-^3 * *^°d *^^1 ^^ following terms ; that is, to 

substituting for D^ between the values k and A + l^ a function ID^p, 
which has its third differences constant, and such that JD^rsD^^ 

B*+i=D*+i, B'*=D'a, BVi = D'*+i> so that we have the 
following equation accurately true : — 

,*+! TV TV 



iD|,+B»4i + BH-^+ . . . +B^-:l + iDik+i=m/'B»<&+— ^ 

MM M •^ i A^ 



12m 



But the values of U, can differ very slightly from those of Dj 
between the limits supposed ; so that we have very approximately 



Similarly 

and similar equations for each ag^, the last being 

Adding all these equations together, we get 

whence we get, as before, 

2m 12/u' D4 
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In order still further to elucidate this point, I will now puraae 
the reverse proeess, and suppose a curve drawn from F to Q of the 
nature above described, and inTestigate its properties independently. 

Thus, let us assume, x being 
less than unity, that 
Wt*,=w.+Ai+Bx»+C*» . . (7) 
Then, differentiating, 

t/»+.=A+2B*+8C*». 

Making jr=0, x=\, sncces- 
sively, we get from the supposed 
conditions 



Hence 


= A 


«»+i="»+A+B+0, 


«'»+i=A+2B+3C 






B+C-=t^— Mj— 


«■» 






2B+3C= 


Sl^^, — ,/^, 




from which 


we 


find 










B = S«t 


,_3b,_«', 


+1-2"'. 






C=~2u, 


.+2«i+«'* 


+i+«i- 



Then substituting for A, B, C, in (7) these values, and collecting 
the terms, we have 



Integrating, we get 






ywnv£r=i.,(«-«3+ |^)+«, 


.(-- 


-i") 


, (x* ZiS sct\ 
and 


+t^»+ 


.(-^ 


/".t^=iK+«...)+A< 


«'.-«->.,) 


Again, making :r=l, |, ^. 
equation (7), we have 


m 


— 1 


K=i". 






».,!=«.+Ai+Bi; 


+ C- 


■3 



luccessively in the 



1867.] payable Half-yearly, Quarterly, tfc. 321 

2 4 8 

^ m tnr mr 



Adding these equations together^ we have 

(♦» — lX2«n — 1) ,_ „ , „ , V 

+ ^ ^ i(3«t+,-8«i-«'n.,-2«'») 

+ ^"^^ (-2m»+i + 2«»+tt'.+i +«'») 

Writing down the corresponding equations when k+1, k + 2, 
• . . z—1, are respectively substituted for k. 



• 



i«^i+«,-i+L+ . . . +«^J =2 '*''"^'^"12^^ •"^"""•^' 



and adding all these together, 

12m 






whence 



«l"^-«*= -s~ + 



f»— 1 wi^ — 1 u\--u\ 



* 2m ^ 12m2 w^ ' 



which is the approximate formula (6) already founds ut being here 
put for Djt. 

The preceding investigation suggests an improvement upon the 
ordinary method of interpolation when constant third differences 
are used. 

VOL. XIII. 2 B 
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Let P, Q, R, S, be four points in any curve, the ordinatee of 
vbich are equidistant, so that pq=qr=rs; and let it be required 



to interpolate betven Q? and Br any number of ordinates pro- 
ceeding by constant third differencea; then the ordinary method 
of interpolation (which was pursued by myself on p. 202) is equiva- 
lent to substituting 'for QR a curve Une of the third order, which, 
when continued in both directions, passes through P on the one 
side and S on the other. Instead of this, the substituted curve, 
according to the preceding process, has the same tangents as the 
original curve at the points Q and R ; and may be expected to 
coincide more closely with it. * 

If constant fifth differences are used, the coincidence can be 
made .still more complete by substituting for QR a curve of the 
fifth order whose equation is 

»M^=«. + A* + Bi» + Ci:» + Di* + E*>, 

where A, B, C, D, E, are determined by the conditions that Bt+ii 
v't, u't-ti) ""t, u't+i, are to be the same in the substituted as in the 
original curve. 
Thus we have 

w',+,=A + 2B« + SC«»-|-4Di»+5E** 
tt"*„=2B+6Ca:-l-12D4^ + 20Eir*, 

and making ^=0 and «=1 successively, 

Ufc^i=A-|-B+C+D+E 
"'» =A 

«", =2B 
tt';4.,=2B+6C+12D+20E 
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— five equations^ from which the five unknowns may be found 
without difficulty. 

It is here supposed that the values of Ug are given for a series 
of equidistant points^ corresponding to the values of x, k—rt, 
k'-(r—l)t, .... *— 2f, k—ty k, * + /, k-{-2t .... and that the 
values of u\, w'/t+i, w'i, u'i+i, are found from these values of u^ by 
means of the formula given by Mr. Woolhouse, vol. xi., p. 68, to 
which I have already several times referred. 

I now proceed to examine as to the magnitude of the neglected 
m«-l D', 

*^™ " 12^-d;- 

We have 'Dg.=lgif, 
Putting z for Xy since 7^=0^ 

and — ^= ~ =t;"*- — . 

Now we have seen that in the Experience table /',, i,e. /'loo = — ^V* 
If we put A =90^ and take interest at 3 per cent., 



10 






7440 9 
1319 



X ffxr 



I) 100 



and -tV ^ = +-00000236. 

Similarly, putting i=95, we get 

_^ pSoo _8626 ^ 
^^ D95 12 X 89 X 20 ' 

and we see that the value of the term is insignificant except for 
ages over 90 ; and we may in practice safely rely on the values as 
given to five decimal places by the formula 

I will conclude with an example of the method of finding the 

values of D'*, D7, &c., from the tabulated values of D*, Di+i, &c. 

Taking the Experience 3 per cent, table, as given by Jenkin 



324 On the Value of Annuities, [April, 1867. 

Jones, making A =85, and differencing the values of D^g, we get, 
using the notation of Mr. Woolhouse, as followed in p. 210, 

oo=- 109-63972 
co = - 1-63248 
00= -19548 

yo= -32359 






70023 



whence — = — -24903 

D'" 
and =r^ =--003871 

Now D,=t?'/-r, 

.-. D',=16g,r.t;'/,+»'^ 
and — =log,t7+ Y =— c— A*,. 

Similarly it may be shown that 

Thus then, referring to p. 211, it will be seen that we there 
found the value of - fp^ to be -24905 and that of - ^ to be 

J-'SS 1^85 

-003820. It will be noticed that these values coincide closely, 
though not exactly, with the values there found by a widely different 
process. An exact coincidence is not to be expected. 
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In the following pages I shall have frequent occasion to avail 
myself of a term which the progress of the analysis of life contin- 
gencies has rendered indispensable^ but which is not found in any 
of the standard elementary works in that science. I think, there- 
fore, that I cannot better commence this paper than by an attempt 
to give an explanation of the expression ''force of mortality/' suffi- 
ciently ample to obviate any difficulties which might otherwise be 
experienced on this score. 

In the subjoined table L^ denotes the number living at age ^ 
in a mortality table, and AL^ the difference corresponding to an 
increment of A^ in the age — in this case 10 years. The other 
characters will be explained further on. 





V 


A V 


1 AL« 


Ls — L*+i 


1 dU 




a?. 


Lx. , 


- AL,. 


Lx ^ 


U 


L« dw 


X. 


(1.) 


(2.) 


(3.) 


(4.) 


(6.) 


(6.) 


(7.) 


20 


9626-100 


754-934 


•00784 


•00776 


•00775 


20 


30 


8871-166 


818-836 


•00923 


•00875 


•00872 


30 


40 


8062-330 


998-874 


•01241 


-01108 


•01097 


40 


60 


7063-466 


1370-060 


•01942 


•01663 


-01626 


60 


60 


6683-406 


1918-892 


-03376 


•02919 


-02868 


60 


70 


3764-614 


2190060 


-06818 


-06826 


•06780 


70 


80 


1674-464 


1360-662 


-08678 


•12310 


•12614 


80 


90 


223-902 


221-368 


-09887 


-26824 


-28647 


90 


100 


2-634 


2-634 


-10000 


-49913 


-66266 


100 



VOL. XIII. 



2 c 



826 On the Law of Mortality. [July 

The second column then^ headed h^, contains the nambers 
living at successive decennial intervals of age; the third ( — AL^) 

shows the decennial decrements; the fourth ( — j—'-r-^J gives 

the ratio which the average annual decrement of each decennial 
period bears to the number living at the commencement of the 

period ; while the fifth column ( -^-y — ^^ j exhibits the series 

known as the rate of mortality — i.e., the ratio of the number 
actually dying in one year to the number living at the commence- 
ment of that year. 

Thus, out of 9626-100 persons living at age 20, 754-934 die 
before attaining the age of 30 — which is at the average rate of 
75*4934 per annum. Dividing this last by 9626-100, we have 
•00784 for the ratio which the average number of annual deaths 
bears to the number living at the commencement of the decennial 
interval. 

Comparing this with the corresponding number in column 5, 
we see that it is but little in excess of the rate of mortality for the 
least of the 10 ages included in the given interval — the rate of 
mortality at age 20 being -00775. The same comparative defi- 
ciency in the average annual proportion of deaths of the decennial 
interval will be observed upon comparing the two columns for the 
respective ages of 30, 40, 50, and 60. At the age of 70 and 
upwards, however, the deficiency in question becomes much more 
apparent — the average annual rate of decrease, during the 10 years, 
being then actually less than the rate of mortality for the youngest 
age of the decennial period ; and so rapidly does this go on, that 
at the age of 100 the former is little more than one-fifth of the 
latter. 

It is scarcely necessary to point out that this result is owing to 
the fact that as the numbers living are gradually diminishing by 
the e£fect of mortality, the number of deaths must also experience 
a corresponding diminution ; and the longer the interval between 
the ages observed, the greater must be the disturbance caused by 
this incessant reduction in the number exposed to the risk of death. 
My object, however, in calling attention to a phenomenon which 
must be sufficiently familiar to all who have given the least con- 
sideration to the subject, is to show how extremely inadequate the 
average annual number of deaths — taken for several years together 
— becomes as a measure of the actual intensity or force of the 
operating causes by which the decrements of lif^ are produced. 



) 
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Now, it will be observed that the function ^"7 ^"*'' (repre- 
senting the rate of mortality)^ of which the values are shown in 
col. 5, is of precisely the same form as the function — |^ • — r- * 



( 



or — Y" 'Tffjf f^^^ which the values in col. 4 are computed. 

For the latter is equivalent to ""^iTrr^^* which becomes identical 

with the former by substituting 1 for 10 as the increment of x. 
But it is evident that the same (pauses which render the series in 
col. 4 so imperfect a measure of the force of mortality must also 
tend (in a less degree) to make the series in col. 5 unfit for the 
same purpose. If^ therefore^ instead of making Ao? (or the incre- 
ment of age) =1 in the formula — j- *"a~^^ ^® make it a frac- 
tion (say *5^ for instance)^ we shall obtain a still better expression 
for the measure in question. And if we go still further^ and 
diminish Ax without limits we shall evidently get rid of the dis- 
turbing element altogether^ and thus obtain a perfect measure 
of the actual intensity or force of mortality at each age. 

This is^ in effect, the process adopted in the construction of 

col. 6 ; -j^ (which in the language of the differential calculus is 

called the differential coefficient of L^) being the limit of the ratio 
of the infinitely small decrement of L^ to the infinitely small incre- 
ment of Xy by which it is produced. The means by which the 
limit in question may be computed will sufficiently appear in the 
course of the following pages. 

The considerations to which I have thus ventured to call 
attention afford, I think, a sufficient explanation of the nature of 
the function known as the '' force of mortality,'' as well as of the 
reason for its designation ; and at the same time convey some idea 
of the importance which such a function is calculated to possess 
in the investigation of the nature of the law of mortality, and the 
analysis of life contingencies generally. 

I proceed now to establish some theorems in connection with 

the expression — j- • -j^, which will be of service to us in the 

sequel ; premising that when finite differences are used they are 
(unless the contrary be expressed) to be taken from the series L^, 
lij-^n, Lar+2n> &c. — in Other words, n is substituted for A«. 

2 c 2 
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JT 

I. The usual expansion of -^ in terms of the finite dif- 
ferences is (De Morgan^s Diff. and Int. Calculus. ^ p. 264) 

n . ^ =AL.-iA2L,+iA3L,- .... 

Transforming the second member of this equation into the system 
of central differences. (see Mr. Woolhouse^s paper on Interpolation^ 
Assurance Magazine, vol. xi.)^ we have 

dh, AL,4-AL... 1 A3L._, + A3L,.^ 



fi 



dx 2 2.3 2 

. 1.2- A5L,.2, + ASL,.3, 
"*■ 3.4.5* 2 

Hence^ neglecting third and higher differences^ we get for an 

approximate expression for the force of mortality ^s~t — ^~^ * 

If n be taken = 1, we have the formulae given by Mr. Woolhouse 
in his excellent paper above referred to. 

The following still more rapidly converging series may be used 
with advantage when the values of L;,+n:2^ I^;r+3»:s^ &c. (n: 2 

n 
denoting the quantity ^, Sec.) are contained in the table : — 

^ li =^L,.,;,- — A3L.,,.,,+ _ A5L,_5.:,- . . . .♦ 

II. If the force of mortality be denoted by F^, we shall have 
—dlAgg^lis^JLe. Now it will be shown further on, that whether 
a population be stationary or fluctuating — and by whatever law, in 
the latter case, the fluctuations may be governed — the ratio of the 
the annual average number of deaths, during a period of n years, 
between the ages v and v-\-ny to the mean or average population 
during the same period and between the same ages, is accurately 
represented by the formula 



-/ 



■'*'*'■ c^ 



dx 



f. 



ij^^Qj^.dx 

' 



where C^ is a function of x depending upon the nature of the fluctu- 
ations of the population during the period and between the ages 
observed, and which becomes a constant and disappears when the 

* The higher differential coefficients may be similarly developed. For instance, we 

, »«.<PLs, A«U-« 1 A^Lx-2 , ^ 1.2 . A«U,3» nf «. ^ T 

^^® o ~TT ^ — <r~" ~ oo ■ -A + oTT a ^^ course I4, 

1 da? 2 2.3 4 3.4.5 6 

may hert stand, generally, for a function of ae. 
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population is stationary. But from the equation — dLg. = "Lg^Jbs 
we have — d Lr+rCa? = Ih-^-t^v^x^aA^} a°d therefore — / — -7^ CJLc 

= / Lr+;pFv+«Cx£fcp. Now if P|,+-p be supposed constant between 
the limits of integration^ and equal to its value at the mean age v + ^n^ 
the second member of the last equation becomes V^^inl L^^gCj^, 
and we have 

_ Jq dx 

y^ K+,c,dx 

80 that the ratio of the average annual number of deaths to the 
mean population between given ages approximately represents the 
force of mortality at the mean age. 

III. Our opening remarks will have made it sufficiently appa- 
rent that the force of mortality expresses the rapidity with which, 
at any given instant of time, a body of individuals of a given age 
are diminishing by death. Being a function of the age it is inces- 
santly varying in passing from one age to the next, but it may be 
accurately defined as the ratio between the number living at the 
given age and the number of deaths which would take place in one 
year, supposing the force of mortality to remain constant during 
that period, and each vacancy arising by death to be filled up as 
it occurs by the substitution of a life of the same age. When 
speaking of the general mortality, irrespective of the particular 
causes, it may be designated as the ^^ total '^ force of mortality, to 
distinguish it from the " partial^' forces, by which latter term I 
propose to designate the ratio above defined, when we are con- 
sidering the deaths arising from one or more particular diseases only. 
The total force of mortality at age j; I have denoted by F^^, and 
similarly the several partial forces will be represented by F^^, 

f;,&c. 

IV. Let the total force of mortality in a given body of indi- 
viduals be composed of the two distinct and independent partial 
forces F, and F^ And as L^g denotes the number living at age of 
in a body subject to the total force of mortality, let L<p and L^ 
respectively represeqt the number living in a body subject to 
each one of the partial forces only. And let it be supposed that 
the decrement — Ah^ (corresponding to any small increment of 
time Ajc) ts^kes place at the commencement of the interval, and the 
decrement — AL«. at the termination thereof. Then the total 
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decrement of L« (supposing both causes of mortaKty to be in ope- 
ration together) will be 

^ " ^ AL', ^ /, AL'.^AL' 






L' 



^_L '^^'' ■ ^^'"^ ' ^ ^^'- ^' 






Now^ by taking Ax sufficiently small^ the supposition as to the 
time at which the decrements take place may be made as near the 
truth as we please. Let Ax be diminished without limits in which 
case Ajjjg . AL^ becomes infinitely small in comparison with AL, 
and Alt^gy and the term in which it is a factor may therefore be 
neglected without affecting the truth of the equation. Dividing 
the remaining terms by L^^ we have 

dhg dUg dLTg 

or f,=f,+f;. 

Hence^ generally the total force of mortality is equal to the sum of 
the several partial forces. 

V. Integrating both sides of the equation ^--j- = r/f + t nj > 

we have logL-p=logLx+logL'i+c, whence ^Ljr=L'xL'i. But a 
table of the values of gh^y and one of L^^ are^ for all practical 
purposesj, the same. From this it appears that if we have tables of 
\I„y \i'ggy lk%y fec.^ showiug thc numbers living at successive ages 
in several bodies of individuals^ each of which is supposed to be 
subject only to one given cause of death, we may construct a table 
of the numbers living in a body subject to all or to any given 
number of such causes by merely multiplying the number living at 
each age, in the separate tables, into each other. Henceforth, 
then, L-5 will denote L'^.L'i . . . 

VI. Representing by — A'L, the number dying from one par- 
ticular cause (viz., that corresponding to L'^^) out of L^. persons subject 
simultaneously to several causes of mortality, let it be required to 
find an expression for its value. The probability of a life aged v 
dying in the instant immediately following the expiration of the 
time X is found by multiplying the probability of the life surviving 
the period x into the probability of a life aged V'\-x dying in- 
stantaneously. We have, therefore, for the probabiUty required, 

•±£^ or — Y" 'L'i+,.rfL'v+;e, Integrating from .a?=0 
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to x=n, we have fbr the probability of the life dying within 

n years, from the given cause, — f~ /" I^'i+x- — t^-^^^> or — y- 

Lip*^ ax Lip 

^y li'jg-^dxy and multiplying by L^, we find that 



_A'L.= -/ 



n-.. ^i^'. 



<i^2;. 



•• dx 

Hence also - a''L.= - f^ll, . ^ dx. 

Jw dx 

Adding together the corresponding sides of these equations, the 

sums should be equal. Now fir^.dl/^^-ir-fl/^ rfL';=L',L';=L-p, 

and taking the limits x=zv to x=v-\-ny we get L„+„— L» or AL,. 

Therefore 

-.A'L.-A"L,= -AL„ 

the two members of which equation are evidently identical. 

The value of — A'L^^ may be deduced in a somewhat different 

form, for j^ ^, ^^* = "*"* ^^* dx. Integrating and multi- 

plying by L, gTves :."' 

hj^^dx, 

VII. The probability of dying (from the given cause) in the 
infinitely small interval of time dx being — y^ ' ^^ infinitely 
small decrement (— rf'L,) from the deaths resulting from this par- 

d\' 

ticular force of mortality, in the number L„ is — L^-^r^ or 
Jix^^dx. And from the equation —d'Jj^c^Y g^^g^dx we get 

Ij^YJby the result already arrived at by a 

different process in (VI.). 

VIIL From the equation — rf'La.=La.F'a.^ we get the approxi- 
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mate equation ^vJ^^n^-^-i^ — PTT — by the same process as that 

adopted in II. We see then that the theorem established in that 
article, viz., ^' That the average annual deaths in a given population 
(whether stationary or fluctuating) between the ages x and x^-n^ 
divided by the average number living between those ages, approxi- 
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mately represents the force of mortality at the mean age a + ^n/' 
is applicable as well to "partial^' forces as to the "totaP^ force of 
mortality. 

In establishing the preceding theory of partial forces^ it has been 
tacitly assumed that the numbers of the population are affected 
only by the births on the one hand and by the deaths on the other. 
But in all practical applications of the subject another important 
element^ viz. migration j, presents itself, so that it becomes necessary 
to show that the theorems hold good when that element is taken 
into consideration. 

Let Po denote the number of annual births — which we will 
first suppose to be constaiit — and of these let there be P» who will 
survive and remain in the country until the completion of n years of 
age. To simplify the case^ let us assume, in the first instance^ that 
there are no immigrants. Then if the law of mortality and migra- 
tion remain constant (varying only with the age) during the period 
required for a whole generation to become extinct, the population 
will then have reached the stationary state. The number thence^ 
forth annually completing the age x will be P„ and — AP, or 
P,— P,^i will represent the number annually disappearing by 
death and emigration between the ages a and ^' + 1. 

If, again, we take the case of a population increasing in geo^ 
metrical progression — by reason of the annual births exceeding the 
annual disappearances in a constant ratio to the existing population^ 
the numbers annually completing each successive year of age will 
be in the following proportions, viz., P^, P,+ir~*, P,+2'•~^ . . . 
where P^., P,+i, P,+a ... are the corr^poncling numbers in the 
case of a stationary population. 

And as in the preceding theorems relative to the decrements of 
life no supposition was made as to the nature of the law of mor- 
tality, it is evident that they must all hold good in the case of the 
Recrements resulting from death and emigration together— rwhich 
for the sake of distinction we may term the decrements of popula- 
lation. And further, as we have seen that by means of the theory 
of partial forces of mortality we may investigate the law which 
regulates the deaths from one or more particular diseases, notwith- 
standing that the population may also be affected by deaths arising 
from other diseases ; so we may with equal facility perform such 
investigations notwithstanding that the population may be affectecl 
by the disappearance of individuals by emigration, and this even 
although we may have no record of the number annually emigrating 
fit each age. 
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To complete the subject we have now to include the case in 
which tmmigration as well as emigration takes place. If we assume 
that at every age the emigrants exceed the immigrants^ the case 
has just been disposed of^ for the whole of the immigrants may be 
supposed to take the place of an equal number of emigrants ; and 
the effective force of emigration at each age is represented by the 
excess of the latter over the former. But it is evident, nevertheless, 
that emigration and immigration may also be considered as distinct 
forces, the one being a positive and the other a negative force ; and 
this consideration leads us naturally to the case in which the immi- 
grants may exceed the emigrants, which we may see is met by 
extending our conceptions of the force of migration as one which 
may be either positive or negative. 

This mode of treating the subject gets rid of the necessity of 
investigating separately the effect of migration, which Mr. Milne 
has done, in considerable detail, in his able and elaborate work on 
life contingencies; and also renders unnecessary the limitation 
which the eminent writer referred to has introduced in some of his 
theorems, viz., that the population subject to investigation shall 
not be affected by migration. (See Milne, articles 184 and 188.) 

We are now in a position to proceed with the investigation of 
the subject which forms the title of the present paper. 

The formula which I have already had occasion to bring under 
the notice of this Institute, as representing very closely the normal 
law of human mortaUty, is derived from a modification of Mr. 
Gompertz's simple and highly ingenious theory that the power to 
oppose destruction loses equal proportions in equal times. The 
modification which I propose to introduce consists in the limitation 
of the theory to a portion only of the partial forces of mortality ; 
and the assumption that the remaining partial forces operate (in 
the aggregate) with equal intensity at all ages. This modification 
will, I think, lose none of its claims to an impartial consideration, 
from the fact that it in no way interferes with the philosophical prin- 
ciple upon which Mr. Gompertz has shown his theory to be based : 
a feature which distinguishes his formula from all others which 
have hitherto been proposed, and which doubtless accounts for the 
favourable reception it has met with from the highest scientific 
authorities ; from those in fact best qualified, from their habits of 
thought, to distinguish the "general" from the '^particular" — the 
permanent and essential law from the temporary and accidental 
circumstances by which that law is obscured and modified. 
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From one or two qoarters, indeed, Mr. (rompertz's hypothesis 
has met with an opposition which I can account for only by supposing 
the existence of a vague suspicion that the hypothesis in question is 
nothing more than a mere abstract theory, not deriyed from experi- 
ment, but to support which, on the contrary, it is necessary to do 
violence to the facts supplied from actual observation. How much 
opposed such a suspicion is to the truth, the following extracts from 
Mr. Oompertz^s writings will testify: — "This equation between the 
number living and the age,'' he says in his first paper, "is 
deserving of attention, because it appears corroborated during a 
long portion of life by experience ; as I derive the same equation 
from various published tables of mortality, during a long period of 
man's life, which experience therefore proves that the hypothesis 
approximates to the law of mortality during the same portion of 
life ; and in fact the hypothesis itself was derived from an analysis 
of the experience here alluded to" And again, speaking of the 
modification introduced by himself, for the purpose of extending 
his formula to the whole duration of life, he says, after giving the 
result of his experiments, "And I consider the equation quoted 
sufficiently interesting for my endeavour to discover the cause of its 
existence ;" and further on he adds, " And contemplating on this 
law of mortality, I endeavoured to inquire if there could be any 
physical cause for its existence." 

These extracts prove conclusively that this eminent man fol- 
lowed no such erroneous method as that supposed ; but that, on 
the contrary, he confined himself strictly to the interpretation of the 
facts supplied by experiment. His method is in perfect accordance 
with the precepts of our great English philosopher, Bacon, of 
whose highly figurative and graphic style we are reminded by 
Mr. Gompertz's vnitings — a feature which renders their perusal 
quite refreshing in this oppressively logical age. 

In the supplement to the 25th Annual Report of the Registrar- 
General are given — (1) the mean population of England (in decen- 
nial intervals of age) during the years 1851 to 1860, (2) the 
average annual number of deaths from different causes during the 
same period, at the corresponding ages, and (8) the ratios of the 
latter to the former, which we have shown to be the approximate 
value of the several partial forces which together make up the 
aggregate or total force of mortality. We have here, then, the 
means of testing the value of the proposed modification of Mr. 
Gompertz's theory (so far as the necessarily uncertain nature of 
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the data will admit) by comparing the results with those dedaoed 
from the ihecay as originally propounded. 

The formula for F^^ according to Mr. Gompertz's theory^ is 
B^'. For this I propose to substitute A +B^, where A is the 
«im of certain partial forces which we assume tb be^ in the aggre- 
gate^ of equal amount at all ages. The quantity B^ may also 
eonsist of the aggregate of several forces of a similar nature. So 
that we may put 

where a + a+af'-^- .. . =A, and ft-hy-h6"+ . . . =B. 

I do Dot profess to be able to separate the whole category of 
diseases into the two classes specified — viz., diseases depending 
for their intensity solely upon the gradual diminution of the vital 
power, and those which depend upon other canses, the nature of 
which we do not at present understand. I apprehend that medical 
science is not sufficiently advanced to render such a desideratum 
possible of attainment at present. I propose only at present to show 
that there are certain diseases — and those too of a well-defined and 
8rt;rictly homogeneous character — which follow Mr. Gompertz^s law 
far more closely than the aggregate mortality from all diseases 
taken together. I shall then have given sufficient reason for the 
substitution of the form B5^+0(^) for the force of mortality in 
lieu of B^: the proof that the terms included in 0(.r) form, in the 
aggregate, a constant quantity, I shall leave until we come to the 
examination of data more satisfactory than the returns of population 
and the public registers of deaths. 

The two following tables are taken from the supplement before 
referred to. They give, first, the number of annual deaths (from 
all causes) to 1,000,000 living; and secondly, the number of 
annual deaths from certain specified causes to the same number 
living. The causes of death, as well as the ages for which they 
are given, have of course been selected as the most favourable 
exponents of the law of geometrical progression ; but it will be 
observed that the former embrace all the principal vital organs of 
the body, and the latter include the whole of the period from early 
manhood to the confines of extreme old age. 

The column headed ^' total force of mortality^^ should form a 
geometrical progression if Gompertz's law were applicable thereto* 
That it does not, however, form such a progression, is evident by 
inspection ; the rate of increase in the earlier terms being less than 
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50 per cent., and gradually increasing until it exceeds 100 per 
cent. A similar result is found in all the known tables when the law 
is applied to the total force of mortality, the remedy for which (in 
constructing mortality tables by Mr. Gompertz's formula) is usually 
sought in a change of the constants of the formula after certain 
intervals. It is this gradual but constant variation of the rate of 
increase in one direction, and the fact of its being uniformly found 
in all tables, that show unmistakeably that if the law itself be true, 
its application stands imperatively in need of some modification. 

Male Life, 1851-60. 



Ages. 


Total Force 

of 
Mortality. 


Paetial Fobcw of Mobtalitt. 


Lnngs. 


Heart 


Kidneys. 


Stomach 

and 

Liver. 


Brain. 


Sum of fire 
preceding 
Colnmns. 


25-34 
35-44 
45-54 
55-64 
65-74 


9,574 
12,481 
17,956 
30,855 
65,332 


772 

1,524 

3,092 

6,616 

13,416 


514 
1,002 
1,898 
4,130 
8,714 


174 
292 
471 
937 
2,453 


464 

890 

1,664 

3,032 

4,837 


638 
1,180 
1,990 
4,097 
9,831 


2,562 

4,888 

9,115 

18,812 

39,251 



Female Life, 1851-60. 



Ages. 


Total Force 

of 
MortaUty. 


Paetial. Fobces of Mobtalitt. 


Lnngs. 


Heart 


Kidneys. 


Stomach 

and 

Lirer. 


Brain. 


Snm of five 
preceding 
Colnmns. 


25-34 
35-44 
45-54 
55-64 
65-74 


9,925 
12,147 
15,198 
27,007 
58,656 


582 

1,049 

2,062 

5,027 

11,016 


603 
1,118 
2,064 
4,558 
8,916 


109 
151 
212 
317 
485 


570 

937 

1,608 

2,967 

4,692 


532 

872 

1,681 

3,818 

8,905 


2,395 

4,127 

7,627 

16,687 

34,014 



The modification which I have suggested, viz., there are certain 
partial forces of mortality (how many I do not pretend to say) 
which increase in intensity with the age in a constant geometrioed 
ratio, while there are also certain other partial forces which do not so 
increase, may be tested by an examination of the six columns which 
follow that of the total force above referred to. The tendency to 
a geometrical progression is more or less apparent in all of them ; 
the average rate of increase being such that the force of mortality 
somewhat more than doubles itself in 10 years. 

It should be observed that, in addition' to the diseases of the 
particular organs specified, other diseases of a kindred nature are 
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also included under each of the above five partial forces. Possibly 
if more detailed information were accessible^ we might be able to 
trace the geometrical character during a still more extended period 
of life. This^ at leasts I find to be the case in reference to one 
particular disease, viz., bronchitis, which in the preceding tables is 
included in the class of ^' lung diseases.'^ Now it. so happens that 
the deaths from bronchitis alone, for a long series of years, are 
given in the 26th Annual Report of the Registrar-General, from 
which the materials for the following table are taken. The number 
living is supposed to be 100,000, instead of 1,000,000 as in the 
two preceding tables. 



Ages. 


1848 TO 1854. 
(7 Yraka.) 


1855 TO 1857. 
(3 Teajis.) 


1858 TO 1863. 
(6 Yeabs.) 


Males. 


Females. 


Males. 


Females. 


Males. 


Females. 


15-26 
25-35 
35-45 
45-65 
65-65 
65-75 
76-85 


8 

17 

42 

107 

259 

589 

1,027 


9 

16 

34 

85 

218 

625 

906 


9 

21 

56 

133 

333 

801 

1,463 


9 

22 

45 

112 

316 

697 

1,325 


9 

22 

69 

161 

379 

876 

1,614 


9 

21 

50 

126 

351 

834 

1,479 



In the preceding examination of the results of the Registrar- 
GeneraFs returns of deaths, I have confined myself to the object 
of proving that Gompertz's law is traced much more distinctly in 
the deaths arising from certain specified diseases, than in the 
deaths arising from all causes together. If I have succeeded in 
this object (and I think it can scarcely be denied that I have suc- 
ceeded), I have justified the introduction of an additional term in 
the formula representing the total force of mortality ; but I have 
as yet brought forward nothing to show that such additional term 
is a constant in respect of the age, and varying only with the 
peculiar characteristics which distinguish different sets of observa- 
tions from each other. 

The several observations, however, which I now proceed to 
examine, if they do not enable us (like the former) to test par- 
ticular terms of the function referred to, yet they will nevertheless 
afibrd a very satisfactory criterion of the complete expression. Not 
only, therefore, do they form by themselves (on account of their 
unquestionable accuracy and trustworthiness) ample evidence of 
the truth of the supposed law of mortality, but they also supply 
the deficiency, above adverted to, in the preceding investigation, as 
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regards the requisite proof of the constancy of the term repre- 
senting the aggregate of the remaining partial forces of mortality. 

Commencing with the very valuable observations on the 
"Peerage FamiUes^' (both sexes), I find, by dividing the entire 
period of Ufe into intervals of 14 years — neglecting, however, the 
first — ^the following results : — 

logLu= -99034 ^,^^„ 
^ — -05068 

logL,8= -93966 _— 00716 

logL,,=: -88182 _ --02559 

logL56= -79839 _— 11395 

logL7o=j60101 __.gjQ^j —41273 

log L84= 1-99090 

The tendency to a geometrical progression in the four terms of 
the second order of differences is sufficiently apparent. In order, 
however, to show this more distinctly, I have devised the following 
method of correcting the series log L^ so that the four terms in 
question shall form a perfect geometrical progression. 

If the series consist of five terms, and consequently the second 
order of differences of three, the latter may be converted into a 
pure geometrical progression by substituting for the original series 
another of the following form, viz., 

logLo+;?, logL.— i>, logL^-j-p, logLj^— /i, logh^^+p, 

where ^ is derived from the equation 

^ ( Al)»-AjxA|. • 
^ Aj+2Ai + AL * 

This method, it is true, changes the value of the radix of the 
table, but I see no necessity for making a distinction between that 
and other terms of the series ; for in comparing the terms of the 
altered with those of the original series, the object is to ascertain 
their bearing with respect to the original series generally, and not 
to any one term in particular. Secondly, by the method adopted, 
the first differences (which are the logarithms of the probabilities 
of living n years) are increased or diminished by an uniform 
quantity; whereas by omitting the correction in log Lq, the first 
term of the first order of differences would be increased or 
diminished by one-half of the quantity introduced into the 
remaining terms. Lastly, the equation for p would be of the 
second order, instead of the simple one given above. 

* The differences are those of the functbn logL«. 
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Again^ if the series consist of six terms — in which case there 
will be four terms in the second order of differences — ^the required 
effect may be produced by substituting for log L« the series 

logLoH-(v— W7), logL,— (©—«?), logLa^+t;, logL,^— r, 
V and w being determined from the equations 



AC-B* , ^ A'Cr-B'2 
2w= :r:r — - and 8t7s= 



where 
and 



A + 2B + C A' + 2B' + C" 

A=AJ+Ai, B=Al-»-AL, C=AL+Ai„ 
A'=Aj+4«;, B'=Al, C=AL-4m^. 



Here again, by involving the corrections symmetrically, we 
obtain for the unknown quantities simple instead of complicated 
quadratic equations. 

Applying these formulae to the series at page 338, we have 
2tc;=-002651, and 8r= -007725. The transformed series there- 
fore becomes — 

logL\,= .989980 

logL'^= .940020 _ .,.23^ -007274 log=3.86177 

logL'42= .882786 '^^^ -"028128 log=2-44914 ^^^^^, 

® —.085362 ^ - -58733 

logL'«,= .797424 _ -108760 log=r03647 

logL'7o= -603302 ^,,^^, —.420572 log=rl-62384 



log L'84= 1-988608 



—-614694 



The logarithms of the third series, and their differences, show 
that the transformed series fulfils the required conditions. 

I have now to show that this result has been attained without 
a greater alteration of the original series than is warranted by the 
probable errors of the latter. In the following table the first 
column contains the age, the second the natural numbers corre- 
spopding to the original series log L,, the third gives the decre- 
ment (deduced from the original data) of the year immediately 
following, while the fourth and fifth contain respectively the trans- 
formed series (denoted by L',)* and the amount by which it differs 
from the original series in the second column* 

* Hitherto the accent has been nsed to distinguish the *' partial" from the *^ total** 
forces of mortality, but as we haTe now done with this branch of the subject, no con- 
fusion will be caused by using it to denote ^as it will be used henceforth) the corrected 
values of the function to which it is applied. 
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tt. 


W 


D.. 


L'.. 


U-LV 


14 
28 
42 
56 
70 
84 


97800 
8702-8 
7617-6 
6286-2 
3990-3 
979-3 


41-4 

69-8 

78-3 

150-3 

220-3 

162-2 


9771-9 
8710-0 
7634-6 
6272-3 
4011-5 
974-1 


+ 8-1 
- 7-2 
-17-0 
+ 13-9 
-21-2 
+ 6-2 


712-3 


72-6 



Comparing columns 3 and 5 together^ term by term^ we find 
that in one instance only (viz. at age 42) does the alteration made 
in the numbers living exceed one-fifth [*2171] of the corresponding 
yearly decrement ; while from the sums of the same columns it 
appears that the average alteration is little more than one-tenth of 
the average decrement. We may^ therefore^ say the limit of the varia- 
tion of the two series (cols. 2 and 4) is about one-fifth of a year. 

If we turn now to the original table of the '^ Peerage Families^^' 
we shall find that the series showing the annual rate of mortality 
at successive ages exhibits considerable irregularity — ^in one in- 
stance (age 57) being one-half only of the mortality for the ages 
immediately preceding and following it. Now, I think few persons 
who have had much experience in the construction of mortality 
tables will venture to maintain that a table which contains such 
irregularities as these can be relied upon within anything like one- 
fifth of a year. I s&yfew persons, because I am not sure but that 
some have an idea that the standard of accuracy is always to be 
found in the numbers determined from actual experience, however 
limited in extent, and however great may be the difference in the 
conditions under which the observations are made and those 
affecting the lives to which they are to be applied as the basis of 
computation. 

Let us now examine the important observations conducted by 
Mr. A. G. Finlaison upon the lives generally known as the 
'^ Government Annuitants,^' male and female. Dividing the whole 
period of life comprised in these observations — viz., from one year 
upwards — as before, into intervals of 14 years, and neglecting the 

first, we have 

logLi5=3-98821 ^^^^^ 

— -06068 
logL29=3-92753_ --00633 

logL43=3-86052 _ .371 —02670 
logW=3-76681_— 10771 
logL7i=3-56539 ^..^^o -'^^^78 
logL8fi=2-91419 
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Proceeding as before^ .we get the following transformed series 
(log L';,.), which fulfils the given condition of a perfect geometrical 
progression in the four terms comprising the second order of 
differences : — 

log L',5= 3-988254 

log L'29==8-927486 

logL'48=3-860361 

log L'57=3-766969 

log L'7i=3-666029 

logL'85=2-914551 

In this case the alterations introduced in the process of trans- 
formation are^ in each of the six terms^ perfectly insignificant^ as the 
following table of the values of L^., L'^, and La.— L'^, will show : — 



-•060768 
—•067125 
—•093392 
-•201940 
-•650478 



-•006357 log 3-80325 

—•026267 log2^41941 

—•108548 logT-03562 

—•448538 logT-65180 



+ •61616 
+ •61621 
+•61618 



«. 


W 


LV 


u-v^ 


15 


9732-2 


97332 


-10 


29 


84631 


8462-3 


+ -8 


43 


72530 


7250-4 


+2-6 


57 


5845*3 


5847-5 


-2-2 


71 


36761 


36731 


+ 30 


85 


8207 


821-4 


- -7 



It was originally my intention to extend the examination of the 
two preceding observations to the first 14 items of each series, 
which have been omitted in the foregoing comparison, with the 
view of deducing a formula which should be applicable to the 
whole period of life/ But as such extension has no direct bearing 
upon the object which I have more immediately in view — viz., to 
establish a method for shortening the labour of forming tables of 
annuities on several lives, and for which object I find I shall have 
but little space to spare — I must postpone to a future opportunity 
the examination of so interesting and important a subject as the 
mortality of infancy and childhood. 

In the records which we have next to examine, consisting of 
Mr. Hodgson's important observations on the clergy, we have 
necessarily no data for ages under 24. This circumstance has 
rendered it necessary to reduce the interval to 13 years. 

log La4=4^00213 



logL37=3^97156 
log L5o= 3-92040 
log L63=3^79672 
log L76=344366 
log L89=:2-35015 



- -08057 

- 05116 

- -12368 

- ^35306 
-1^09851 



-•02069 
—•07252 
—•22938 
-•74045 
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The following are the adjusted series log \kg,, and the coni- 
parative table of L^. and L'^. : — 



log L'24: 
log L'37: 
log L'60= 
log L'63= 
log L'76= 

log L'gg: 



:4-001668 
:3-972022 
:3-920190 
:8-796930 
:3-44:3702 
:2-360108 



•029646 
•051832 
•123260 
•353228 
1-093594 



•022186 log=2-34608 

•071428 log=2-85387 

•229968 log=I*36167 

•740366 log= 1-86945 



+ -50779 
+ -50780 
+ -50778 



«. 


W 


LV 


Lx-LV 


24 


10049-2 


10038-6 


+ 10-7 


37 


9366-1 


9876-1 


-100 


60 


8325-3 


8321-3 


+ 4-0 


63 


6262-1 


6265-1 


- 3-0 


n 


2777-6 


2777-8 


- -3 


89 


223-9 


223-9 


•0 



The numbers exposed to risk during the first five or six years 
of this table are so inconsiderable^ that I should have preferred to 
exclude them^ if it were not that the initial age is already some- 
what advanced. In the next case^ consisting of the observations 
known as the "Experience of the Seventeen OflSces/' Tables D(4) 
and E^ I have neglected the ages under 20 and over 80^ on account 
of the [comparative insignificance of the numbers at risk at the 
excluded ages. 

log L,o=3-97023 _ 
log L32=3^92832 _.q. . ^ -'00948 
log L44=3-87693 __ .g^„, - '03332 
logL56=3-79222__ --09970 

logL68=3-60781_ --30823 

log L8o=3-l 1517 

By means of the formula previously used, we obtain the following 
values of log Hg, : — 



log L'20= 
log L'32: 
log L'44: 

log L'se: 

log L'fig: 

log L'sq: 



:3-969914 
:3-928636 
:3^876778 
:3-792372 
3-607822 
:3-115158 



•041278 
-051858 
•084406 
•184550 
-492664 



•010580 log=2^02449 

-032548 log=2-51252 

•100144 log=r-00062 

•308114 log=r-48871 



+ -48803 
+ -48810 
+ -48809 
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Taking out the natural numbers corresponding to the above^ 
and comparing them with those of the original series^ we have — 



«. 


U 


LV 


L.-L'i 


20 


9337-5 


9330-7 


+ 6-8 


32 


8478-5 


8484-7 


-6-2 


44 


7532-3 


7529-7 


+ 2-6 


56 


6197-5 


6199-7 


-2-2 


68 


4053-3 


4053-4 


- -1 


80 


1303-7 


1303-6 


+ -1 



The differences (L^. — I/^g) are in this case also evidently unim- 
portant ; they do not in fact^ in any instance^ exceed one-tenth of 
the yearly decrement. 

I have only one more instance to give — viz., the observations 
on the males of the Friendly Societies, by Mr. A. G. Finlaison. 
For the same reason as in the preceding case, the examination is 
restricted to the ages commencing with 20 and ending with 80. 
Here we have 

logL,o=379612__ 
logL,,=3-76665 ^...gga —00922 
log L44=3-70796 _ —02993 

log L56=3-62934 _..g..g --08296 
log L68=3-46776 _,^q^^^ --24299 
log L8o=3-06319 



which is transformed into 



log L'20= 
log L'82= 
log L'44: 
log L'56= 

log L'eg: 

logL'so: 



:3-795915 
:3-756862 
:3'707741 
:3-629565 
:3-467528 
:3-063429 



•039053 
•049121 
•078176 
•162037 
•404099 



•010068 
•029065 
•083861 
•242062 



log=2^00294 
log=2-46322 
log= 2-92356 
log= 1-38392 



H- -46028 
-f -46034 
+ -46036 



The observations which we are now examining are chiefly valuable 
on account of the large number of the lives observed, and I have 
availed myself of this circumstance to compare the results of the 
original observations year by year with those of the formula. The 
first table contains the numbers living and yearly decrements (L^ 
and D;,.), the second the rate of mortality {m^), and the third the 
'^ expectation *' or mean duration of life (Ea-). 
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«. 


L^ 


L'^ 


D'^ 


U-LV 


tt. 


U 


L'^ 


D.. 


U-LV 


18 


63330 


6338-6 


44-1 


- 5-6 


62 


3659*0 


3674*2 


112-S 


-15-2 


19 


6289-7 


6294-6 


440 


- 4-8 


63 


3555*3 


3561-9 


116-8 


- 6-6 


20 


6253-6 


6250*5 


44*0 


+ 3-0 


64 


3439-2 


3445-1 


121-1 


- 6-9 


21 


6201-8 


6206-5 


44*1 


- 4*7 


65 


3326*7 


33240 


126-5 


+ 2-7 


22 


6156 


6162-4 


44*2 


- 6*4 


66 


3212-1 


3198*5 


129*9 


+13-6 


23 


6108*4 


61182 


44-2 


- 9-8 


67 


3069-2 


3068*6 


134-2 


+ -6 


24 


6063-0 


6074-0 


44*3 


-11-0 


68 


2936*0 


2934-4 


138-1 


+ 1-6 


25 


6020-5 


6029-7 


44*6 


- 9*2 


69 


2801-6 


279,6-3 


141-9 


+ 5-3 


26 


5978-1 


5986*2 


44*7 


- 7*1 


70 


2642-5 


2654-4 


145-3 


-11-9 


27 


5937-9 


5940*6 


44*9 


- 2-6 


71 


2497*0 


2609-L 


148-2 


- 12-1 


28 


5893-9 


5895*6 


45*2 


- 1*7 


72 


2341-1 


23609 


150-6 


-19-8 


29 


5849-7 


5850*4 


45*4 


- -7 


73 


2192-9 


2210*3 


152-3 


-17-4 


30 


5804-3 


5806*0 


45-9 


- -7 


74 


2055*9 


20580 


153-3 


- 21 


31 


5754-9 


5759*1 


46-2 


- 4*2 


75 


1905*2 


1904*7 


153-4 


+ -5 


32 


5710-2 


5712*9 


46-7 


- 2*7 


76 


1756-3 


1751-3 


152-5 


+ 5-0 


33 


5670-6 


5666*2 


47-2 


+ 4*4 


77 


1593-1 


1598*8 


150-6 


- 5*7 


34 


6623-2 


5619*0 


47-8 


+ 4*2 


78 


1459*6 


1448*2 


147-6 


+ 11-4 


35 


5576-9 


5571-2 


48-4 


+ 6*7 


79 


1285-6 


1300*6 


143-3 


-15-0 


36 


55-29-6 


6522-8 


49*2 


+ 6-8 


80 


11666 


1167*3 


138-0 


- -7 


37 


5486-4 


5473*6 


50*0 


+ 12*8 


81 


10000 


1019*3 


131-5 


-19-3 


38 


54380 


5423*6 


50*8 


+ 14*4 


82 


881*8 


887*8 


123-9 


- 6-0 


39 


6385*2 


5372*8 


51*8 


■fl2*4 


83 


• • 


763*9 


115-3 




40 


6331*4 


5321*0 


52*9 


+ 10*4 


84 






648-6 


105-8 




41 


5270-4 


5268*1 


54-1 


+ 2-3 


85 






542*8 


95-6 




42 


5217-2 


6214*0 


66-3 


+ 3*2 


86 






447-2 


85-2 




43 


5162*9 


5158*7 


56-8 


+ 4-2 


87 






362-0 


74-4 




44 


5104-6 


5101*9 


68-2 


+ 2-7 


88 






287*6 


638 




45 


5044*3 


5043-7 


69*9 


+ -6 


89 






2238 


63-5 




46 


4983-6 


4983*8 


61*7 


- -2 


90 






170-3 


43-9 




47 


4922-9 


4922*1 


63-5 


+ -8 


91 






126*4 


35-1 




48 


48670 


4858-6 


65-7 


- 1-6 


92 






91*3 


27-2 




49 


4792-1 


4792*9 


67-9 


- -8 


93 






64-1 


20-6 




50 


4721-7 


47250 


70*2 


- 3-3 


94 






43-5 


14-9 




51 


4651-6 


4664*8 


72*9 


- 3-2 


95 






2»*6 


10-6 




52 


4581-3 


4581-9 


75*5 


- -6 


96 






180 


7*1 




53 


4501-1 


4506*4 


78*6 


- 5*3 


97 






10-9 


4-6 




54 


44-27-2 


4427*9 


81-6 


- -7 


98 






6-3 


2*8 




55 


4345-2 


4346*3 


84-8 


- 1-1 


99 






3-5 


1-7 




56 


4259-3 


4261*5 


88-3 


- 2*2 


100 






1-8 


•9 




57 


4158*1 


4173-2 


91*9 


-15*1 


101 






•9 


•5 




58 


4058-3 


4081-3 


95-7 


-230 


102 






•4 


•2 




59 


3947-4 


3985-6 


99-7 


-38-2 


103 






•2 


•1 




60 


3853-1 


3885-9 


103-7 


-32*8 


104 






•1 


•1 




61 


3746*8 


3782-2 


108-0 


-35*4 


105 






•0 


-0 
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«. 


m» 


«'* 


«. 


VHf 


IN gm 


«. 


fWjr* 


VH f 


18 


•68 


•692 


41 


1-01 


1026 


64 


3-27 


3-516 


W 


•58 


•698 


42 


104 


1^061 


65 


3-45 


3-777 


20 


•83 


•704 


43 


M3 


1-100 


66 


445 


4-061 


21 


•74 


•711 


44 


118 


1-142 


67 


4-34 


4-371 


22 


•77 


•716 


45 


1-20 


1-187 


68 


4-58 


4-708 


23 


•74 


•723 


46 


1-22 


1-237 


69 


5-68 


5-074 


24 


70 


•730 


47 


134 


1-292 


70 


5-51 


5473 


25 


•70 


•739 


48 


134 


1-351 


71 


6-24 


5-908 


26 


•67 


•746 


49 


1-47 


1-416 


72 


6-33 


6-379 


27 


•74 


•755 


50 


1^48 


1-487 


73 


6-24 


6-892 


28 


•75 


•766 


51 


1^61 


1-565 


74 


7-33 


7-448 


29 


•77 


•778 


52 


1-75 


1-649 


75 


7-82 


8^053 


30 


•85 


•789 


53 


1-64 


1-741 


76 


9-29 


8708 


31 


•78 


•803 


64 


1-85 


1-842 


77 


8-38 


9-419 


32 


•69 


•817 


55 


1-98 


1-952 


78 


11-92 


10189 


33 


•84 


•833 


56 


2-38 


2-072 


79 


1003 


11-023 


34 


•82 


•851 


57 


2-40 


2-203 


80 


13-54 


11-925 


35 


•85 


•870 


58 


2-73 


2-345 


81 


11-82 


12-900 


36 


•78 


•890 


69 


239 


2-501 


82 


20-36 


13-953 


37 


•88 


•913 


60 


2-76 


2-670 


83 


15-93 


16-088 


38 


•97 


•938 


61 


2-34 


2-856 


84 


12-50 


16-311 


39 


1-00 


•965 


62 


2-83 


3-057 


85 


18-75 


17-627 


40 


M4 


•994 


63 


3^27 


3-277 


86 


U-63 


19040 



OD, 



18 

19 

20 

21 

22 

23 

24 

26 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 



E,. 



44-79 

44-09 

43-34 

42-69 

42-00 

41-32 

40-62 

39-90 

39-18 

38-44 

37-72 

36-99 

36-28 

35 58 

34-85 

34-09 

33-36 

32-63 

31-90 

31-16 

30-41 

29-70 

28-99 

28-32 

27-60 

26-87 

26-17 

25-47 

24-77 

24-06 

23-37 

2268 



EV 



4478 

44-09 

43-39 

42-69 

41-99 

41-29 

40-58 

39-87 

39-16 

38-45 

3773 

3702 

36-30 

35-58 

34-86 

34-14 

33-42 

32-69 

31-97 

31-25 

30-63 

29-81 

29-09 

28-37 

27-66 

26-94 

26-23 

26-62 

24-82 

24-11 

23-42 

22-72 



E# — E*. 



+ H)1 
•00 
+ •06 
•00 
+ •01 
+ •03 
+ -04 
+ •03 
+ •02 
-•01 
-01 
--03 
-02 
•00 
-01 
-05 
-•06 
-06 
-07 
--10 
--12 
--11 
--10 
-•05 
-06 
-07 
-•06 
-06 
--06 
-05 
-05 
-04 



X, 



50 

61 

62 

53 

54 

55 

66 

67 

68 

69 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

76 

76 

77 

78 

79 

80 



E. 



22-00 

21-32 

20-63 

19-98 

19-30 

18-64 

18-00 

17-41 

16-81 

16-26 

16-63 

15-06 

14-38 

13-77 

13-21 

12-62 

12-03 

11-66 

11-03 

10-61 

10-08 

9-61 

9-18 

8-73 

8-25 

7-82 

7-40 

7-06 

6-61 

6-37 

6-97 



£ St* 



22-04 

21-35 

20-68 

20-01 

19-34 

18-69 

18-04 

17-40 

1677 

16-16 

15-54 

14-94 

14-36 

13-77 

13-20 

12-64 

1210 

11-57 

11-06 

10-66 

10-06 

9-69 

9-12 

8-68 

8-26 

7-83 

7-43 

7-04 

6-67 

6-31 

6-97 



E* — E J 



-•04 
-03 
-•06 
-•03 
-•04 
-•05 
-•04 
+ •01 
+ -04 
+ •11 
+ •09 
+ -11 
+ •03 

-00 
+ 01 
-02 
-•07 
--02 
--02 
--04 
+ -02 
+ 02 
+ -06 
+ •06 

•00 
-•01 
--03 

+ •02 

--06 

+ -06 

-00 
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I commend the three tables last given to the attention of those 
who entertain the notion that by adhering to the actual figures^ or 
the " raw material" of the observations, we necessarily attain the 
highest possible degree of accuracy, and who. look upon the process 
of adjustment as one of the fine arts, which imparts a pleasing 
regularity to our tables at the expense of truth. In no tables that 
I am acquainted with are the original data so little altered by 
the process of adjustment as in these, a circumstance attributable 
chiefly (no doubt) to the great number at risk at each age, and the 
exclusion of disturbing influences by the peculiar character of the 
observations. Let it not, then, be too hastily assumed (as I fear 
it sometimes is) that the more considerable alterations which we 
are compelled to make, when dealing with observations made under 
less favourable circumstances, are necessarily departures from truth. 
It may be diflicult to determine the best mode of making these 
alterations, but we cannot get rid of the difficulty by evading it ; 
and I have no hesitation in saying that the very worst course that 
could possibly be adopted is to pin our faith upon the crude results 
of observation, just as accident may have chanced to present them 
to us, and hoodwink ourselves into the belief that in so doing we 
are following the path indicated by experience. Let us have the 
facts by all means, but unless we also possess the power to interpret 
their meaning-rto evolve the hidden laws of which they are the 
rude exponents — we shall, I am afraid, turn them but to a very 
poor account. 

It may not be without interest to compare the decrements of 
life obtained by the theory of geometrical partial forces with those 
of De Moivre^s celebrated hypothesis. In the preceding table we 
find the series is nearly stationary for a few years (or rather it 
begins with a slight decrease), and afterwards gradually increases 
with an augmenting velocity for a considerable period. The 
rapidity of its increase then slackens, and ultimately changes to a 
decrease at the age of 75, from which age the series rapidly 
diminishes until it becomes insignificant at about the age of 105. 

The decrement at the climacteric age (75) is 153*4, while the 
smallest decrement in the preceding portion of the table is 44 — (see 
ages 19 and 20). In this case the climacteric age is exactly the 
same as in Mr. Brown's adjustment of the '^Clergy'* observations; 
but in tables showing a heavier mortality in the preceding years it 
occurs somewhat earlier. Nevertheless, the general characteristics 
above enumerated will be found in all the tables of any authority. 

Although subsequent observations have shown that De Moivre's 
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attempt in the discovery of the law of mortality was made in the 
wrong direction^ yet the idea was a happy and ingenious one^ and 
the hypothesis by no means deserves the contumelious terms in 
which the late Mr. Morgan permitted himself to speak of it. 
De Moivre, we may be quite sure, was as fully alive as Mr. Morgan, 
could be to the shortcomings of his hypothesis ; but he was also 
equally alive (which the other was not) to the defects of the tables 
formed with the means of observation then existing. We may also 
safely assume that such a man as De Moivre, had he been living, 
would not have sanctioned the use of the Northampton table for 
granting annuities after the experience of the Equitable Society 
had proved the unfitness of that table for such a purpose; and 
until such experience had been obtained, his own "wretched 
hypothesis ^' would certainly have been as trustworthy a guide as 
the table which Mr. Morgan relied upon so implicitly — because 
(as he imagined) it was based upon facts and not upon theory, 

I have now concluded my examination of the facts which have 
appeared to me sufficient fully to entitle Mr. Gompertz^s hypothesis 
to the favourable reception it has met with from the scientific 
authorities of the day ; and I will conclude this paper with a few 
remarks upon the formula which I have deduced from it to repre- 
sent the numbers living at every age from the period immediately 
following childhood to the utmost extremity of life. 

1. Although no two sets of observations will yield precisely the 
same value of g, yet the coincidence is, generally, sufficiently close 
to lead to the inference that this important constant differs from the 
others in the formula in being independent of the conditions which 
determine the mortality in different classes of individuals. In the 
mortality tables which I have constructed by the use of this formula, 
I have found that an average value of q may be used in all without 
materially affecting the result. This being the case, there remain 
but three constants to be determined in the formula for L^^, for 
which, of course, three terms of the function are sufficient. In 
other words, if we determine three values of L^, — say L,5, L50, and 
Lgs, or Li5> L55, and L95 — from the original data, we have the 
means of constructing the entire series, which shall exhibit all the 
essential characteristics of the mortality table, as above described. 
Let any one endeavour to do this (with the same terms) by the 
ordinary rules of interpolation, and it will be speedily shown what 
a power it is that this discovery of Mr. Gompertz's has conferred 
upon us. For instance, if between the values of L15, L50, and Lg5, 
of the Carlisle table, we interpolate by means of the method of 
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finite differences^ we shall have a continually increasing decrement^ 
which shortly after the age of 85 exceeds the number of survivors, 
so that the latter for all higher ages is negative. It is true that 
this absurdity may be avoided by logarithmic interpolation ; but in 
that case we shall find that at the commencement of the series the 
differences are positive^ so that the successive values of L^,. (in that 
portion of the table) form an increasing series. 

2. In a paper which I had the honour of reading during the 
last session of the Institute, I endeavoured to show that the prin- 
cipal defect of our tables consists not, as some imagine, in faulty 
methods of adjustment, or rather in the fault of over-adjustment, 
but in the difficulty, if not the impossibility, of securing an ade-» 
quate correspondence between the bases of the table and the con- 
ditions which are known to affect the individual lives to which the 
table is to be applied. And it is evident that the path to improve- 
ment in this respect must lie in the minute subdivision of our 
observations, a necessity which will often compel us to rely upon 
data much more limited than it is desirable they should be. Now 
the use of a suitable formula with only three constants will enable 
us materially to lessen this disadvantage by the long series of years 
which is brought to bear upon the determination of the three 
terms required for the computation of the constants, a circumstance 
which is equivalent to a corresponding increase in the number of 
the lives observed. 

8. We have seen that the expression for the number living at 
any given age in a normally-constituted inci*easing population — 
in which the yearly births as well as the yearly deaths (a:nd conse- 
quently also the excess of the former over the latter) are propor- 
tional to the existing population — is of the same form as that 
representing the numbers living at the given age in a stationary 
population, and also the numbers living in a table of mortality. 
But the function lig^ is also of the same form as the latter, for 
L^ contains a factor s^ which combines with that introduced by the 
interest of money. Hence it follows that to determine the number 
living between given ages in a population normally constituted — 
whether increasing or stationary— as well as the expectation of life 
and the value of annuities, the summation of a function of one 
form only (viz., dgfs^) is required. 

4. The following transformation of the integral in question, 

JAg^^dXy is worthy of attention, F^. = a + ^5^ = — y- • -j-^, 

b » 

/. — log L^ = c + fl^ -f j^ (f, .-, L-p = €-«-«*- 1^'?' . Put 
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t?=i if and n^—r^f whence £-«=€*<>»«•*'= a^"*. .\Lg 

=£~*'.5**.i^^=m€"*.3^. Now the series L^ may be multiplied by 
any arbitrary quantity whatever. Multiply the last expression by 

(. ) • — ^, by which the equation to the number living is 

changed to La.=€"'[5 •g^j .logj=£"*.»*.log j. But vlogq 

do 
= -J- . Hence the integral in question becomes 

the limits of the right-hand member being the values of v, corre- 
sponding to the limits of the left-hand member for values of x. 
The form thus obtained will be recognised as that of Euler^s celebrated 
second integral — which^ taken between the limits of and go , is 
one of the most important of the definite integrals which have been 
tabulated; and we have seen that it is the. form to which all sum- 
mations connected with questions of population^ the expectation of 
life^ as well as the values of annuities^ are reduced. 



Appendix. 

I. 

Let the nnmber of annual births (Lq) in a stationary popnlation be 
equally distributed over the year, then will the number annually completing 
the age v (viz., L,) be similarly distributed. Hence the number of com- 
pletions taking place in any given fraction of a year A^ will be L,.A:r. 
And during any given portion of time A^ there will be 

It^fia who complete the age r, 
Lin-A^A^ » 9> t?+Aa7, 



Taking the sum we have for the total number completing every A^rth 
of a year's age — ^between v and r+j»Aj:, or v and t?+«— during every 
portion of time Ax — 

If Ax be decreased without limit, this becomes f L»+«c^x, which conse- 
quently denotes the total number constantly living between ages v and &+». 

Again, in any year L, — L^^i will be the number dying between the 
ages V and v-\-\y Ly^.|—L,+3 between the ages v+l and t;+2, and so on. 
Hence the total number dying in a year between the ages v and V'\-nlA 
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L,— L^,=— AL,. And the ratio of the deaths daring one year between 
the given ages to the number constantly Hying between the same ages is 

— AL, 






If the population, instead of being stationary, increase in a geometrical 
progi*ession, and if in any given portion (A:r) of a year h^Ax complete the 
age Vy then daring the same period of time there will be 

L«Ax who complete the age v, 



and summing, we have for the total number completing every A^h of a 
year of age, between v and v+n, during the given time A^, 

Hence decreasing Ax without limit, we have, for the number living between 

the ages v and v+n Bt any given instant of time, / L^,^'^dx. 

Suppose that the number completing each interval Ax of age do so 
altogether in the middle of the given period of time A^. Then taking a 
succession of such intervals of time p in number, we shall have for the 
number living, in the middle of the 

1st interval, (U+L^a^"^'+L^2a/-"^'''+ +L^jrnA.r-C'-^J-^')Aar; 

2nd „ (L^'+L^^ +Im-2a.»-^' +....+ Im-J^a^"^'"'^^*)^; 
8rd „ (L.r2^'+L^.i.r^'+L^2A. + • • • • +L^;rri^-^'-»^^')Ai?; 

^th „ ( V->J^+LH.^rt^-^^^-|-L^2A.r^'-»)^'+ . . + L^— ^)Ajr. 

Summing and dividing by p^ we get 

1 4.r^+r2^»+ +/i.-i).A« 

X 

(L,+L^^-^*+L^2^-2A'+ . . . +LH-i;n.A.r-('-^)^)A^; 

(1 Ax\ 
n=p.Ax or - = — J 



1 r* r* 

- / r'dx X / L^,r-'c?x. 



•^ 



y'» f*— 1 
r^c?a?= . Hence we have, for the mean or average number of 
logr ^ 

the population living between the ages v and t^ + n, daring a period of 
Again, the number of deaths during the same period will be, in the 
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Ist interval, — (AL^+AL^A.r-^'-|- -f AL,,+^i.A^-'^-^)Aa?; 

2nd „ -(AL^'H- AL^2A.+ + AL„+^.a/--^^-^)Ax; 

3rd „ -(AL,r2^+ AL^2As»^+ + AL^-zi.A/-'~'-^)Ar; 

pth „ -(AL,H^»-^' + AL^2Ay'-*5^'+ . . + AL^4^^)Aar. 
Summing and dividing by p^x or n, we have 

1 + r^* + r2A« + . . . + r tp-i)A* 

X 

n 

(AL,+ AL^^-^'^- . . . + AL^inri.^-'"^^')^; 
and redacing A;r without limit, this becomes 

log r" •/ <^^ 
Dividing bj the mean population, we have 

•/ 

which is the ratio of the average annual number of deaths during n years, 
between the ages v and v+n, to the mean population. 

Instead of supposing the number living at age w+a? to be L^^r'', let 
us suppose it to be L^,B^ where B^ may be any quantity whatever. We 
shall then have for the number living in the 

1st interval, (Lp+Lp+Aa,.B^+ + Li4^.A*'Bjri-A»)Aa?; 

2nd „ (L^B.a,-^Lh-a*+ + LH^A^Bjr2.A4r)Aa?; 

+ . . . 

pth „ (LpB.j^^ + L^^.B_ (,-j)A, +....+ L^+^.^)Aa?. 

Hence, summing and dividing by /?, and reducing A^r without limit, we have 
or, putting/ B^a?=C,, this becomes 

1 /*» 

which is the mean population, during n years, between the ages v and t7+n. 

/• r"— 1 
B^ (or C,) = -r • r"', and the expression for the 
w— II •^og r 

mean population becomes 

r^— 1 /•• 



logr"- 
which is the formula already arrived at. 
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The nnmber of deaths, daring the n years, in the preceding case will be, 
in the 

Ist interval, — (AU + AL^a,Ba,+ +AL^^,^B;n.A.)Aa?; 

2nd „ - (AL.B.^+ AL^, + + AL,4^.^B— a.A,)Aa;; 

3rd „ -(AUB-2As-f- AL^^.A^H- + AL^;zi.aJ8;;=3.a.)A«; 

/>th „ — (AL^.j;n.As+ AL^A.B.p5.A,+ . . + AL„4^,^)Aa?. 

Snmming, dividing by n, and reducing Aa? without limit, we have for the 

1 r*dh 
average annual deaths / --r^C^dx. And dividing by the expression 

Tit%/ Q (tX 

for the mean population, we have ! 

•^ 

for the ratio of the average annual deaths tQ the mean population during a 
period of n years between the ages v and v-{-n. 

If A'L, and d'h^ be substituted for AL^ and dh^ respectively, we see ' 

that the preceding processes are also applicable to deaths resulting from one 
or more particular causes only. 

11. 

To expand the differential coefficient of y, in terms of the central finite 
differences: — 

= Ay.- \ (AV... + A»y._.) + i( A»y.-, + AV.-.)- \ ( AV«-.+ A»y^.) -f- . . . . 

=( Ay»- 2 A«y.-.)- ^ A»y.-« + -^ A«y.-.- • • • • 

= ^'^'Y'^'-' - i AV.,.+ j^(AV„+AV.-».)- .... 

1 1 

= -(Ay.+ Ay,.„)- g(AV«-»-i AVft.)+ .... 
= - (Ay.+y,_.)- jg (AV- + AV*-.2«)+ • • • • 

(2.) n^'=Ay,-iAV.+ §AV,- jAV.+ \ A^.- \ AVx+.... 

13 5 35 63 

Ay._.,,=Ay,- 2 AV.+ gAV- Y^AV,+ Y28^V«- 25g AV.+ .... ^ 
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1 1 1 5 35 

dy, 1 3 3 

</y, 1 3 

•■• "d^ =^y'-=>- 24 ^V. .=.+ g4o AV.-..=,- .... 

By a process similar to the last, the following development of a definite 
integral may be obtained, viz., 

/*+" ( 1 17 ) 

III. 

Problem. — ^To find an expression for the number living at any age 
when the law of mortality is snch that the chances of living a year,* multi- 
plied by a constant factor, foim a series whose logarithms ai*e in geometrical 
progression. 

The above is the form in which the law of mortality, which I have 
endeavoured to establish in the preceding pages, was fi]*st propounded in a 
paper published in vol. viii. of this Jounial, Shortly after its publication 
I was favoured by Mr. Spragne with the following elegant solution of the 
above problem, which I doubt not will be received with the interest which 
the communications of so excellent a writer invariably command. 1 may 
add that I believe it was the first attempt to give an analytical expression 
for the function in question. 

^' Let hg be the number living at age x. Then the chances of living a 

"year at the ages ar, ar+l, «-f 2. . . are — p^\ j^9 • • • And by the 

** hypothesis, whatever the value of a?, log I a j^ ) =^ log( a -j^ J . Hence 

"loga+logL^a— logL^i=y loga + ^ logL.+i— ^logL^ AndlogL^a 
" -(y+l)logL^i + 5' log L.=(y-1) logo. 

" Now let log Lg=Ug; then the last equation becomes 

«ir+a—(y+l)w^i+y •««=(?— l)logo. 

" Separating the symbols of operation, 

{D2~(y + l)D + yK=(j~l)loga, 
"or (D-lXD-y)w,==(y-l)loga. 

* Of course any period whatever may be taken as the unit of time. 
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<' Integrating this equation of finite differences, 

M,=log L,=ci + c^.^—x log a, 
f<and * L,=€«x+«*«'-*J«e«=€«i,c<i.«"€-*>o««. 

" Let now c«i=d', €*^=y, then we have 

" the expression required. 

" For the solation of the equation (D— IXD — y)M.=(5'— l)loga, we 
" proceed as follows : — 

" Since D=l+A, we have 



A(A-f- 1 - J^K=(^— 1) log a 
. .. -/. JL^^j. (y-l)loga 



=q+Ca^ — 



A{A-(y-l} 

loga/ A_\-i 

A V y-1/ 



1 / A A* \ 

==„,+C,j'_-(^l+_+^_^ + ..jl0g„ 

=c.+c^-(s+-l-^+^, + ..)loga 



• 1 log a 
sci + cjo^— a? logo 2_. . 

*^ And changing the constants, 

w»=Ci + c^'f — X log a. 

'' The expression for L« may be got bj a more gradual process, thus: — 
^* Let p, denote the chance of living a year at the age Xj then by hypo- 
" thesis, log (ajt>»+i)=y . log (op,), whence 

loga+log/?^i=ylogaH-5'log/?., 
" and logp,+i— J- log/?,=(j'— 1) log a. 



<( 



Then, putting log/?,=t?«, 

«'«+i— ?«'*=(y— 1) log a 
"or (D— y)t;.=(g'— l)loga, 

** whence ».=log/>.=c5^— log a; and ^.=€<^""«"= — ; or, putting 

«Then-ft3=?!!, logL.+i-logL,=^.logy-loga, 

««+i—««=?'.log^— logo, or Aw,=j^log^— loga. 



1867.] On the Law of Mortality. 855 

^' And, integrating^ 

w.=log L^= 2-2£? -a? log a + c 

jr— 1 

g"iog y 



a* 



a* 



1 
- (patting ^=zdy y=g9-i). 



Mr. Spragae conclndes with the following concise demonstration of the 
property of ** equal lives": 



P'c. 



n 






L- o*"*"* a' a' 



.» ^* 



C( 



Similarly, /?^,^ ==_-_; 



« So also ;)(,.).= 4.^^^^"'^. 



** Now, whatever the value qfnywe shall have />(«y)n=/'(«»)n> i^ * is found 
*' from the equation 2^=^+$'^ This being the case, it is clear that any 
'^ annuity, whether immediate, deferred, or temporary, on the joint lives x 
'' and y, is equal to the similar annuity on the joint lives z and zJ* 

IV. 

The fohnulaB for the corrections to be applied to a series in order that 
the second order of differences may form a geometrical progression, are found 
as follows :— 

Let the given series (B«) consist of five terms; and, in order to produce 
the greatest effect upon the second differences with the least possible altera- 
tion of the original series, let the terms of the original series be alternately 
increased and diminished by the quantity p, the value of which is to be 
determined by the conditions of the problem. 

^ +^ AB — 2o 

l>4n+;? 
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The three terms of the third series are to form a geometrical progression : 
therefore 

(A»Bo-h4;>)(A»B^+4p)=(A2B,-4p)«; 

or A«Bo X A'Ba. + i^A^Bo + A^B,,) + (4p)«=(AaB,)»- 8i». A«B.+ (4p)* 

4XA>Bo+2A«B,+A«B^)=(A«B,)»- A% x A^B,. 

^ _ (A^B,y-A«BoXA»Ba, 

' • ^ A>Bo + 2 A«B. + A«Bjfc, ' 

Let the giyen series now consist of six terms. We shall, in this case, 
require two unknown qnantities, which we shall find it convenient to intro- 
duce as follows: — 

^^^ abL-2. ^'^- -^'•'-«'> 

• 

Before proceeding to determine the values of v and w, it will be neces- 
sary to prove the following theorem, viz. : — If we have any four quantities, 
<j, bf c, and c?, and if ^ — a, c—by and d—c are in geometrical progression, 
and likewise &+<*) c-\-bf and cf+c, then the four given terms a, 6, c, and 
£^ shall also form a geometrical progression. 

By hypothesis, (6— aXc?— c)=(c-i)« and (*H-aX«?+c)=(c+i)»; or, 
multiplying out, 

bd—ad-^bc+ac^sc^ — 2ic+i*, 

and bd+ad-i'bc+ac=c^+2bc+b^, 

whence, by adding and subtracting, 

2W+2ac=2c2+2i2; or W+ac^^a + c*. 
And 2<id+2bc=Abc; or ad^=bc. 

From bd'\-ac=ib^-\-(^ we get— 7—= : and from adsszbc we 

c 

a-^c b—d 
have ^ — 7— • Dividing the first of these equations by the second, 

a b 
we get the equation t = - ; •*. aibiibic. 

c 

But from ad=zbc, we see that a:b::c:d; consequently, 

a : b :: b : c :: c : df 

and the four terms are in geometrical progression. 
I Applying this to the four terms of the second order of diffiarences of 

' the series 
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.«« ^. « X A«B2»-8r-4M^ 



A% +A»B„— 2w 
A2B„ +A^B^+2w 
A2B2.+A2B8,-2u; 



We have to determine v and to, so that the three terms of each of the last 
two series shall be in geometrical progression. Patting A^Bo+A^Bm=A, 
A2B,+A%,=B, A«B2„+A«B3„=0; A3Bo + 4m;=A', A3B„=F, and 
A^Bs, — ^w=zCj and proceeding as in the determination of the value of 
4/9, we shall find 

^^= A+2B+C ' ^'^^ ^"= A'+2B'+C'- 

V. 

The following is a method of interpolating intermediate values in the 
series logLo, logL^, &c., which will be fonnd convenient in constmcting 
a mortality table according to the theory of geometrical partial forces. 

Let A,., A\f &c., represent the first and second differences of logL, 
when the increment of a? is unity, and ^A,,, n^^*? &c., when the increment 
in question is n. 

Then,Ao=Ao+(Ao + Aj) + (Ao+Aj-f.A?) + ..-h(Ao+Aj+A;+..+A:.,) 

=«Ao+(n-l)Aj+(«-2)A!+ . . . + Aj.a, 
and 

«Ao-»Ao=(n-l)Aj+(n-2)Aj+ +ALs 

=Aj{(n-l)+(n-2)^+ +2y"-3+^-2j. [i] 

Put S =(«-.l) + (n-2)^+(»-3)yH...+2y"-«^-?"-^ 

then Sy= (n— l)y+(n-2)ya+..,+3y"-5+2y"-«+y"-S 

and S(y-l)=~«+l+y + yH +^«-3^y"-2+y«-i=?£^ _„. 



_ 9--1 



8= 



n 



(?-!)* 9-1' 
Hence, snbstitnting in [1], we have 



A A« f g"-l n ] ^, (y'-l)-n(y-l) 



A— «^ A 







""**. (y«-l)-»(y-l)-(y-l)«- 

Again, 



^=A-^=...+^. <'--'>-y-'> -.^-^. <>--'>:^>-') 

-^A.-A.)+(A!-A!) <«'-'^-,"<f-" . [2] 

VOL. XIII. 2 E 
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But A.-A,=A»+A!+...+Ai..=Aj(l+y+?»+ • • • +f) 



and Al-Aj=Aj(j"-l). 
Honce, sabstitoting in [2], 



=^Jfb'=(^-(?"-ix^-i)' 



^= (7=1)5 Wj"-1X?-1)+(?"- !)*-«•(?"- IX?- 1)} 



%ii9'-lf' 



. .a; Aj ,Ao— «.Ao 

" (?--!)* "(?-!)' ~(?"-l)-«-(?-l)' 

By means of these equations the values of Ao and Aj may be deteimined 
from the values of »Ao and ^Aj. The successive terms of A« may then be 
calculated from the equation A«=Ao.9'. 



On the Value of Apportionahle Annuities; or of Annuities in which 
a proportionate part is payable up to the day of death. By 
Thomas Bond Sfraoue^ M.A.^ Actuary of the Equity and 
Law Life Assurance Society, and Vice-President of the Institute 
of Actuaries* 

In former papers^ I have investigated the value of an annuity on 
a single life, when payable half-yearly, quarterly, &c. It still 
remains to consider the values of annuities on the joint duration of 
two or more lives, or on the life of the last survivor of several lives, 
under similar circumstances. It will, however, be more useful to 
consider first the increase in the value of an annuity on a single 
life, when a proportionate part of the annuity is payable up to the 
day of death, instead of the annuity ceasing, as is generally 
assumed, with the payment that precedes the date of death. 

The value of this increase will first be investigated on the 
supposition that the deaths in each year of age are uniformly 
distributed over the year. 

Thus, the annuity being £1, payable yearly, and the age of the 
life on which the annuity depends being k, if death occur during 
the (^ + l)th year — in the instant dx following the time t + x, 
then there becomes payable the sum £a. The deaths being 
uniformly distributed, the chance of this sum becoming payable, is 
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and the value of the chance of receiving it is therefore 

^^'^\Pk,t-'Pk,t+i)dx, 

The value of all such possible payments in the (/4-l)th year 
will be found by integrating^ and will be equal to 

Again^ the value of all such possible payments throughout life 
will be found by summing this quantity with regard to t, giving t 
the values 0^ 1, 2 • . . to the extremity of life. 

Now ^t^\PKt—PKt+\)^K 

Hence the value of the increase, which it will be convenient to call 
the " correction,^* becomes 

— / xv'dx. or At / xtf'^dx. 

The value of the definite integral involved may be found as 
follows : — 



arr»-'=:a?(l-h») 



-x-l 



i^ \ t3 



^=x^x{x'—\)i-\-x{x — l)a?— — x{x^V)x(jc-\-\)-^ + . . . . 



(by the Binomial Theorem) 



i^ : . ., i^ 



2 6 



whence 



/^-.^c.--(^-)..(--^)L--(---)i!...„, 



and 



Or, otherwise, integrating by parts, 

/xifdx= / , dx 
loev J \ozv 



\ogv J log 
log V log^ V 



+ C 



■ Xff tf 

S=C -Z — . . . . • . . • \^ ) 



ly^'i-i-i' 



2 E 2 
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J /-» , , 1 1 1 I— a 

and y^ ,,--,&=_«-._=_, 

where 8=log*(l H- 1) = — log«t;. 

The two expressions we have found for f xtf^^dx may be 

shown as follows to be identical. 
We have l+t=e* 

^d .w_i=a+- + i + _ + _ + .... (3) 

whence —-r- = - -l 1 h — + . . . . 

h^ 2 ^ 6 ^ 24 ^ 120 ^ 

But a=iogxn-o=*- ^' + '3' - ^' - (4) 

and substituting this value for S, we find 

aa - 2 + 6 " 24 "^ 45 

which agrees with (2). 

Thus then the value of the correction is 

/I i i^ t8 \ 

^*U"*"6'~24'*"45"" J • •*• • (^) 

This expression agrees with the statement of Professor De 
Morgan^ Essay on Probabilities^ Appendix the second, p. xxii. — 
" When an annuity is granted upon condition that the executors 
of the party are to receive such a proportion of payment for the 
year in which the annuitant dies, as corresponds to the portion 
of the year during which he is alive, the addition to the value of 

the annuity is the present value of ^ + 75 of a yearns purchase, 

payable at the end of the year of death/' 

As a first approximation to the value of this correction, we may 
say that on the average £^ will be received in the middle of the 
year in which death takes place, and the value of the correction 
will therefore be nearly equal to 

This result, it will be observed, is too large, and is not correct 
even in the term involving the first power of t. 

Baily gives the value of the correction as simply -^ . 



J 
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Griffitli Davies has given (p, 336, cor. 1) a formula for the 
value of the correction which is equivalent to 

= l+*{._log(l+,)}A» 

=(1+0(2-3+4 -5 +...JA, 

_/l i i^ t8 \ 

which agrees with our formula as far as the term involving the 
first power of i — the remaining terms being different on account 
of the different supposition he has made as to the interest for 
fractions of a year. 

If we next suppose the annuity to be payable half-yearly 
instead of yearly, a little consideration will show that the value of 
the possible payments in the (/+ l)th year is 

APk.t—Pk,t^.\Xl + \/v)/ xtfdxi 

^ 

and the value of the correction is seen to be, reasoning as before. 

At • / xffdx 

V Jo 



-A ,1-" «-*+! 



) 



a« 2d 

Now 8 = — log «, and v = «- ^. Hence 

. J , a ^2 1 5« 1 a* 1 

^2^4 2^8 6^16 24^ 

t?-*+i _i 1 a a« a^ 

2a ~ a ■*■ 4 "^ 16 ■*■ 96 ■*■ 768 "^ • • • • 

Ai « 1 1 a a^ a» ^ ,„, 
^''^ a^^ = a + 2"*-6 + 24 + T2o"^"" ^^(^^' 
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• «-*+! 1 5 , a« 9 ^g 

|5 - -ly- - 4 ■*• 48 "^ "^ 32 ■*■ 1280 ^ "^ • • ' • 

and the value of the correction is 
1 6 . ^2 9 






A /l 5 . f» 121 ., \ ... 

This result may also be arrived at by &ading J xifdx from the 
formula (1). Thus, 

Jo 8 12 384 2880 

^^-4 



*•«— 



Again, 1 -i- -v/v=l + (1 + «) 

=2-2+8' -l6*+'--- 

and multiplying these series together, we get the above expression 
(6) for the value of the correction. 

Let the annuity now be supposed to be payable m times a 
year; and let each year, as the (^+l)th, be divided into m equal 
parts. Then if death occur in the (« + l)th part of the {^ + l)th 

year, at the instant dx following the time /H har, there is 

payable the sum £x. The chance of death occurring in that 
instant on the supposition of uniform distribution of deaths is, as 
before, {pk,t—Pk,t+i)dx ; and the value of the chance of receiving 
£x by such death is 

The value of all the possible payments in the («+ l)th portion 
of the {t + l)th year will be found by integration, and is 

^ 

The value of all the possible payments in the (^ + l)th year 
will be found by summing with respect to *, giving it the values 
0, 1 • . • m — 1; and is therefore equal to 

1 a f«--i i 

t?'(l + r-+t;=+ ....+»"• XPk,t-PKt^-i)f''^'(^ 



1 
■T{Pk,t—Pb,t+i) / ''xv'dx. 






J 



1867.] or Annuities payable up to the Day of Death. 363 

Lastly^ samming with respect to t, the total value of the 
correction is 

But, as we have already shown, 



1 t)"* v^ 






i^ 1 



^2 mB* 
80 that the value of the correction is 

n r 



1 J?_ J_l 

1 — v^ ' 
_.. fl 1 /w 1 S 1 «» \)» 

_. fj \_ a' ) 

~ ' t2»»8 12»»« ■*" 720w* • ■ * I 



which becomes, since r =1 + ~ + t + rrr + • • « 

2 6 24 



«• ." »•» 



2 12 24 



^42^"*"4^r^3W"2i^'^ik(^^i5^)"***j ' • ^^^ 

Making 9ro=l, 2, 4, successively, the values of the corrections 
in the cases of annuities payable yearly, half-yearly, and quarterly, 
respectively, are found to be 

/I % %^ %^ \ 

i 
* This step is obtained from the well known expansion of -j—z . 
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(I ^ . t^ 121 .,_ \ 
*U'^48* 48 ■^11620* "") 
(I JJ_ . t^ 961 ., \ 

^^S"*" 192*" 96 "^184320* "••••; 

the two first of which agree with the formulae we have already 
found above. 

The preceding formulae are analagous to those obtained by 
Baily for the value of annuities payable half-yearly and quarterly^ 
on the hypothesis of a uniform distribution of the deaths in each 
year. But we have seen in the case of those annuities that the 
results obtained by the use of this hypothesis are not to be relied 
on when accuracy is desired; and it will therefore be desirable to 
investigate the more accurate formulae corresponding to Mr. Wool- 
house^s formula for the value of an annuity payable half-yearly. 

Before doing this^ however^ it will be convenient to investigate 
the value of an ordinary annuity of which the first payment, 
instead of being made at the end of a year^ is made sooner^ say at 

the end of - th part of a year, 
wi 

In this investigation it is almost necessary^ and is^ at all 

events, highly desirable, to denote by a suitable symbol the value 

of the annuity in question. But when we seek for such a symbol, 

it becomes apparent that no convenient modification of the 

notation (a^) for an ordinary annuity can be introduced ; and that 

we must adopt a symbol to denote the value of an annuity-due, 

ue,, of an annuity payable in advance. Mr. Scratchley has used 

the symbol a, and Mr. Filipowski,,(2, for this purpose. I propose 

to adopt the symbol a, as being more simple than the latter, and 

more distinctive than the former. Thus, then, 

a*=l+«*. 
Next, suppose this annuity-due to be deferred n years, then 
a;tf^ will denote an annuity of which the first payment is made 
at the end of n years ; or 

Also, j]ait will denote a temporary annuity of t payments, the first 
made at once ; or 

7|a4=lH-jzT|a». 

So, again, 7]a»|^=7jOik|sn. 

Making n=:0, we see also that at^^ must be interpreted to 
paean a^ 

Consistently with this notation, the value of an annuity of 



1 

• • • • 
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which the first payment is made at the end of the mth part of a 
year will be denoted by aAjT. 

We have for the value of this annuity 

^_ m m m 

or, putting u^ for l^rf^ 

Now substituting — for x in the formula (8) for ti*+, given in 

my paper in the last Number of this Journal, p. 820, we have, very 
approximately, 

/, 3 2\ /3 2\ 

='*'-U-^3JK-«-)+;^(l--)-;^\i--) 

So also, 

«*+!+> =W*+l-( — —-3 Ytl*+i-«t+2)+ ^M 1-- ) -^f 1- - ) 

«*+,+L=M»+,— &c. 

M 

Adding these equations together, we get 

u^L+u^i^l + u^i^L-^- =Swh-- 

m M OT M 

'3 2\ 



,w^ m* 



1 / 1 V 

+ - ( 1- -; («^* + «i+i4-«'ik+2+ ) 

/3 2 \ 
w\ m] m\ nij\ mj -r -r* / 
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But applying the formula (p. 207) 

2" + «a+i+w-+2+ + 2 =y ***«^^+ 12 ("*—«*«) 

720^ * "^ 

"^ • • • • 
we have 

•g" +w*+i+*^*+2+ . . . . + -2" = — WjkH j^ 720~" ■*■*•'* 

— z being used (as at p. 317) to denote the extreme age in the table 
of mortality^ which none of the lives actually attain. 

The first term in the second member of this equation is 
obtained thus : 

/ m'^=«, — M4=— tt;j, since m,=0. 

The quantities u\y u"g^ u^. ... are generally so small in comparison 
with the others that they may be neglected, and we have therefore 
very approximately 

m\ mj\ mj\ * 2 12/ 

=s«.-i«.+ i-(i-l),/.-J-(i-i)(i-i)./;. 

m 2m V fnj 12m \ fnj\ m) 

Dividing both sides by uiy we get 

1 m—l m\ (m— l)(m— 2) m"* 
a4fr=l+ak + -^r-s- • — — ^^ rrr^ ^•— . 

But since ujt=^lkt^, 

f/jssry + logr/y, 

and !6 = f>-ii'=-^-J. 



Also, tt';=/;t;*-2ar,t'*+a2/*t;*, 



and !L* = !*.+2aa + 52. 
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whence^ by substitution^ 

m — 1 m— 1, ^, (m — l)(m — 2)fl'i ^ * *«v ,ox 



m 



very approximately. 

Or^ adopting the notation I have employed in the last Number 
(p. 317), 

m — 1 ♦»— 1. ^. (m— l)(m— 2)iyA ._. 

H=''^+— -^<^+^>- i2l» d: • • • w 

The most important case is when m=2, or the first payment 
of the annuity is made at the end of six months. In that case^ 

a.(j=«»+i-^ (10) 

the last term in the value of a^ir disappearing. 

The universal practice of actuaries is to take the value of such 
an annuity as a^ + ^ ; and we now see that that value is too large. 
The error, however, is seldom of much practical importance. 
Taking an average age, 45, and interest at three per cent., we have, 

according to the Experience table, ^ = •0052 ; and if we are 

valuing the liabilities of an Office in which the premiums amount 
to £100,000 a year, the error caused by using the common 
approximation will only amount to £520. 

In order to test the accuracy of the above formula (9) we will 
apply it to find the value of an annuity payable m times a year. 

Writing — for m, we have 

Here making r equal to 1, 2, 3 . . • m, successively, we have, by 
addition, 

ft»[r+a*[r+a4nr+ +**[r 

1 I ^ 

m ' 2m^ 



D'i 



{ m^Hr - 3mSr2 + 2Sf -^j. 



12m»Dj 
But the first member of this equation is equal to ma^l^\ 
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Also Sr=l4-2 + 3+ .... +m= ^^^'^ ^ 

6 

2:r»=l + 2»+3»+ . . . +«»=!J^-til* 

4 
Hence we have 

, . m+1 m + 1 . . ,. ( 2m+l) 
maSr)=ma*+m ^ _ (^i4.a)|^ _ — j. 

D'i wi+1 



Da 24m« 



{m>— m(2m + l)H-K^+0} 



the other term disappearing; 

and «i-,=«,+ ______o. + 5), 

which is Mr. Woolhouse^s formula. It will be noticed that in 
deducing this from our formula for a^tFj no process of 

approximation has been employed; but if the one formula were 
strictly accurate^ so, also would the other be. 

The above formula for a;tnr needs no further confirmation. 



I subjoin^ however^ another demonstration^ as illustrating a 
different mode of proceeding which may be found useful in other 
investigations. 

We have, tt^. being any function of x, 



2 +w„+A+w«+»+ +W4_4+ - 



= iy^M^+A(^,^u^)-^(e.--0+ . . (11) 

Now put Ug. equal to ^t?*; and first let «=A:, A=l, i=2r, the 
extreme age in the table of mortality, which none of the lives 
actually attain, then the first member of (11) becomes 4i^(^ + aifc); 
and we get 

=y^ «>»-- + — - (12) 

approximately, the values w'«, M'i'> • • • being very small. 
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Next, put a=AH , A=l, b corresponding, as before, to the 

extremity of the mortality table ; then we get 

Lastly, put a=A:, A= — , 6=:a + A=^H — , then the first 

m m 

member of (11) reduces to -^ — - or J(M* + tt4+l) ; and we have 

+ 

Dividing this by m, and adding it to (13), we get, since 



^y a*i 



S^i)-^'"^'*^-^^*^'"^/"'^" 






Now subtracting (12) from this, we have 
whence 



12m2 /y 



•/" •/" 1 



720m* /*» 
But since 1*3.= /^ir*, 

so that u\^szf^v^^Uj,ffj 



k + . . . . 



v^ 
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and wVl=(^*+i-^^*+i)^*'^ 

(by Taylor's theorem) 

whence w^— «i+i.= — ^/^(l — .f?«) 4- /^t;* J i - 1;^ h — try 

m\ 2m) * 
+ 



W- 1 



^*+^*+2^«'+--} 



= 1— — + :r-=^ 



We therefore have 



m 2m* 4 






+ 



;(-'('-'>-'■('-'- ^')4(-i)!-i 



12m« 

approximately. 

Again^ since 8= — logt?, v=tf-*, and 






• • I • 



m 2m^ 
we find, neglecting terms that involve 8^, fiS^, and /'iS, 

^1 — »"•)= — , approximately; 
m 

^ ^1 _,;= + _ «S j =^ (^_ + _ j =2 ^ , approximately; 

m(*-2;;,J4''"=mT.''pp'*°^''**'y- 

Also 

=2- IT- + 2;;? + ;;i5 + 2^. approximately; 
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so that, substituting, we get finally 



ajfe|r=a4+ 



I-"'-" ^ 



m— 1 f fi + S S« /uS /i' 



2- !:^^ + TT-? + S + 



m 2m^ m^ 2mH 



k. 



m2-l ( S^ 2^/1 Z; 



=«* + 



12w2 i 

w — 1 m — 1 
m 2m^ 



— as found above (8). 

As a further test of the accuracy of this formula, apply it to 
the case of a perpetual annuity certain ; and for this purpose make 

fjL and r'l both zero. Then at becomes equal to -; and the 

value of the annuity, as found from (8), becomes 

t m zm' l2nr ^ 

But the value of the annuity certain in this case is 

1 1 1 

t;"-|.t;i+s-f t;*+«i+ ... .ad inf. 

t;~ l + » 1 1 '—I /'"«)^ 1 =LL'.a 

^=- = — r-t;*s=-P* = : = -rXC'" 

1 — t; t » « t 

= -r-h •' ' 



» 9n 



7r"^ m 2"^ m^. 6 ^^ ' * ' • J 



1 m — 1 m — 1 (m — l)(m — 2) ^ 

— which is the same as found above (14). 

For v=- — r=e'~* .'. 1 + 1= A and «=e^— 1, 

l+» 

? = ;^1 =^-2-^12-720+ <'^> 

this being the well known expansion by means of Bemouilli^s 
numbers given in all treatises on the Calculus of Finite 
DiflFerences. 
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We now return to the investigation of the increase in the value 
of an annuity^ when upon the occurrence of death a further payment 
is made proportioned to the time which has elapsed since the last 
payment of the annuity. This increase will be called^ as before^ the 
" correction/' 

Firsts let the annuity be supposed to be payable yearly. 

Then, the present age being k, if death occur in the (/+l)th 
year from the present time — say in the instant dx following the 
time X in that year ; i.e., at the time t-{-a from the present time, 
there will be payable a sum £a!. The chance of death occurring as 
supposed will be 

1 r"^' 

and the value of £x to be i*eceived on the occurrence of such death 
will be 

^xt^Jjl^.dx (16) 

and the value of the correction will be found by integrating this 
quantity with respect to x between the values and 1 ; and then 
summing it with respect to t, giving / the values 0, 1, 2 .... to 
the extremity of life. Now we have, using the formula of 
interpolation employed above, 

+ ^H-*(^-2a:»+a:»)-/'*+H.i(^-^) . . (17) 
Hence 

fH^+.=-6(;p-^)(/»+,^/*+^,)+/V,(l-4^+3a:»)-/'^^i(2^-3x»), 

and substituting in (16) this value of fk+t-\-M> we have first to find 
the value of 

y^'*^ |6(^~^x^»+*-^*+*+i)-^*+x*-4x'+3^) 

+^+*+i(2«'-3a:»)|£& . . (18) 

Now 5=— log,» .*. t?=«""^ 

and ffzue'^^l^hx-^-r- 5- + .. .. 

2 

whence />ifflfe==/'r«^—aa^+>+ -«*+'- - aj^»+ \dx 

"^ M^ ■" irf2 ■*■ 2(»+3) ~ 6(n+4) "^ " " "^^' 
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Here making 11=!^ 2, 3, snecessiTely, we get 



378 



Hence y^(«»_«:«K<&=Vir- 20 + 60- 



y _ 8* 

20 ' 60 252 



/(x-4^+3x.K.= -^+^-^ + 



"[" • • • • 



a»- . . . . 



15 40 ' 315 

and sabstituting these valaes in (18), we get the value of the 
correction in the (/-h l)th year, equal to 



-^^^^-f.^.^/fc^^ (6(a-4 + J-^ + . ..)(/*+.- 



I 



+("-i5+ro-8T5 *'+•••} 



*+«+l) 
•*+* 



«[a,--i- + — - — + ... y^+^,|. 



Tff" 



10 ^ 20 63 



Next samming with regard to t, giving it the valaes 0, 1, 2 . . • 
we get the total value of the correction, neglecting terms involving 
higher powers than 8^ 



= V* 10 



+ 



*+io-r2Jr,^''V'+'-^'*'+'> 

I" 15 



a> 2_ 

"•"iO 315 






iH-<+l 



(19) 



-V"~10 + 20~63A»^'^ 
Now we notice that 

^* 

— the value of an assurance on the life k. But we shall find it 
more convenient to obtain an expression involving the annuity, ot. 

VOL. XIII. 2 p 
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Thus 2»'^'=l+o,, 

and 2y'^ = i«,= (l+«+^ + ^)«,. 

SO that 

(*-fo'+ro-a)r.^'*-<**') 

=(*-fo'^^S){'+-('+^4-?)«.} 

, 3 •«» 8« /i 8» 8»N 
= *~ To *■*■ 10 - 42 - I2 - 20 + 3oJ "" ''PF^""'**^'^ 

Again, So'^h-h-i =^+i +»''»+> + eTj+j + 



H-H-I 



~ V^~ 60 ~ 120 ~ W l^^'^^^'-^") 



k+t 
k 



\ 20^30 2520 y /, 

V" 60 120 ""504;''' 
since /i=— -p. 

It only remains to evaluate 2,v^l'k+t 

Now putting v^l't^t for Ut in the equation 

2 +tffl+i + Wa+3+ + - =y V^+ , nearly, 

and making a=0, b=z--k, we get 

tt'^^i being so small that it may be neglected. 
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But f^A^^f^h^At 

— integrating by parts^ 

and f u/ii=^l^-\-^ f v^l^^/it 

— _^+ a//a*+ i— ^ j , very nearly; 
-—^ dt is the value of an annuity payable momently. 

Also «'«= — ^P'^t+t+t^^lM-/, 

and «'o=— *^»+^i; 

80 that s,/?^.= |?_/.+3/,(«,+i_e|f) + £^, 

and .l^. = _|_,^,(,^i.^^^)_V,(^^|) 

=a(«*+i)-i-f -^(^'+2^2+ J*) . 

The value of the correction thus becomes^ by successive 
substitutions in (19)^ 

* 10 "^10"" 42" U 20 "^SO/*** 

""V" 60 120 504y'*' 

Multiplying out^ and neglecting small quantities of the third 
order^ involving 8*, 8V> of 8/'i, retaining however the term 
involving S' in the coefficient of a*, we get the value of the 
correction 



*""To^+To-V2"2o"^3or* 



■^ 20 "" 30 " V20 ~ 30 
40 "^40 12*^60 



■"*" 4 "^ 24 "" 2 ''*"" l2 + 24 

=i(l-H)-|-f2 + ^ .... (20) 

2 F 2 
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Hence, the value of an annuity payable yearly^ with a proportionate 
part payable to the day of death, is 

•■'+*-J + U-2«'-n + 24 



=(--4-fiX'-|)- 



=( 



24 



'"+*-lf')(^-2) + ^ • • • • (^») 



This method will not give us the value of the annuity with 
greater accuracy; inasmuch as the fundamental equation (17) 
neglects small quantities of the third order. 

When the annuity is payable, not yearly, but m times in the 
year, the value of the correction may be found as follows : — 

Suppose the unit of time is taken to be — th part of a year, 

instead of one year, and that a payment of £1 is made at the 
expiration of each m-part. Then the amount of £1 at the end of 

one unit[ ■— th of a year] will be (l4-t)"i *°^ we must substitute 

for 8 in the equation (20), log (1 -ft)* ; i.e. — log (1 + t), or -- . 

We must also substitute wiffj"^ for ajt* Lastly, with regard to /i ; 
this quantity denoting the instantaneous mortality at the age k, 
referred to a unit of time (t.^. a year), we must substitute for /m, 

~ , since — th of a year is now the unit of time. Making these 
mm 

substitutions, the formula (20) becomes 

a ^ A a ,1 . %+5) 



*('-l-'-')-^-ia+ 



24m» 



This applies to the value of an annuity of £m payable by m 
instalments in each year; and dividing by m, to obtain the proper 
formula for an annuity of £1, we get the value t)f the correction 

i.(l_8„r-)-)_J M I ?(m + ^) 

2m^ * ^ 4/Kt 12m«^ 24m3 
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1 

2m 






Adding to this the value of a^l^\ we shall find that the value of an 
annuity payable m times a year^ with a proportionate part to the 
day of death, is 

("•+*- 'S-')('-^)+ Si • • ■ <^« 

If we put *n=l, these expressions become the same as (20) and 
(21). If, again, we make m infinite, (23) reduces to 

— the value of an annuity payable momently. 

The preceding demonstrations being rather intricate, it will be 
satisfactory to show how the same results may be arrived at by a 
different process. 

I will now take the case of an annuity payable m times a year. 
The year being, as before, supposed to be divided into m equal 
parts, let it be further supposed that each m-part is subdivide^ 
into n equal portions; and that if death occur in the rth sub- 

division of any m-part, the sum of — is payable at the end of that 

subdivision ; then when n is supposed to become infinite, we get 
the case of an annuity payable m times a year with a proportionate 
part to the day of death. The value of the chance of receiving 

— , as aforesaid, by the occurrence of death in the rth subdivision 
mn 

of the (»+ l)th part of the (/ + l)th year, is 

— ^V*+'m-^^»'\pi,^,+ t + r^^P^^,+ L + Ji\ . . . .(24) 

and we have now to sum this quantity with respect to /, s^ 
and r. 

It is immaterial which of these variables we deal with first. 
Summing first with regard to /, and giving it the values 0, 1,2... 
to the extremity of life, the sum is 
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fun ^ w MM M ' M« 



mn \ «■ »ii « tMM J 



r -L 
— — t;"" a 
mn 



|« mm fnih I mm* 



•i— employing the notation I have explained in the earlier part of 
this paper^ for the value of an annuity-due^ deferred for a fraction 

" 'C^ing wi* ^ „ ., ^™, i. ft. ..!.» 0, M . . . 

fw— 1, we have 



kfTTEI— **|^"r**[rrEJ"T"*»f?:iEJ+ • • • +**f 

\m mn |m« |m mn |m m» | 

and the sum of all the quantities (25) will be 

::r^ai"*>frn ai*"^rr. 



n 



Here it will be noticed with reference to our notation that, itt^ 
denoting the value of an annuity of £\ payable by m instalments 
in each year; aj^"*^ denotes the value of a similar annuity, with the 
difference that the first payment is made at once instead of at the 

end of — th of, a year; and a£. denotes the value of a similar 

annuity deferred r years, the first payment of which is therefore 
made at the end of the time r, which may be either integral or 
fractional. 

We have now to find the expressions for a^ipi and a^u 

IrniT (iSi 

analogous to that found above for ^my vis. — 
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Again, make t= ^ in (27) ; then we get 




2m 
the other term disappearing, 

which, making m=rl, agrees with (10). 

3 
Here make m=2, then aj[|l=0t4-i- — [ia+1) . . . (29) 

m=4, „ tiW=a,+^-^((i + S). . . (80) 

(7b 5« continued.) 

I 

CORRESPONDENCE. 



"EXPECTATION OF LIFE." 
• To the Editor. 

Sir, — Is there anywhere to be fonnd an exact and accurate definition 
of this function, called by some writers " expectation of life,** by others 
** mean duration of life"? Mr. Peter Gray, in his valuable work entitled 
Tables and Formidce for the Computation of Life Contingencies, has 
taken great pains to point out the errors of some preceding writers (see 
chapter v., pp. 59 to 72); and while treating the subject himself in a clear 
and satisfactory way, has been rather severe upon the inaccuracies of 
others. He therefore cannot, I think, reasonably object, if I direct atten- 
tion to what seems to me a serious inaccuracy in his definition. He says, 
'* By the mean duration of life at a specified age and according to a given 
table of mortality, is implied, the average number of years that, in the case 
of a single life, will be enjoyed by each individual of the specified age." 
Will be enjoyed by each individual!! I It is of course obvious that ea>ch 
individual cannot enjoy the average number of years, and that the preceding 
definition must be amended, by substituting the " average number of years 
which persons of the specified age, taken one with another, enjoy according 
to the given table of mortality." 

Several writers object wholly to the use of the phrase " expectation of 
life"; and I notice in particular that Professor De' Morgan in this Journal^ 
vol. xii. p. 33, speaks of '^ the average life, or expectation, as it is wrongly 
called." Now, I can understand the objection made to the phrase, that it 
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IS somewhat misleading to persons who have not studied the subject acca- 
rately; thongh I do not admit that to be a snfficient reason for abandoning 
the use of an old phrase, which is convenient and well understood, as a 
technical term in the science of life contingencies. But what I do not 
understand is, why it should be said that this function is wrongly called 
'< the expectation." It appears to me that the phrase is used in a sense 
strictly analogous to the sense it bears in other cases. Take the case of a 
number of persons drawing lots for a prize, what is meant by the " expec- 
tation of gain'' possessed by any one of the persons? Or again, take the 
case of an Insurance Company with a given number of lives insured for 
specified sums, what is the '^ expectation of loss" in a particular year? It 
appears to me that the phrase *' expectation of life** is strictly analogous to 
these other two phrases. 

It is well known that the value of an annuity on a given life is less 
than that of an annuity certain for a term equal to the expectation of life; 
but I am only aware of one attempt at a strict proof of this proposition; that, 
namely, given by myself in the tenth volume of this Journaly p. 52. In 
that proof, however, I only established that the annuity is less than the 
annuity certain for the term of years indicated by the nearest integer to the 
number expressing the expectation of life. I now propose to complete the 
demonstration. 

The expectation of life at a given age expresses the average number of 
payments of an annuity that would be made to persons of that age. Thus, 
then, in comparing the value of a life annuity with that of the annuity 
certain for a term equal to the expectation of life, we must take account, 
not only of the entire years included in that expectation, but also of the 
additional fraction of a year included therein. For example, if the expec- 
tation be equal to n-f-^, where n is an integer, and h a fraction less 
than unity, we must compare with the value of the life annuity of £1 
that of an annuity certain for n years with a further payment <^ 3 at the 
end of the (n+l)th year. It will be noticed that the annuity being sup- 
posed, as usual, to cease with the payment at the end of the year preceding 
that in which death takes place, and not being continued up to the day of 
death, we therefore take for comparison the curtate and not the complete 
expectation of life. 

Xow, the age being Xy the value of the life annuity is 

^*+> ., -L ^*+2 «2 J. j_ ^*^■• ./• 

-J— ^ H — J— t?* + • . . . + -T— V 

^Piv+p^v^-k- +i?y, suppose; 

and the value of the annuity certain is 

Also, « + 3= 



t+i + ^r+a^" • • • • +(«+« 



=/'i4-i>2+ • • • • +p0 (1); 

this equation expressing that if money be supposed to bear no injterest, 
i,e.^ v=l, then the value of the life annuity is equal to that of the annuity 
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certain. Then the value of the life annuity will be greater or less than 
than that of the annuity certain, according as 

J»i»+/>2V^+ . . . ■fjt>y> or <v-^i^-^ . . . +t;» + ai;"+i . . (2) 

and therefore according as 

i»«+2*'"+'+;'n+3f'^'+ . . • +i>y> or < 

Now, since v<l, the first member of this inequality is less than 

t^"+'(i»«+2+>^«+3+ . . . +J»,) .... (3) 
and the second member is greater than 

>(n+5-j»,— j»2— • • • — J»«+i>"^^ 
or, from (1), 

>(;>«+2+Pn4-3+ • . • +]»>*+'• 

But this is greater than (8), and therefore returning to (2), we see that in 
all cases 

Piv^p^v^+ . . . +;?y < tJ + v2+ . . . 4.t;"+at;"+i, 

or the life annuity is less than the annuity certain for the term equal to the 
expectation. 

The reason for this result may be briefly explained as follows: — 
Comparing the life annuity and the annuity certain, and observing that the 
life annuity is on the average equivalent to an annuity certain of which the 
payment at the end of the first year is p^ , at the end of the second /?2» &c., 
we see that the total payments made in the two cases are equal, but in the 
life annuity, the payments are longer postponed. Thus taking the mth 
year, we have in the one case £1 payable at the end of the mth year, and 
in the other ^„ payable at the end of the mth year, and \-^pm payable at a 
time later than n years; and the value of the former is clearly the larger. 

The reasoning of Jones on this point (Art. 127) appears to be not quite 
conclusive. 

1 am, Sir, 

Your obedient servant, 

Equity and Law Life Assurance Society ^ T. B. SPRAGUE. 

18, Lincoln's Inn Fields^ 

1st March, 1867. 
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PROCEEDINGS OF THE INSTITUTE. 

Third Ordinary Meeting, Session 1866-7. — Monday, 28th Janttary, 1867. 

The President in the Chair. 

Read and confirmed the minntes of the last ordinary meeting. 
The following gentlemen were elected, viz. : — 

Fellow. 
Eugdne Reboul. 

Associates. 

Carlton J. Lambert. 
WiUiam Wellen Smith. 
William Sutton, B.A. 

The following was announced to be the result of the Examinations for 
1866, viz. :— 

Matbiculatioi^ Examination. 

Nine gentlemen sent in their names for this Examination, of whom two 
withdrew without giving in their papers, and five passed in the following order 
of merit, viz. : — 





Marks. 




Marks. 


Carlton J. Lambert . 


. 429 


Henry Cowley . 


. 257 


William Sutton 


. 320 


Walter Kember 


253 


James Chisholm 


. 272 







Second Year's Examination. 

Eleven gentlemen sent in their names for this Examination, of whom one 
withdrew, and two passed in the following order of merit, viz. : — 

Maries. 

Robert W. Symes (with distinction) . . . 604 
Edwin Justican ^, .416 

The Examiners further reported that " several of the other gentlemen, 
although none had quite reached the required standard, had acquitted them- 
selves creditably, and shown much industry and ability in their treatment of 
the questions." 

Thibd Year's Examination. 

Three gentlemen presented themselves for this Examination, and two 
passed in the following order of merit, viz. : — 

Ralph Price Hardy (with distinction). 
Charles Frederick Haycraft. 

Mr. J. Hill Williams read a paper by Mr. Jardine Henry " On the real 
rate of mortality prevailing in England and Wales during the one hundred 
years from 1761 to 1861." 

Thanks having been voted to Mr. Williams, the meeting adjourned to the 
25th February, 1867. 

Fourth Ordinary Meeting. Session 1866-7. — Monday, 25th February, 1867. 

The President in the Chair. 
Read and confirmed the minutes of the last ordinary meeting. 
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The following gentlemen were elected Associates, yiz. : — 

Joseph Drace. 
Richard Lee. 
Patrick Rattray. 

Mr. Samuel Brown read a paper " On the mortality in the United States of 
America, as deduced from the last Census.'* 

Thanks having been voted to Mr. Brown, the meeting adjourned to Monday, 
the 25th March, 1867. 

' Fifth Ordinary Meeting, Session 1866-7. — Monday ^ 25th March^ 1867. 

The President in the Chair. 

Read and confirmed the minutes of the last ordinary meeting. 
The following gentlemen were elected Associates, viz. : — 

Robert James Spencer. | Charles Prentice. 

Mr. Peter Gray read *a paper " On the construction of tables by the 
method of differences." Part 111. 

Thanks having been voted to Mr. Gray, the meeting adjourned to Monday, 
the 29th April, 1867. 

Sixth Ordinary Meeting, Session 1866-7. — Monday, 29th April, 1867. 

The President in the chair. 

Read and confirmed the minutes of the last ordinary meeting. 
The following gentleman, duly nominated at the last ordinary meeting, waa 
elected an Associate, viz. : — 

Thomas Henry Grifiith. 

Mr. W. M. Makeham read a paper " On the law of mortality." 
Thanks were voted to Mr. Makeham, and the meeting adjourned to Monday, 
25th November, 1867. 

Hie Twentieth Annual General Meeting, Saturday, Ut June, 1867. 

Samuel Brown, Esq., the President, in the Chair. 

The Honorary Secretary, Mr. J. Hill Williams, read the minutes of the 
preceding ordinary meeting, and the following Reports : — 

'^ The duty again devolves upon the Council of reporting to the members 
of the Institute as to its state and progress. 

'* The usual details will be found very fully set forth in the Assistant 
Secretary's letter, and in the annual account accompanying this Report. 

" The income of the year appears to be £534. 16«., and the outgoing 
£370. 3«. Id. The assets are estimated at £1,450. 

" The following papers have been read during the Session: — 

Nov. 26. — * On the value of annuities payable half-yearly, quarterly, 

<fcc.' By Mr. T. B. Sprague, M.A. 
DecVJ.—'On the limitation of risks.' (Part II.) By Mr. T. B. 

Sprague, M.A. 
„ 'On the arrangement of the data furnished by certain Life 

Assurance Companies in Scotland, and on the formation 

of tables, &c., therefrom.' By Mr. James Meikle. 
Jan. 28. — ^ On the real rate of mortality prevailing in England and 

Wales during the 100 years from 1761 to 1861.' By 

Mr. Jardine Henry. 
Feb. 25. — * On the mortality in the United States of America as deduced 

from the last Census.' By Mr. Samuel Brown. 
March 25. — * On the construction of tables by the method of differences.' 

By Mr. Peter Gray, F.R.A.S. 
April 29.—* On the law of mortality.' By Mr. W. M. Makeham. • 
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^ The Committee appointed for the inyestigation of the rate of mortality 
amongst assured lives have made satisfactory progress in the claceiflcation A 
the data in their possession, and are continuing their lahours. To the date of 
this Report the Offices contrihuting their experience are the Clerical and 
Medical, the Guardian, the Pelican, the London Assurance, the Union, the 
Metropolitan, the London and Provincial Law, the Equity and Law, the 
Northern, and the late Palladium Office; and the total numher of lives on 
which ohservations have been registered is 75,080, of which 62,870 are male 
and 12,210 female. 

" For the greater convenience of the members the Council have directed 
that a complete Catalogue of the Library be constructed, and considerable 

E regress in the work has already been maae by the gentleman to whom it has 
een entrusted. 
*^ The Council have decided that a prize of ten guineas shall again be 
offered, to be competed for by associates who have passed their second year's 
examination. The subject of the Prize Essay to be / Comparison of the values 
of policies as determined by the use of different tables of mortality.' 

.** As the members are aware, Mr. Jellicoe at the close of the Sessional 
Meetings intimated his wish to retire from the Presidentship, and sdso from 
the Editorship of the Journal, and the Council having, with great reluctance, 
accepted Mr. Jellicoe's resignation, it became necessary, in accordance with 
Art. XXYIII. of the Constitution and Laws of the Institute, to appoint a suc- 
cessor in the Presidency for the period intervening between the time of the 
vacancy occurring and that of the Annual General Meeting. A ballot having 
been taken with that object, at a special meeting of the Council held on the 
7th May last, it appeared that Mr. Samuel Brown was unanimously elected. 
Mr. Brown has accordingly performed the duties of the office till the present 
time, and is now, as the members will perceive, recommended for re-election. 

*' The Journal will be placed, as the Council are glad to announce, under 
the editorship of Mr. Sprague after the issue of the forthcoming Number. 

"SAMlTEli BROWN, 

" 1«^ Jiw, 1867.* "^ "President. 

"Institute of Actuaries, 12, St Jameses Square, 
27th AprU, 1867. 

^ Dbab Sib, — I beg to send you herewith a copy of the audited Abstract of 
Receipts and Payments of the Institute of Actuaries for the financial year 
ended 31st Marcn, 1867 (see p. 392), with a few remarks. 

" Receipts. 

" The total receipts for the last two years were as follows : — 1866-66, 
;£474. 12«. 3<;.; and 1866-67, £534 \Qs. This large increase is partly owing 
to the arrears of some dividends bein^ paid during the year. 

^' The sums received from subscriptions only in the last two years are as 
follows : — 



1865-66. Annual subscriptions . . £464 2 
Life „ . . 



1866-67. Annual subseriptions . £456 15 

Life „ . . 31 10 



£464 2 



£488 5 



" The bank balance at the end of the year was £251. 7^., whilst at the 
end of the previous year it was £270. 155. 10 J. This decrease is owing to the 
purchase of £200 3 per cent. Consols during the year. 
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" Paymbnts. 

" The excess of the annual subscriptions over the general expenses for the 
last two years is as follows, viz. : — 

1865-66 £101 8 6 

1866-67 £86 11 6 

^ The cost of printing the Journal was £66. 68., as compared with 
i686. 19». ed, of the previous year. The payments for rent, ordinary meeting 
expenses, fire and light, postage, library, advertisinff examinations, and house 
and petty expenses, have all increased; whilst for stationery and sundry 
printing they nave decreased. 

'^ Assets. 

" The investments on the 31st March last amounted to £823. 19*. 3d, 
sterling, and the balance at the bank and the petty cash balance to £259. 28, 
The total available assets, therefore, at the end of the year, amounted to 
£1,083. Is. 3d,, as compared with £918. 8*. lOd, of the previous year. 

" LlABILITISS. 

" The following is an estimate of the liabilities of the Institute to the 30th 
September next, viz : — 

Two quarters* salaries 

Rent 

Journals — January, April and July (say) . 
Stationery and sundry printing (say) 
Miscellaneous (say) .... 



£52 


10 





50 








65 








10 








10 









£187 10 



"Mortality Experience Investigation Funp. 

" The total amount hitherto contributed by various Insunnce Offices 
towards this fund is £512. 5s. 

''List of Members. 

^ The total number of Members on the list on the 1st April, 1866, was 
220; during the year 18 new members were elected — viz., 1 Fellow and 
17 Associates ; and the losses were 10, viz., 3 Fellows and 7 Associates ; leaving 
on the list, on the Slst March, 1867, 228 members, 96 of whom were Fellows 
and 132 Associates. Two Associates have been transferred to the Fellows in 
the course of the year. 

'^ I am, dear Sir, yours faithfully, 

"FREDERICK GOVER, 

S. Bbown, Esq." *^ Assistant Secretary. 



M 



The Prbsidert — " Gentlemen, in moving that this Report be adopted, entered on 
the minutes, and printed in the Journal^ I will only make a few observations before 
inviting any remarks from other gentlemen ; but I propose, before the close of the meeting, 
to review briefly the progress of the Institute to the present time. (Hear, hear.) I 
think, widi regiurd to last year, every one must admit that we have fdUy maintained the 
reputation of the Institute, both by the papers which have been read and by the very 
interesting discussions to which they have given rise. (Hear, hear.) The papers by 
Mr. Spragne are of a practical character, at the same time that they lead the student to 
the consideration of some of the most difficult questions he will have to master in the 
course of his professional pursuits. Mr. Gray^s papers ' On the construction of tables by 
the method of differences,^ which are not yet finished, will, I believe, lead to some 
toiost interesting and important papers, which have yet to be written. But of all those 
which are likely to lead to further discussion of the highest importance is the paper by 
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Mr. Makeham, ' On the law of mortality/ (Hear, hear.) I will not say nmch ahont it 
at the present moment, as I shall allude to it a little more hereafter in the address which 
I shall have the honour of presenting to you. I am satisfied we are now in the right 
direction for extending our powers of calculation and also our inquiries on a subject 
which the greatest minds have hitherto been investigating without arriving at any very 
satis&ctory conclusion up to the present time. In all other respects the progress of the 
Institute appears to have been highly encouraging, as regards the number of members 
and the increase of wealth, though we are a body which is not very wealthy, bat which 
works in a satisfactory way with but little money. This is a source of congnttulationy 
not only to the Council, but to every member of the Institute. (Cheers.) I shall be 
glad to hear any remarks, and will now move ' That the report be received and adopted^ 
and printed in the JoumaL'^ 

Mr. A. H. Bailet seconded the motion. 

Mr. SPBAauB — '^I rise with very great pleasure to support the adoption of this 
Report I fully agree with you, Sir, that the Institute is miUcing progress, upon which 
we may £Eiirly congratulate ourselves. I am very glad indeed to hear that you propose to 
give us a sketch of the progress of the Institute from its origin — (hear, hear) — which, I 
am sure, will be received with great interest, especially by those who, like myself have 
not been members from the commencement, and who will be glad to have, on the best 
authority, a history of the origin and early years of the Institute. (Hear, hear.) You 
will probably tell us that the Institute has not entirely carried out the high aims its 
founders entertained; but I think there is no doubt that at the present time it is doing a 
work of very great public benefit; that it is advancing the science of our subject and die 
interests of the assurance profession; and that, in fact, it is doing very valuable work in 
many ways. (Hear, hear.) The subject on which I wish particularly to address to the 
meeting a few remarks is that of the prize which the Council have again resolved to ofier 
to the junior members of the Institute. This is not a new idea. We have had two 
prizes already offered, but not for several years past; and I am very glad now that the 
Council have resolved to resume the practice, and hope it will lead to some useful and 
interesting results. (Hear, hear.) One great benefit that I look to in giving a prize of 
this sort, the subject not being too difficult — and I think we must admit that the subject 
proposed at the present time is not too difficult — is, that it will enable the younger men 
to show what they can do. Having obtained a certificate of competency, as some of ihem 
have, they naturally expect the Institute should give them a helping hand whenever they 
apply for an appointment. The Council will be able to do that with much greater force, 
warmth, and zeal, if they can say of their own knowledge that * this gentleman who ia 
applying for an appointment is a competent man and imderstands the subject welL* I^ 
therefore, those who are looking for promotion will send in an essay, they will afford 
everybody who reads it a means of judging whether they are really qualified actuaries. 
(Hear, hear.) It may be suggested perhaps that there is only one prize to be given, and 
therefore this will be a benefit to only one of those who compete; but I think that if we 
look a little further we shall see that it may benefit several of them. In the first place, 
there is nothing to prevent the Council, if they think fit, awarding a second prize, if 
there should be two deserving essays. I only throw that out as a suggestion which might 
possibly be carried out. Another thing : if the Council are of opinion that three or four 
essays are deserving of commendation and note, they have only to request the writers of 
them to send in their names, and they will receive that mark of public approval which 
could not fail to be very serviceable to them." 

Mr. Brabrook. — ** I rise to interpose before the resolution is put, because I think 
some one outside of the Council should express how exceedingly satisfiustory the Report 
is, and how greatly it reflects credit on the Council. I rise also for the purpose of urging 
on the Council a suffgestion which may have its value; and I do it to-day because thu is 
the only occasion when the ordinary members are able to bring forward suggestions such 
as that which I propose to make. It has frequently occurred to me that we place our- 
selves at a disadvantage by publishing a quarterly journal of a fixed size. I think that 
if we follow the universal custom of all other learned Societies, with the exception of the 
Statistical Society, of publishing only those papers which are read before the Institute, 
and on which we are willing to stake our reputation, or on which responsible authors are 
willing to stake their reputation, it would be more advantageous. (Hear, hear; and 
No, no.) It would give the Society a higher standing in the estimation of foreign 
students and corresponding members who are constantly reading our Journal, and it 
would also give more time for the revision of papers by the editor, and enable the writers 
themselves to reduce their language to the most precise and logical accuracy, making the 
whole thing infinitely more creditable to the Society. (Hear, hear, and dissent) I do 
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not for one moment desire to say that the past conduct of the Journal has been anything 
but the most admirable possible. (Hear, hear.) Anybody who knows the editor must 
be aware that he has brought to that, as he brought to everything else, the most consum- 
mate tact and excellent spirit — (hear, hear) — and there is nobody who has ever corre- 
sponded with him but must feel how courteous, kind, and good has been his whole 
manner of editing the Journal. (Cheers.) But it seems to me that to bind yourselves 
to produce so many pages of matter every quarter is putting yourselves at a disadvantage. 
I think that you should produce just so much of what is brought before you as is calcu- 
lated to further your reputation before the world. The only point, as it appears to me, 
which might be urged on the other hand is this — that our Journal is the receptacle of a 
good deal of correspondence of various kinds, which has its value. With resp«ct to a 
portion of your correspondence — those excellent communications, for instance, which we 
get from our foreign members. Dr. Wiegand and others — would, of course, come as com- 
munications to the Institute, and appear in their proper place. In reference to this 
matter it is to be recollected that since the Journal was started there have been some 
valuable insurance newspapers and other works published. For instance, the Insurance 
Record \B a most excellently conducted periodical — (hear, near) — affording an opportunity 
for correspondence on any subject which it may be necessary to debate. (Hear, hear.) 
When the points are all brought out, a member of the Institute who may be considered 
best qualified to write on the particular subject discussed should prepare a paper to be 
read before the Institute and inserted in the Journal, But that the Institute should put 
forward in its own official pages points which are not settled, is not, I think, worthy of 
its reputation. It is not necessary to trouble you with further observations on the 
subject. I am sure the suggestion will receive the kind consideration of the Council, and 
be taken for what it is worth. (Hear, hear.) If adopted, it will not diminish the respon- 
sibility of our new editor; and, if not adopted, I shall feel that some good reason can be 
urged against it, and shall be content to wait till the time comes, as I believe sooner or 
later it will come, when it will be adopted by the Council^ (Hear, hear.) 

The Report was then adopted unanimously. 

The President mentioned that the auditors— Messrs. Q. W. Berridge, 
B. Newbatt, and R. P. Hardy — ^had expressed their willingness to act for the 
ensuing year ; and they wdre accordingly reappointed. 

Two gentlemen were then selected to act as scrutineers in the election of 
the Council and officers of the Institute, and in the meantime 

Mr. HonaE rose and said — ^** Mr. President, while the gentlemen who have so kindly 
undertaken the office of scrutineers are engaged in examining the list, perhaps you will 
allow me to intrude upon the meeting for a short time with an object which I think ought 
not to be lost sight of in such a meeting as this, and that is to propose a resolution in 
recognition of the services of the gentleman who has retired from the office of President. 
(Hear, hear.) It is not necessary that I should detain you long upon this subject, because 
I am sure that many of you — I hope all of you — will in a very short time have an oppor- 
tunity of expressing your thanks in a more cordial and hearty way than is usual in such a 
meeting as this, and that you will also hear from another member of the Institute a more 
»3equate appreciation of the services of the gentleman I allude to than I could possibly 
hope to give. At the same time, what we are going to do presently is a personal recog- 
nition on our part of the feeling of the members towards Mr. Jellicoe; but I think it 
would be quite contrary to our duty if we were to allow such a meeting as this to pass 
without placing on record, and that in the most emphatic manner, our high sense of the 
value of his services to the Institute of Actuaries. (Hear, hear.) If we consider the 
interest he took in its formation, the strenuous exertions he made for its establishment, 
and the long time he has held the office of President with so much efficiency and advan- 
tage to the Institute, I am sure we shall all cordially join in supporting this resolution. 
(Hear, hear.) I have so framed the motion as to make it obvious upon the face of it that 
the retirement of Mr. Jellicoe was his own act, and did not arise from any feeling on the 
part of the Institute. And, moreover, I have thought the meeting would like to offer a 
recognition of his services, both* during the time he held the office of President, and also 
previously to that period; for it will be recollected that, although Mr. Jellicoe has only 
been President for seven years, yet for a long time previously, in consequence of the 
illness of th« former President, and his inability to discharge the duties of the office, the 
principal duties fell upon Mr. Jellicoe. (Hear, hear.) How those duties were performed 
it is not necessary for me to say. I am sure every member of the Institute must have felt 
the regret which wm expressed by the Council when Mr. Jellicoe retired from the office. 
(Hear, hear.) And in saying that, no one present will believe— and you, Sir, will be the last 
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person to believe — that I intend to offer anything derogatory of yoar high claims, your 
fitness for holding that office, and the many valuable qualities you possess for filling it. 
(Hear, hear.) Nobody, I am sure, recognizes those claims and qualifications more highly 
than I do; but at the same time I believe it would have been agreeable to the feelings of 
the members of this Institute if Mr. Jellicoe had continued to hold the office of President 
(Hear, hear.) He had at different times expressed his wish to retire, and had recon- 
sidered his determination at the request of the Council; but at last his feelings were so 
strong on the subject that the Council had nothing to do but to acquiesce in them. All 
I can say in reference to the subject is that, having lost such a President as Mr. Jellicoe, 
we are very fortunate in having such a President as Mr. Brown. (Hear, hear.) Before 
reading the resolution, I beg leave to offer my thanks to Mr. Brabrook, for his valuable 
suggestions on the subject of the Journal, No doubt the observations he has made will 
be duly considered by the members of the Council Gentlemen, I will not detain you any 
longer, but will, if you please, read the resolution, which I trust will meet with the 
unanimous support of the meeting : — ' That the members of the Institute of Actuaries 
desire to offer to Charles Jellicoe, Esq., upon his resignation of the office of President, 
their warmest thanks for his valuable services and unceasing attention to its interests, 
both previously to and during the time he held that office.^ ** (Cheers.) 

Mr. Bailbt — " Mr. President, such a resolution as this needs no seconding, as it is 
sure to be agreed to with unanimity. I, however, claim the privilege of being the formal 
seconder, because I believe of all men in this room I am under the deepest possible 
obligation to Mr. Jellicoe. I am the only one present, I believe, who has served under 
Mr. Jellicoe for a period of more than 14 years in a subordinate capacity. During the 
whole period I never experienced from him one unkind speech or a single harsh word, 
even amidst all the turmoil and conflicting interests which arise in ordinary business 
affairs. (Hear, hear.) Mr. Hodge has done justice to the services Mr. Jellicoe has 
rendered to the Institute in a way it would be impossible for me to attempt; but, Sir, 
few of the members are aware of the extent of those services. I doubt whether they are 
aware of the amount (which I have had some means of observing) of time and ability— > 
and the money — which Mr. Jellicoe has devoted to this Institute. (Hear, hear.) It is, 
I believe, not generally known that the early numbers of the Assurance Magazine — it 
was not then called the Journal — were published at Mr. Jellicoe^s sole risk; and any 
gentleman who knows at all what sort of profit accrues from scientific publications, will 
know what that really implies. (Hear, and laughter.) I hope I am not intruding in 
making these remarks; but as Mr. Jellicoe is not present, we can say wLit we have done 
more readily than we could in his presence." (Hear, hear.) 

Mr. Spraoub. — *' Perhaps, Sir, you will allow me also, on the same ground as Mr. 
Bailey, to say a few words in support of this resolution. I too feel that I am under con- 
siderable personal obligation to Mr. Jellicoe; and although I was not under him for a 
period of 14 years, still I may say I served my apprenticeship to the profession under 
him. Not only did I obtain my first knowledge of the subject from him, but whenever 
at a subsequent period I have wished for advice, to have my opinion revised or confirmed, 
' I have always found him most willing to assist I am sure all who know him will say 
the same.** (Hear, hear.) 

The Prxsidekt — " If I were to allow every one to speak on this resolution who 
wotdd wish to do so our proceedings would be protracted to a great extent I feel greatly 
the services of Mr. Jellicoe, having been associated with him from the very beginning of 
the Institute. In the first year I worked with him in the editorship of the Journal, 
and during that time we acted together most cordially. Ever since that time I have had 
'so many opportunities of seeing the great ability he has brought to bear upon this Instil 
tnte, that every year has increased both my affection and esteem for him.^ (Applause.) 

The resolution was then put and carried nem, con. 
The scrutineers reported that the following gentlemen had been unani- 
mously elected office-bearers for the ensuing year : — 

President. * 
Samuel B&owir. 

Viee Presidents. 

WlXiLIAlC BaEWICK HoBOB. I ROBBBT TuOKSB. 

Thomas Boxtd SPRAaux, M.A. | J. Hill Wzluams. 
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Council, 



Arthur Hutoheson Bailey. 
Samuel Brown. 
Charles John Bunton, M.A. 
Dayid Ghisholh. 
George Cutoliffe. 
Archibald Day. 
Henry Deyereux Davenport. 
Alexander Glen Finlaison. 
Alexander Pearson Fletcher. 
Edwin Henry Galsworthy, 
William John Hancock. 
Augustus Hendriks. 
WiLLiAH Barwick Hodge. 
Charles Jellicoe. 
Jeremiah Lodge, B.A. 



Henry Marshal. 

William Matthew Maksham. 

Frank McGedy. 

James Meikle. 

John Messent. 

Edward A. Newton, M.A. 

William P. Pattison. 

Henry William Porter, B.A, 

John Reddish. 

Henry Ambrose Smith. 

William Spens. 

Thomas Bond Spbague, M.A. 

Robert Tucker. 

John Hill Williams. 

w. s. b. woolhousb. 



Treasurer, 
George Cutcliffe. 

.Honorary Secretaries. 
Arthur Hutcheson Bailey. | Archibald Day. 

The Paesident, in returning thanks, said he had always taken the deepest interest 
in all the concerns of this Institute, and he felt highly the compliment that had been paid 
him. Although he might be unable to increase the reputation of the Institute beyond 
that which it had attained under Mr. Jellicoe^s presidency, he trusted he should be able 
to follow in the footsteps he had marked out, and, as far as his ability availed, to give his 
best services to the Institute. On behalf of the other gentlemen also, who were deeply 
interested in the Institute, he returned thanks for the kindness that had been paid them 
on this as well as on previous occasions. 

A vote of thanks was given to the scrutineers. 
The President then read the following address : — 

" Gentlemen, — The important step taken by our late distinguished President, in 
resigning the office which he has so long held with the highest honour to himself, and 
the greatest advantage to this Institute, seems a proper occasion on which to take a brief 
review of the progress of the Institute and of the manner in which it has accomplished 
the objects for which it was founded. Though grateful for the kindness of my colleagues 
on the council in electing me to fill up the vacancy to the conclusion of the year of office, 
I was amongst the most earnest of those who desired Mr. Jellicoe to reconsider his 
determination, and favour us with the continuance of his eminent services in that position 
which, with our unanimous consent, he was so qualified to fill. But his resignation, like 
all his previous actions, was dictated by the purest wish to promote what he thought the 
real interests of the Institute. Believing that the opening up of so high an object of 
ambition might stimulate others to greater efibrts to prove worthy of it, and feeling that 
public services to our profession could alone be entitled to look for so great a reward, he 
persevered in his generous intentions, and voluntarily laid down an honour of which no 
one wished to deprive him, in order that others might share it in turn, and thus a happy 
emulation of the common good be excited. I trust to vie with Mr. Jellicoe*s public 
spirit, and hold the position for a brief period in trust only for others who, by greater 
services to the Institute, may hereafter be deemed still more worthy of the honour, high 
as I esteem it. 

^ In considering the benefits which the Institute has conferred upon its members, we 
must recollect the nature of our profession and the calls which it makes for something 
more than a mere pratical knowledge of business. The doctrine of probability — alluded 
to in the first section of our constitution and laws — engaged, more than two hundred 
years ago, the attention of the eminent mathematicians of that day; and although its 
practical application began in settling the chances of success between two players 
engaged at dice, and many of the subsequent discoveries and general principles were laid 
down by imagining all the possible combinations in games of chance, it excited the 
interest and was gradually improved by men of the highest intellect and genius. It 
would be very interesting to discover the original correspondence between Pascal and 
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Fermat on the case first pat to him, in which the latter generalised and foand a rule for 
the chances of success at any moment of inteiTupting the game and between any number 
of players. When we recall such names as Leibnitz, Uuyghens, James and Nicholas 
B^ouUiy Remond dc Montmort, De Moivre, Daniel Bernoulli, Euler, Lagrange, and 
Laplace abroad, we trace a long succession of the highest mathematical mincU, each 
enlarging and improving the general theory and the application of the subject. It was 
James Bernoulli whp intend^ to apply the reasoning to the eyents of evil goTemment 
and moral and political economy. His death interrupted these important studies. The 
most varied application of the science was suggested by Condorcet in 1784, who 
endeavoured to ascertain the probability of a numerous assembly coming to a correct 
judgment by votes, of the justice of criminal judgments, of the correctness of tradition, 
and the truth of history. He left at his death a plan of reducing to mathematical laws 
events depending on the free will of man, in which, of late years, M. Quetelet, the 
Astronomer Royal of Belgium, and Perpetual Secretary of the Royal Academy of 
Sciences there, has made such remarkable researches. 

*^ The application of the doctrine of chances to .human life is first traced with any 
authority to the Grand Pensioner, De Wit, who in 1671 used it by eertain hypotheses to 
calculate the values of life on a resolution of the States General of Holland to negotiate 
funds on life annuities. I think we may be proud of finding in the Journal of Hie 
ItiitUuie the original report of that eminent statesman, which, after the lapse of 180 years, 
was recovered by the acuteness and perseverance of Mr. Frederick Hendriks, to whom 
we are also indebted for so many other valuable contributions to the Journal on the 
history of our science. 

** From an early period the doctrine of probabilities applied to human life was studied 
in England. Simpson applied his laws of chance to annuities in 1742. JDr. Price in 
1769, in his exposi of the defective state of many widow and annuity schemes then 
becoming bankrupt, showed how such studies could be turned to the public benefit; and 
during this period Kerseboom in Holland, Sussmilch in Germany, and Deparcieux in 
France, contributed by their labours to researches which, however defective they may 
appear to us in our present advanced state, contributed to lay the foundations of the 
doctrine of life contingencies which has now taken so useful a form and so vast an 
expansion. 

^ It was not till after the establishment of the Equitable Society in 1762, on pure 
theoretical principles of life assurance, that the status of an actuary, as we now under- 
stand it, was recognised, although the labours of Simpson and HaUey really led to the 
first premium tables, graduated by age, being calculated. The judicious advice of 
Dr. Price, and the caution and ability with which his nephew, Mr. W. Morgan, con- 
ducted the early affairs of that Society, led to that great success which encouraged the 
formation of other companies, both mutual and proprietary, on a scale which required in 
the management a knowledge beyond the mere details of business. To ascertain the true 
position and prospects of a company, and to fix it on a firm basis, the qualifications and. 
studies of an actuary were essential. 

*^ But more than eighty years passed over without any great union or cordial 
co-operation being established amongst those who were engaged in these pursuits. No 
doubt a friendly feeling existed amongst them, and they met now and then before 
eommittees of the House of Commons, and on other public occasions. Some very 
valuable works had also appeared during this long period worthy of the great reputation 
of the authors, and showing a considerable advance in the practical application of the 
science. 

'* At last it was felt that it would be a great advantage to the public, as well as to 
the members of a profession on which such important interests depend, that they should 
be united in one body, so as to benefit by each other*s experience, and to keep down the 
pretensions of ignorant or unqualified persons. The difficulties were great, as in the early 
discussions there did not appear to be that unanimity as to the nature of the association 
which would be necessary to obtaina charter of incorporation. Some seemed to prefer a 
mere union of managers to settle from time to time, by common consent, such questions 
as may arise in the course of business, and thus prevent the diversity of practice which 
produced a bad effect in the opinion of the public. Others advocated the higher idea of 
testing by examination the competence of futiu*e aspirants to the character of an actuary, 
and that none but those duly qualified, and who had obtained a certificate from, and 
admission by the council, should be entitled to practise the profession. 

*' Such an incorporated Society necessarily implied that all who were then actuaries 
should be admitted as the original members; and it is to be regretted, I think, that the 
want of unity of opinion prevented its formation, as by this time nearly all the objections 
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of those who opposed it would have vanished, and the whole profession would have been 
united in one, for the common safety and mutual advantage. 

^ But, as it is, we must congratulate ourselves that the Institute of Actuaries took 
the form of an intellectual, scientiiic, and educational body, rather than a mere association 
for improvements in the practice of the business. It has thus been the means of 
bringing out an amount of talent of which we are now beginning to reap the fruits, and 
which in the meantime has afforded to all concerned, whether the older or the younger 
members of the profession, much gratification, and many opportunities of improvement. 
It cannot be said that the subjects of study are not of the highest interest and the widest 
range. The doctrine of probability may be applied to all classes of events of which the 
recurrence may be constantly predicted under similar circumstances or from similar 
causes. The law of mortality, taking death as a certain event at some time or other, is 
but one of mnny inquiries, though one of the highest importance from the monetary 
interests of life assorauce companies which now depend upon it The laws of disease, of 
duration and intensity of sickness, are equally necessary to be known to the actuary who 
would desire to place on a safer foundation the thoasands of Friendly Societies or Sick- 
ness Clubs so essential to the well-being and comfort of the operative classes. 

^ The extension of these inquiries to marine risks, by the establishment of the 
Statistical Committee of Lloyd*s, may lead to the most valuable information on the causes 
of loss, under various circumstances, affecting the enormous commercial interests of this 
country. And there can be no reason why the probability of happening of events, and 
the proportion in which different causes may combine to bring them about, may not in 
many other cases, such as fires, bankruptcies, guarantees of fidelity, hail and cattle, and 
agricidtural insurances, be reduced to mathematical laws by those most versed in the 
proper knowledge or skill in these subjects. 

*' The valuable researches of Mr. Day into the marriages of the peoage families have 
already given us some definite notions on the premiums to be charged in issue cases — a 
subject which, by its practical application, may make many interests in reversionary 
property valuable, which a few years ago would have been wholly unssdeable. 

^ But even if we confine ourselves at present to ascertaining the true law of mortality, 
what a vast field of research is opened up! The theory of Gompertz was only 
propounded by him after analyzing and comparing the best observations he could collect 
together. He concluded that if there were a number of diseases affecting young and old 
alike, and no other diseases, life at all ages would be of equal value, and the number 
living and dying would decrease in geometrical progression as age increases by equal 
intervals. Mr. Makeham, in his recent most valuable papers, shows, from observations 
in England generally, that there are certain classes of disease acting precisely in this 
way, thus enabling him, by his important modification, to reduce all tables to the same 
simple form. But it requires a much greater number of facts of this kind to be carefully 
analyzed in order to account for the fluctuations and divergences from the law, which 
will be found at different periods of life, or imder different circumstances, and in various 
countries. For instance, in passing, from birth to maturity, how much may depend on 
the treatment of infimts by their mothers, by nurses, by medical men. What differences 
' may be educed by climate, by habits of living, by fashion, by exercise, by the fresh air 
of the country, or the sanitary conditions of town life. Again, how may the natural law 
of mortality be affected by removing to a different climate, and liaving to undergo the 
trials to the constitution which may occur to a native of the temperate zone in becoming 
acclimatized in tropical countries. The general result of the latter appears to be, that 
the force of mortality is equal at all the ages to which an European is generally exposed 
to its influences. 

*^ An essential part of this inquiry is the different kinds of disease which act upon 
different ages of life. In this respect the very accurate returns of the causes of death in 
the Ootha Life Assurance Company, which, some years ago, were analyzed by Mr. 
Neison, in the Journal of the Statistical Society ^ may afford to inquirers like Mr. Makeham 
some novel and curious results. We may be gratified to hear that Mr. Hopf, the able 
Manager of that Company, and one of our foreign corresponding members, is engaged in 
preparing a much more elaborate report of the experience of his Company for nearly 30 
years; and if, as he expects, the observations will extend over 10,000 or 12,000 deaths, 
the scientific results on these interesting questions may prove of the highest value. 
Within the last few months a similar return of causes of death in the Prudential Assur- 
ance Company, by Mr. Harben, although only for three years, may prove of great value on 
account of the large number of lives observed, nearly 250,000 in each 3'e:ir, and of the 
class to which they principally relate, the provident part of the working classes of this 
country. 
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'' I need hardly call attention under this head to the elahorate statistical reports of 
the Registrar-General, in which Dr. Farr has rendered great service to this country by 
the full and careful reports which he has given on a vast variety of topics affecting the 
progress of the population and the public health. I believe them to be models for similar 
reports in other countries. 

** I have alluded to this question of the kw of mortality, because, though only one of 
the numerous questions which have engaged the attention of the Institute during the last 
few years, it is of the highest importance, and suggests a great number of topics for future 
discussion. When we recall the valuable papers which it has been the meiuis of eliciting 
from Messrs. Oompertz, Edmonds, Sprague, Peter Gray, De Morgan, Woolhouse, and 
Makeham, not to mention others who have incidentally alluded to it, it shows that we 
have no lack of matter to occupy the most ardent and philosophical inquirers or the most 
acute reasoners on the observations of others. 

** It would take too long time to allude to all the other subjects which have excited 
at our sessional meetings such lively and thought>inspiring discussions. They are all of 
the deepest interest, and mostly bearing directly on the questions which constantly fall 
within an actuary's province to decide. In early days, Mr. Hardy's papers on annuities 
and probabilities, Mr. Hodge's on interest of money and mortality in naval and military 
operations; Jellicoe, Higham, Pinckard, and Spens, on original tables of observation of 
Life Assurance Companies; Bailey and Day on other observations, and Meikle on the 
arrangement of data now being collected, form but a small part of the many topics dis* 
cussed. To these we have to add Hopf, Lazarus, Homans, and others, on foreign life 
assurance matters. 

"Many papers, too, on subjects which have not been read or discussed at the public 
meetings, will be found in the Journal qfihe InstittUe, De Morgan, Farr, Finlaison, and 
Sir J. W. Lubbock, have contributed several papers of the highest importance; whilst 
the papers by Messrs. Atkins, Christie, and Miller, on questions in fire insurance, and 
Rucker on the statistics of marine insurance, show the variety of subjects to which 
attention may be directed with advantage. 

^' Indeed, it is impossible to deny that the publication of the Journal^ as well as the 
public discussion of such questions, have been the means of calling out an amount of 
talent and ability, which, if not lost, might have been, at least for many yeats, unknown 
or known but to few. The reputation of the Journal as a medium of scientific informa- 
tion on our subjects is not only recognised in this country, it is frequently quoted by the 
leading writers in Germany, France, and the United States of America, and everywhere 
appealed to as worthily maintaining the great objects for which it was commenced. . 

" Nor have we less reason to be gratified with the results of the examinations in the 
Institute, which are the more honourable as they are entirely voluntary; and do not, 
as in the Government examinations, lead to any immediate reward, but are only evidences 
of the ability and praiseworthy efforts to excel, which I trust every one who has under- 
gone them will in the end find rewarded with the success they deserve. That for 18 
years these examinations should find candidates coming £[>rward with renewed zeal to 
keep pace even with the higher standard which the progress of education in the present 
day requires, is a subject of real gratification to those who first advocated their institution, 
and of great congratulation to those younger members who obtain the honour of passing 
them. They may well rest satisfied with the reputivtion thus obtained until, opportunities 
occur when their laboiu's will be rewarded with more substantial success. It is cheering 
to observe that many of those who have most distinguished themselves in these examina- 
tions have already received the rewards they merited, and are doing credit to the Institute 
by the high estimation in which they are held by their boards of directors. 

*' The list of our honorary and corresponding members also indicates the character 
and utility of the Institute. We may be proud to find in the former such names as 
Mr. Babbage, Professor De Morgan, Dr. Farr, the late Mr. Gompertz, Mr. Peter Gray, 
LordOverstone, Mr. Tidd Pratt, M. Quetelet, and Professor Sylvester, and in the latter 
almost all the talented men in every country of Europe and in America who have studied 
and written upon the theory of our science or reduced it to practice with a success which 
in some cases, especially by its recent progress in America, astonishes us with its vast 
results. 

" I may allude to one other topic in which the Institute is likely to confer the greatest 
benefit on the profession and the assurance business generally, I mean the collection of 
the actual experience of Life Assurance Companies. Many years have elapsed since the 
combined experience of the 17 Life Assurance Companies was made public. The facts 
relating to the experience of particular Companies have been published by their actuaries, 
and allow of comparbons of the highest interest. The experience of the Equitable by 
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Mr. Arthur Morgan, which was given in a form to allow of the mortality and the 
effect of selection being traced for every age of entry, the Amicable by Mr. Galloway, 
the Eagle by Mr. Jellicoe, the Economic by Mr. Downes, the Clerical, Medical and General 
by Mr. Pinckard, the Scottish Amicable by Mr. Spens, the Metropolitan by Mr. Pearson, 
all contain tables of observation worthy of careful examination. But to bring together a 
large mass of obser^'ations of combined Offices, to eliminate duplicate lives, to pursue the 
inquiry into the older ages of assured lives, to ascertain the effect of selection and its 
consequences not merely on the profits of a Company in the early but in the later periods 
of its career, and to settle the difficult question of the relative mortality of female lives in 
assurances or annuities, required an agreement amongst the older Companies to put 
together sufficient materials for these most important inquiries. As far back as 1862 
the Council of the Institute therefore agreed, with a committee of the Scotch Companies, 
to unite for this common object, and to collect the facts on cards which will allow of any 
desired arrangement. Circumstances have somewhat delayed the combination of all the 
materials, but it is hoped that both the Scotch and English collection is now so far advanced 
that in a very short time this great work will be brought to a conclusion. It seems pro- 
bable that the united experience will comprise 200,000 distinct lives from their date of 
entry, after eliminating subsequent policies on the same life. If so, the results will be 
the most trustworthy, and the most valuable contributions to our science which has ever 
yet been made. 

" Time will not permit me to review many other points of our progress which are yet 
of the deepest interest to our members. It is evident that since the establishment of the 
Institute the profession has gained a higher scientific position as a whole than it held 
before. There were then, as there are now, many members of it who had individually 
distinguished themselves, and who retained their place in their profession without the 
association, the emulation, and the mutual interchange of knowledge and experience 
which have given to our meetings a character so useful and agreeable. To all who are 
striving in their separate spheres to do honour to actuarial pursuits, whether in a body, 
as those gentlemen who constitute the Actuaries^ Club in London, the Association of 
Managers, and the Faculty of Actuaries in Scotland, or the Congress of Life Assurance 
Representatives in America, or as the distinguished individuals who in Germany, France, 
and other countries, by their writings and practical experience, do so much credit to the 
same cause, we heartily wish success; and I am sure the members of this Institute will 
most cordiaJly join in rendering every mutual aid which a community of feeling and of 
intellectual pursuits naturally inspires. We may be permitted to hope, however, that in 
the course of time a more thorough union will be effected, and one body comprise all the 
members within it. 

" I will merely conclude, as I began, by a reference to the great services rendered to 
the Institute by our late President, Mr. Jellicoe. By his talents and ability, as 
President of the Institute, repeatedly and unanimously elected for seven successive years, 
by his ardent efforts to promote its interests, by his unceasing watchfiilness to seize every 
occasion that could add to its lustre, by his able editorship of the Journal for nearly 
eighteen years, and by his skill in drawing out iiresh talent, both in the discussions and in 
the Journal^ he has raised the reputation of the Institute, both at home and abroad, to a 
degree which we may be excused for desiring to maintain without having much hope of 
increasing.^ 

The reading of this address was frequently interrupted by expressive marks 
of approval. 

On the motion of Mr« Hodqe, seconded by Mr. Sfsnceb, a vote of thanks 
was given to Mr. Brown for his able address, and the hope was expressed that 
it would be printed in the Journal, 

Mr. Messeitt remarked that there was one change amongst the officers of 
the Institute which had not been noticed by any of the speakers, and that 
was the appointment, as one of the Hon. Secretaries, of Mr. Bailey in the room 
of Mr. J. Hill Williams, who had done much to advance the interests of the 
Institute and to obtain for it the proud position it occupied amongst kindred 
Societies. (Hear, hear.) He had, therefore, much pleasure in proposing that 
the thanks of the meeting be tendered to Mr. Williams. 

Mr. HopQE seconded the resolution^ which was carried unanimously. 

A cordial vote of thanks to the President for presiding brought the meeting 
to a close.* 

* The above report of the proceedings of the annual meeting is extracted from ^e 
Inswrcmce Rdcord, 
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